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Abstract

Using the symmetry reduction approach we have herein examined, under continuous groups of trans-
formations, the invariance of Einstein exterior equations for stationary axisymmetric and rotating case, in
conventional and nonconventional forms, that is a coupled system of nonlinear partial differential equa-
tions of second order. More specifically, the said technique yields the invariant transformation that reduces
the given system of partial differential equations to a system of nonlinear ordinary differential equations
(nlodes) which, in the case of conventional form, is reduced to a single nlode of second order. The first
integral of the resulting nlode has been obtained via invariant-variational principle and Noether's theorem
and involves an integration constant. Depending upon the choice of the arbitrary constant two different
forms of the exact solutions are indicated. The generalized forms of Weyl and Schwarzschild solutions for
the case of no spin have also been deduced as particular cases. Investigation of nonconventional form of
Einstein exterior equations has not only led to the recovery of solutions obtained through conventional
form but it also yields physically important asymptotically flat solutions. In a particular case, a single third
order nlode has been derived which evidently opens up the possibility of finding many further interesting
solutions of the exterior field equations.
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1. Introduction

As it is known, ever since the work of Birkhoff [1], on ‘‘the method of search for symmetric
solutions’’, the technique of similarity transformation has turned out to be one of the most
powerful techniques for solving nonlinear differential equations. Its application has resulted in a
large number of exact solutions of the equations originating mostly in the realm of continuum
mechanics. However, the technique could not become a useful tool for scientists, particularly
physicists, until it could be established that the nonlinear evolution equations solvable by the
inverse scattering technique possess a number of characteristics with associated geometric and
group theoretic properties. In addition to this was the realization that the technique could yield
fruitful results for systems such as those with dissipative-mechanism and/or belonging to higher
spatial dimensions for which no IST-like technique existed. Besides, certain solvable nonlinear
diffusive equations to which one is led through the application of B€acklund transformations, Lax
criteria, etc. possess a ‘‘seeding operator mechanism’’ in terms of the similarity variable. Never-
theless, the technique could not become as popular as the corresponding technique of variable
separable form and Laplace transform techniques for solving linear differential equations. In our
opinion, it could be due to the following reasons:

(i) The most widely used technique of obtaining similarity solutions viz. ‘‘Dimensional Analy-
sis’’ which had received much impetus through the works of scientists and engineers alike
failed to work for certain partial differential equations whose number of independent vari-
ables could be reduced through invariance under a stretching group.

(ii) The Lie group analysis based on transformation theory of differential equations, though a
powerful and a systematic approach for obtaining the similarity solutions of linear or nonlin-
ear ordinary or partial differential equations, could not be easily exploited for differential
equations of higher order and for a system of partial differential equations which is natural
for most of the physical and engineering situations.

(iii) No link could be established with the corresponding technique of variable separable form for
linear differential equations.

To overcome the above mentioned shortcomings a procedure had to be devised which beside
taking care of the said features makes it, unlike the Bluman-Cole [2] procedure, mathematically
amenable to analytical calculations and yielded certain additional solutions. One such procedure
based on the symmetry concept of Frechet derivative and fruitfully utilized for a single pde of
higher order [3,4] and for a system of partial differential equations [5] is due to Steinberg [6].
Undoubtedly, the technique involves sophisticated tools of the theory of nonlinear operators yet it
has been cast in a form that can be used by specialists and non-specialists alike.

The main motivation of the present study is to familiarize scientists (particularly physicists)
with the said procedure by carrying it over to the Einstein equations for rotating fields in
conventional and nonconventional forms. The detailed plan of the paper is as follows: Section 2
is devoted to the generalized form of the metric and the Einstein's exterior equations for sta-
tionary axisymmetric rotating case, in conventional and nonconventional form and the status of
the solutions to these forms dealt in literature. In Section 3, we briefly outline the symmetry
method. Section 4 deals with the conventional form of Einstein's equations. It includes three
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subsections. Section 4.1 deals with the determination of the coefficients of symmetry operator,
deduction of similarity solution and reduction to a single nonlinear ordinary differential equa-
tion (nlode) of second order. For solving the resulting nlode the standard strategy is to use the
Bluman and Cole procedure [2] to reduce it to first order in the canonical coordinates. However,
in view of the remarks recorded in Bhutani and Mittal [7] we have carried over the technique of
invariant-variational principle as detailed in Logan [8]. More specifically, after formulating the
alternative potential principle for the said nlode the invariance identities of Rund involving
the Lagrangian and the generator of the infinitesimal Lie group are utilized for writing down the
first integral of the equation via Noether's theorem which eventually leads to the exact solution
of the system under consideration. Section 4.3 deals with the deduction of Weyl [9] and
Schwarzschild [10] solutions corresponding to axially symmetric static nonrotating exterior field
equations.

Undoubtedly, the application of symmetry approach in conjunction with the technique of in-
variant-variational principle has performed a laudable task of enabling us to report some new
exact solutions of the Einstein equations but the attempt has turned out to be an unsatisfactory
one in the sense that the main solution has failed to be asymptotically flat—a must condition for
physical application [11]. Consequently, in Section 5 we have examined the nonconventional form
of Einstein equations. It presents the symmetries associated with exterior equations and deals with
the similarity reduction and deduction of exact solutions which belong to the class of asymp-
totically flat solutions. It also presents some special cases. In Section 6, we record our concluding
remarks. Finally in Appendix A, we present the computational details for evaluating the Frechet
derivatives associated with the system of equations under consideration. Appendix B is devoted to
the derivation of an alternative solution to Eqs. (4) and (5).

2. Einstein equations

As pointed out by Islam [11], the most general axially symmetric stationary (rotating) metric
can be expressed in the form

ds2 =fdt2 - 2kdtd/ - ld/2 - elðdq2 þ dz2Þ; ð1Þ

where f, k, l and l are functions of q and z only and the coordinates q, z, / correspond to cy-
lindrical polar coordinates. Moreover, the metric (1) in the absence of gravitation reduces to
Minkowski metric in same coordinates. Another interesting feature of the said metric is that by
using techniques due to Lewis and Papapetrou [11] Einstein vacuum equations can yield the
following algebraic relation between f, k and l,

fl þ k2 = q2
: ð2Þ

Further, by using the substitution
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the Einstein exterior equations can be reduced to the following conventional form:

/ lf\_f2_f2 1 , 4 / 2 2)=0

\ ft / ft

M (f,w)=f (wPP + wzz - - w J + 2fpWp + 2/zwz = 0. (5)

Also, knowingfand w from Eqs. (4) and (5) the function l can be obtained by quadratures of the
following equations:

h = -r'fp+yr'ifp -f2)-\p-lf2H - O, (6)

^ = -rxfz+p.r2fpfz - p-\r2wpWz. (7)

For the case when w = 0 (which corresponds to no rotation) Eq. (4) can be solved in terms of a
harmonic function r as follows:

dp2 Qz2 þ qoz

Thus, the metric (1) can be written as

ds2 = Qadt2 - Q-a{Qx(dp2 + dz2) + p2d(f)2}, (9)

where the function v is given by

Further, Eqs. (8) (10) yield Weyl [9] solution representing axially symmetric static nonrotating
fields.

Observe that Eq. (5) can be written as follows:

which implies the existence of a function u such that

up = -p-1f2wz, uz = p-1f2wp. ð12Þ

Consequently, in terms off and u, Eq. (4) can be written as follows:

M2(f,u) =f(fpp +fzz + -fP -f2 -f2+u2
p + u2

z = 0. (13)
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While from (12), on eliminating w, we get the following equation:

N2(f, u)=f (upp + uzz + -up)- 2fpup - 2fzuz = 0. (14)

Accordingly, in terms off and u, Eqs. (6) and (7), assume the following form:

4 = \pr\fP -fl)+\p.r\ui - u% (is)

where l 0 fi þ logf.
Now on, we refer to Eqs. (13) and (14) as the nonconventional form of Einstein exterior field

equations for stationary axisymmetric and rotating case. Before taking up the method of solving
the set of Eqs. (4) and (5) in the conventional form and the corresponding set of Eqs. (13) and (14)
in the nonconventional form it is but natural to describe the status of their solutions.

To the authors' knowledge all the exact solutions reported to date in the literature are either for
the Ernst Eq. [11] which is a single partial differential equation of second order in the complex
variable n or for the case of zero rotation. No attempt seems to have been made to handle the
system as it is, which, in our opinion, may open up new avenues for obtaining exact solutions.

3. Symmetry method

Herein, we briefly outline Steinberg's [6] procedure of determining the explicit solutions of
nonlinear ordinary or partial, single or system of differential equations. The method is based on
finding the symmetries of the differential equation and is as follows:

Suppose that the differential operator L can be written in the form

ð17Þ

where ui = ut{x, tÞ and H may depend on t, x, u and any derivatives of u as long as the derivatives
of u do not contain more than ðp — 1 Þt-derivatives. Consider the symmetry operators called in-
finitesimal symmetry, which being quasi-linear partial differential operators of first order, have the
form

w h e r e C = ðC1;C2;...; CkÞ a n d x = ðx1;x2; . . . ; x n Þ .
Define the Frechet derivative of L(u) by

F(L, u, v) = -r-L{u + ev) ð19Þ
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With these definitions in mind, we need to follow the steps given below

(i) Compute F(L,u,v) for the given L.
(ii) Compute F(L,u,S(u)).

(iii) Substitute H(u) for &>u/Qtp in F(L,u,S(u)).
(iv) Set the expression to zero and perform a polynomial expansion.
(v) Solve the resulting system of partial differential equations.

Once the resulting system of partial differential equations is solved for the coefficients of S(u),
Eq. (18) can be used to obtain the functional form of the similarity solution (for details, see [5]).

4. Conventional form ðp; z;f; wÞ

4.1. Determination of symmetries and similarity solutions

In order to determine the symmetries of the coupled nonlinear system (4) and (5), we set

Stf) =A(p,z,f,w)fp+B(p,z,f,w)fz-C(p,z,f,w) (20)

and

S2(w) = A(p,z,f,w)wp + B(p,z,f,w)wz - C'(p,z,f,w). (21)

Following the procedure as outlined in Section 3 we arrive at the following form of the gen-
eralized symmetries of Eqs. (4) and (5) (for computational details, refer to Appendix A):

A = aq B = az þ k C = af C = 0; ð22Þ

where a and k are arbitrary constants.
Now, to derive the functional form of the similarity solution of Eqs. (4) and (5), we need to

solve the following set of equations:

dqdzdfdw
A~ B~ C~ C 0 : ð

For the choice of the symmetries given in (22), Eqs. (23) yield the similarity variable k = kðq;zÞ
and the corresponding form offand w as functions of the new independent variable k as follows:

l = (az + k)/p, (24)

ð25Þ

ð26Þ
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On using Eqs. (24)-(26) in Eqs. (4) and (5), we arrive at the following system of coupled odes for h
and /:

d2h

dk2

dXl

= 0 ;

dk

ð27Þ

ð28Þ

A solution to Eqs. (27) and (28) can be expressed in the form

dk

where c1 is a constant of integration.
Using Eq. (29) in (27), we get

d0 fd0

d~f~\di

ð29Þ

= 0 :
ðk2 þ a2Þ d l (I2 þ a2Þ

Introducing a new dependent variable y = log h, Eq. (30) is transformed to

ð30Þ

d2y
• + •

X
= o . ð31Þ

dk2 þ ðk2 þ a2Þ d l (I2 þ a2Þ

Eq. (31) has been solved via the invariant-variational principle (see, [7,8]).

4.2. Application of invariance identities and Noether's theorem

A necessary condition for the applicability of this technique is the availability of a Lagrangian
for the given differential equation. Using Bhutani and Mittal [7] we have proved the existence
of an alternate potential principle for Eq. (31) by determining the integrating factor f0ðk =
ðk2 þ a2Þ1=2 . Further, the functional F is formulated in the form

F = dl . ð32Þ

Thus, the Lagrangian L, leading to Eq. (31) is given as

ð33Þ
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In order to prove the invariance of the fundamental integral ðR LdkÞ we look for a one parameter
infinitesimal group of transformations of the form

l = l + €T(l,j)+O(e2),
, 34Þ

j = j + e^(l,j)+O(e2).

The necessary condition for the fundamental integral to be invariant under the transformation
(34) is

dL dL y dL /8£ 8£ . 8-r , 8T /7\ / 3 T 3i A
81 8j 8 / \81 8j 81 8j ) \81 8j y

Substituting for L and its various derivatives from Eq. (33) in (35) and collecting, in descending
order, the coefficients of various powers ofy0 and setting these coefficients equal to zero we obtain
a system of partial differential equations for n and S which when solved yield

ð36Þ

ð37Þ

Hence, the one parameter group of transformation leaving the fundamental integral invariant is

ð38Þ

Thus, using Noether's theorem, the first integral can be written as

— L þ y 0 o LS —oL n = c2; a constant: ð39Þ
8/ / 8 /

For the problem under consideration Eq. (39) yields

ya — A — ^2y = r^— • (40)
( ! 2 +a 2 ) c0ðk2 þ a2Þ

For solving Eq. (40) the following possibilities arise:

We confine our attention only to case (i). For an alternative solution we refer to Appendix B.
Case (i): c2 = —<?% Keeping in view the fact that h = ey Eq. (40) when integrated yields

6 = - s i n h l o g ^ (X + V l 2 + aA\ (41)

where b is a constant of integration.
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Simplifying Eq. (41) we get

777

0 = EL
2c

b2c F+a2) -a22c

ð42Þ

For determining b we use the condition that h = h0 for k = 0, which yields

= eft c2h2 þ c2C O0 -f- Cj C\. ð43Þ

On using (41) in (29) and integrating, we get

2c

b2c - 1

•rf, ð44Þ

where d is a constant of integration.
On combining Eqs. (24)-(26), (41)-(44) we obtain the following exact solutions of the Einstein

field equations (4) and (5).

z þ m Þ þ ðz þ m
2c 2c

z +w) z þ mÞ

ð45Þ

w = <

z + w) + \ {z + m) + p-
,2c

2c
2c

ð46Þ

where m = (k/a)/c\ ^ 0.

4.3. Deduction of Weyl and Schwarzschild solutions

For the case of no spin ðw = 0Þ, we may either solve Eq. (27) for / = 0 or obtain the value of
/ = qh as the limiting case of Eq. (45). For the case when c1 ! 0 in Eq. (45) we get

ðz þ m) z þ mÞ 2 þ q2 ð47Þ
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Let f = ER1. Then R1 can be expressed as

R1 = log h0qca z þ mÞ + p2 , ca = 1 -c. ð48Þ

Similarly, if r2 is another solution corresponding to h0 = h0
0, m = —m, ca = cb, then

R2 = log h0
0q

cb ð z — m ð49Þ

We know that for the case of no spin, R1, R2 are the solutions of Laplace equation. Thus,
a = r2 — r1 is also a solution. Hence

= r2 — r1 = log

Eq. (50) can be rewritten as

'z-m+R-

z-m) + J(z-my + p2

+ p

ð50Þ

a = log aq
(z-m+R-

mþRþ ðz þ mþRþ
ð51Þ

where

±m)2 + p2, a = {6'J60), y = cp-ca,

and p, q may belong to the set of integers or fractions.
Eq. (51) represents a generalized form of the Weyl solution.
For the case when a = 1, c = 0, p = q = 0, we arrive at the well known Weyl solution [11],

G = d log
z-m+R"
z þ mþRþ

ð52Þ

For the case d = 1, Eq. (52) yields the well known Schwarzschild solution.
As pointed out in Section 1, we now investigate the nonconventional form of Einstein equa-

tions.

5. Nonconventional form ðq; z;f; uÞ symmetry reductions and exact solutions

For the determination of symmetries of Eqs. (13) and (14), we set, similar to Section 4,

Sx{f) = A(p,z,f,u)fp + B(p,z,f,u)f2 - Ex{p,zJ,u) (53)
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and

S2(u) =A(p,z,f,u)up+B(p,z,f,u)uz-E2(p,z,f,u). (54)

On making use of the procedure of determination of symmetries as mentioned in Section 3 and as
used in Section 4.1, we obtain the following forms of the infinitesimals A, B, E1 and E2:

A = k1q B = k1z þ k2 El=clf E2 = c1u þ c2; ð55Þ

where k1, k2, c1 and c2 are arbitrary constants.
For k\ ^ 0, the following forms of the similarity solution to Eqs. (13) and (14) can be easily

deduced,

P, Z = Z-^, (56)

where m = c1=k1, b = c2=c1, a = k2=k1.
In (56), each of the functions F and G is a function of n and are to be determined by substitution

of (56) into Eqs. (13) and (14) and solving the resulting nonlinear system of two second order
ordinary differential equations which are as follows:

(1 + <f) {FF" - Fa + G2) + £FF' - im^GG' + m2G2 = 0, (57)

(1 + <f) {FG" - 2F'G) + ^FG + im^F'G + m2FG = 0. (58)

In Eqs. (57) and (58) prime ð0Þ denotes differentiation with respect to n.
As the integration of Eqs. (57) and (58) in their generality seems to be a difficult task therefore

some special cases are in order:
Case (i): m = 0. For m = 0, Eq. (58) reduces to

ð1 þ n2 Þ ðFG00 - 2F0G 0 ÞþnFG = 0 ð59Þ

Eq. (59) may be readily integrated to yield the following first integral,

G= f_, (60)

where a is a constant of integration. Consequently, Eq. (57) assumes the following form:

ð1 þ n2ÞðFF00 -F02Þ þ nFF0 þ a2F4 = 0: ð61Þ

It can be easily seen that Eq. (61) admits a first integral,

ð1 þ n2 ÞF02 þ ða2F2 - b2ÞF2 = 0: ð62Þ
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Further integration of Eq. (62) is carried out by introducing X = n2, Y = F2 so that it assumes the
following form

/ d F \ 2 (b2-a2Y)Y2
 =

\dx) x{\+x)

which readily yields

ð63Þ

b-Vb2- a2Y

apf
b=2

ð64Þ

where c > 0 and b are constants of integration. Consequently, we have

2b ð65Þ

and

2b

a

-1

d: ð66Þ

On combining (56), (65) and (66), the solutions to Eqs. (13) and (14) can be expressed as

ib

nb I -7 -X- n -X- A / r>2 -X- (-7 X- n\

2bc
f = ð67Þ

2b ,26
2b

,,26

-1

d: ð68Þ

For the case when a !> 0, c !> 0 and ðc=a Þ ! k, a constant, solutions (67) and (68) correspond to
no spin situation i.e. when w = 0 (or u = 0), and accordingly f is given by

ð69Þ

We now introduce generalized prolate spheroidal coordinates ðx;yÞ as follows:

p = (x
2-a)1/2(a-j2)1/2

) z = xy; a^O. ð70Þ
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In terms of x and y, Eqs. (67) and (68) can be written as

r - » T / 9 \bj2/ j\b/2r . . i—/ . \-\b

_ 2bc (x1 - a) (« - y1) [xy + « + y«(x + y)\
a [ 2 { ^{)fb (2 ) " ( / ) " ]

and

^ ( ^ - « ) V - ^ +d. (72)
+ (x2 - a)*(a - J2)"J

Further, (70) can be solved for x, y as follows

x = \{R++Rr), y = \{R+-RT), (73)

where

Consequently, (71) and (72) assume the following form:

6/2

2bc {i (i?+2 - R-2) V \l ( ) h ( f }
i i i i (74)

a [c2{ I (i?+2 - R-2) + ^ i ? + + a}2" + { f (i?+2 + i?-2) - i (i?+2 - i?-2)2 - a2}"]

and

2b
u =

a §(;?+2+;?-2)-i(;?+2-;?-2)2-a2y]

ð75Þ

From the form of the exact solutions (74) and (75) it is not difficult to realize that these solutions
fall in the class of asymptotically flat solutions. Thus, it may be remarked here that the main
advantage of working with the nonconventional form has perhaps been that it enables us to fetch
the physically important asymptotically flat solutions whereas the solutions (45) and (46) obtained
through the conventional form do not seem to possess such a property.

Case (ii): m = 1. For the case when m = 1, Eq. (58) can be rewritten as

<f )G" + rQG' - G] - 2F'[(1 + <f )G' - <̂G] = 0 (76)
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which brings up the following two subcases to consider:

(1) (1 + <f )G' - rQG = 0 (2) (1 + <f )G'

In the first case we evidently get

where c1 > 0 is a constant of integration. Eq. (76) becomes identically satisfied whereas (57)
reduces to

FF" - F02 þ n2FF 0 þ c212 = 0: ð77Þ

This equation is similar to Eq. (30). After some small calculations it can be concluded that the case
under consideration would lead to the exact solutions (45) and (46) obtained through the con-
ventional forms of the Einstein's equations.

In the second case when ð1 þ <!;2)G' - ^ 6 ^ 0 , Eq. (76) admits a first integral of the form

where a ^ 0 is a constant of integration. On introducing / ð n = (1 þ <!;2)~1/2G Eq. (78) becomes

(!>'($) = a\\ + erV2F2. (79)

On combining Eqs. (57) and (79), we get

+ m + a 3 / v f - a+a5 /v2+2«2a+av3

+ 3ð1þn2Þ1=2/02 þ 2 a W = 0. (80)

As Eq. (80) is highly nonlinear, deduction of solutions to it appears a farfetched task. Never-
theless, it opens up possibility of new exact solutions, with or without a subclass of asymptotically
flat solutions.

6. Concluding remarks

Keeping in view the efficacy and importance of the generalized symmetry approach we have in
the foregone sections utilized it, in combination with invariant-variational principle, to obtain
exact solutions of the coupled system of nonlinear partial differential equations corresponding to
Einstein exterior equations. Depending upon the choice of the integration constant involved in the
first integral the technique has yielded two exact solutions (see, Eqs. (42) and (B.3)) one of which,
for the case of no spin, has yielded generalized form of Weyl and Schwarzschild solutions.
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The carry-over of the same technique to the nonconventional form of Einstein's equations has
proved remarkably advantageous in the sense that it has not only recovered the exact solutions
(Eqs. (45) and (46)) obtained with the help of conventional form but also furnishes the exact
solutions belonging to the class of physically relevant asymptotically flat solutions (see, Eqs. (67)
and (68)). It may be remarked here that the asymptotically flat solution ((67) and (68)) for the
nonconventional form of the Einstein's equations is quite different from the well known To-
mimatsu-Sato solution [11]. The present study remains yet to be fully exhausted. For the case
m = 1, a single third order ordinary differential equation (80) brings forth reasonably good scope
of generating new solutions, and is the subject of our future investigations.
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Appendix A

Calculating the Frechet derivatives F1ðM1;f;w;/;wÞ and F2ðN1 ; f; w; / ; wÞ of the operators
M1ðf;wÞ and N1ðf;wÞ in the direction of the vectors ð/;wÞ and replacing ð/;wÞ in F1 and F2 by
MðS11ððff;Þ;wSÞ2ðandwÞÞ, w e g e t t h e f o l l o w i n g :

f, w, S1, S2) = f[Sx{f)\pp + [SX (f)]fpp + M (/)]zz + ft if)]fzz - 2fp[Sx{f)\p

+ -p {f[Si if)]P + [Si if)]fP] -]P

y2{2f4wp[S2(w)]p+4wlfi[S1(f)]}f4wp[S2(w)]p+4wlfi[

{2f4wz[S2 (w)]z þ 4w2zf3 [Si if)]} A: 1Þ

and

F2{Nuf,w,SuS2} =f[S2(w)]pp + [SxV)]wpp +f[S2(w)]zz -X-{f[S2{w)]p

+ wnfr if)] + 2{fp[S2iw)]p + wp[Sx if)]p} + 2fz[S2iw)]z + wz[
(A.2)

Substituting the values of different derivatives of S1 ðfÞ and S2ðwÞ in Eqs. (A.1) and (A.2) and
collecting the coefficients of various derivatives of w and f and their product we arrive at the
following expression for F1:
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F1(M1,f,w,S1(f),S2(w)) = fpp{2fAp-2fBz)+fp(fApp + fAzz -2fCpp + ^AP

+ fqzð2fBq þ 2fAzÞ þ fz (flipp

f \ ( f
fBzz - 2fCfzf Bq þ 2C z - f Cqq þ fC z z þ - Cq

2Bz-Cf-j\ +fpfz{-2Bp - 2AzÞ þ wqwqq

2f4A 4 /

;2(2f4Bz 2/4 2/4
 4f

3 2f4 f

(A.3)

Proceeding as for the case of F1ðM1;f; w;S1ðfÞ;S2ðwÞÞ we have the following expression for F2:

F2(M,/,w,5i(/),52(w)) = wpp(2fAp - 2fBz)+2wpwppfAw + w2(2fAwp - fC'ww) + w3fAww

P P ' p* • p p

• wqzð2fBq þ 2fAzÞ þ 2wqwqzfBw þ wzwqqðfBw - 3BwÞ

þwqwz2fBwq þ2fAwz þ2fBw

wzfBqq þfBzz -2fCwz --BP-2CZ\ þ2wzwqzfAw

• wqw2zfAww þ wz2ð2fBwz -fC'ww) + w 3 fB w w

• wqfqUAP -2Cf-ABz + ^j\+ wqfzð2Bq þ 2AwÞ

• wzfp(2Bp + 2AZ) - AwpwzfpBw - 2fpC'p + 2wpf
2Ap + 2fpfzwpBf

-4/yzBw-2fzCz+fpfzwz

• 2f2wzBf + ( - fC'pp - fC'zz+
f-C'py (A.4)
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On using Eqs. (4) and (5) in the expressions (A. 3) and (A.4), and arranging the resulting ex-
pressions in terms of the various derivatives off and w and their products, and equating to zero
their coefficients, we get the following simplified set of equations for the determination of A, B, C
and C0:

AW = 0;Af = 0 ; BW = 0; Bf = 0 ; c ; = 0 ; Cz = o, Cww = o,

AP=BZ, AzþBq = 0; Cf-j = 0;

f(App + Azz) - 2fC'wp -lAp-^-2Cp+
2^Bz = 0,

f{App + Azz) - 2fCfp + -Ap + 2CP+^- ^-Bz = 0,

/ ( B P P þ Bzz +-pB)j- 2fCfz þ 2Cz = 0; (A 5)

fCff þ 2Ap-Cf-2Bz þ j = 0;

Cqq þ Czz þ 1Cq = 0;

^-A-3C+fCf-2fC'w = 0;

-1fAq þ2CqþAf2 = 0;
 fBq þ 2Cz = 0:

The set of equations (A.5), when solved yield the solution as listed in Eq. (22).

Appendix B

For the case C2 =%c\ Eq. (40) assumes the following form

On substituting h = ey in (B.1), we get

dl \ /- + as-

Rejecting the negative sign, Eq. (B.2) on integration yields the following expression for h:

6 = -sin (c3 sinh-l- þ c3c4\ (B.3)
c \ a )

Using (B.3) in (29) one can determine /.
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