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Abstract

We propose a linear time recognition algorithm for proper interval graphs. The algorithm is based on certain ordering of
vertices, called bicompatible elimination ordering (BCO). Given a BCO of a biconnected proper interval graph G, we also
propose a linear time algorithm to construct a Hamiltonian cycle of G.
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1. Introduction

A graph G is an interval graph if there exists
a family F of intervals in a linearly ordered set
(like the real line), and there exists a one-to-one
correspondence between the vertices of G and the
intervals in F such that two vertices are adjacent
if and only if the corresponding intervals intersect.
If no interval of F properly contains another, set-
theoretically, then G is called a proper interval graph

(PIG, for short). If each interval in F is of unit length,
then G is called a unit interval graph. It is known that
the class of unit interval graphs is equal to the class of
PIGs [27].

Interval graphs arise in several application ar-
eas including archeology, database systems, biology,
scheduling, and traffic control [1,15,25,28]. This class
of graphs has been well investigated and algorithms
for many problems on these graphs have appeared in
the literature (see [2-8,10,14,15,28]). The class of in-
terval graphs and the class of PIGs are subclasses of a
larger class of graphs called chordal graphs, in which
every cycle of length at least four has a chord. Chordal
graphs can be recognized in linear time [15,32].

The following characterization of interval graph
[14] turned out to be the workhorse of the vast majority
of recognition algorithms for interval graphs.

Theorem 1.1 [14]. A graph G is an interval graph
if and only if its maximal cliques can be linearly
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ordered in such a way that for each vertex in the
graph, the maximal cliques to which it belongs occur
consecutively in the linear order.

A linear time interval graph recognition algo-
rithm, based on PQ-trees, was provided by Booth
and Lueker [5] and was later modified by Korte
and Mohring [21]. These algorithms rely on maxi-
mal cliques. Later, Hsu [17] also gave an algorithm
to recognize interval graphs without using maximal
cliques.

Motivated by problems in decision-making and
measurement, unit interval graphs were studied by
Scott and Suppes [29], and Rabinovitch [26], using the
concepts of semiorders and indifference function.

Two approaches to recognize proper interval graph
(PIG) have been considered in the literature.

• The first approach recognizes the given graph as
an interval graph and then checks to see if it is a
PIG. Looges and Olariu [22] used this approach to
recognize PIG by first checking the given graph is
an interval graph. The advantage of this approach
is that important properties of interval graphs can
be used during the recognition. However, though
interval graphs can be recognized in linear time,
the algorithms are not so simple as they involve
PQ-trees.

• The second approach directly recognizes whether
the input graph is a PIG without first checking
whether it is an interval graph. The advantage
of this approach is that a new idea is needed to
recognize the PIG directly. Often the new idea
uncovers many other features of the graphs and
has other important side effects or implications.
The algorithms reported by Deng et al. [8] and
Corneil et al. [7] use the second approach to
recognize PIG. However, their algorithms have no
known important side effects.

In this paper, we have undertaken an intermediate
approach for recognizing PIG by combining the best
of the above mentioned approaches. We first test
whether the graph is chordal, unlike testing whether
the graph is interval as in the first approach, and
then test whether it is a PIG. Since, testing chordality
of graphs is simpler [29] as compared to testing
whether a graph is interval, our approach gets rid of

the problem encountered by the first approach. Our
approach also uses a key idea, an ordering of vertices
called bicompatible elimination ordering (BCO). Our
approach recognizes a graph as proper interval graph
if it is successful in generating a BCO. We have shown
that a Hamiltonian cycle of a Hamiltonian PIG can be
constructed easily in linear time once a BCO is given.
So, our approach has the advantage of the second
approach in the sense that not only it recognizes PIG
but also it helps in constructing a Hamiltonian cycle of
the PIG if it is Hamiltonian.

A Hamiltonian cycle of a graph G is a cycle con-
taining all of its vertices. A graph is said to be Hamil-
tonian if it has a Hamiltonian cycle. The problem
of deciding whether a graph is Hamiltonian is well
known to be NP-complete [12], and remains so even
for several special classes of graphs (see [2,4,12,13,
15,18,30]).

In contrast, polynomial time algorithms exist for
solving this problem only for very restricted classes
of graphs (see [3,6,16,20,23,27,31]).

In this paper, we prove that a PIG is Hamiltonian if
and only if it is biconnected. We then suggest a linear
time algorithm for constructing a Hamiltonian cycle of
a biconnected PIG.

The rest of the paper is organized as follows:
In Section 2, we present some pertinent definitions
and known results. Section 3 introduces the concept
of strong simplicial vertex and shows that every
PIG has exactly two strong simplicial vertices up to
certain equivalence. This is because the starting vertex
of every BCO must be a strong simplicial vertex.
An algorithm for finding two such strong simplicial
vertices of a PIG is then presented. We propose a linear
time algorithm to generate a BCO of a PIG followed
by a linear time recognition algorithm for PIG with the
help of the BCO generation algorithm. In Section 4,
we show that a PIG is Hamiltonian if and only if it
is biconnected. Finally, given a BCO of a biconnected
PIG, we propose a linear time algorithm to construct a
Hamiltonian cycle of the PIG.

2. Preliminaries

We consider connected graphs. Let n and m re-
spectively denote the number of vertices and num-
ber of edges of a graph G = (V, E). Let N(v) =
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{w e V | vw e E} be the set of neighbors of v and
N[v] = N(v) U {v}. Let G[S], S c V be the induced
subgraph of G on S. If G[C], C c V, is a maximal
complete subgraph of G, then C is called a clique of
G. For H c G, the degree of vertex x in H is given
as dH (x) = | V (H) n N(x) |, and the neighborhood of
x in H is N H (x) = V(H) n N(x). If G[N(v)] is a
complete subgraph, then v is called a simplicial ver-
tex of G. A perfect elimination ordering (PEO) of G
having n vertices is an ordering α = (v1, v2, . . ., vn)
of V with the property that vi is a simplicial ver-
tex of G[{vi, vi+1,..., vn}], for every i, 1 < i < n.
A PEO, α = (v1, v2, . . ., vn), of a chordal graph G is
a bicompatible elimination ordering (BCO) if a~l =
(vn, vn-i ,...,v1), i.e., the reverse of α, is also a PEO
of G.

The following theorem on chordal graphs is due to
Dirac [9].

Theorem 2.1 [9].IfG is a chordal graph, then Ghasa
simplicial vertex. Moreover, ifG is not complete, then
it has two non adjacent simplicial vertices.

The classes of graphs characterized in terms of
PEO and BCO are as follows.

Theorem 2.2 [10]. A graph G has a PEO if and only
if it is chordal.

Theorem 2.3 [19]. A graph G has a BCO if and only
if it is a PIG.

The following theorem answers which interval
graphs are PIGs.

Theorem 2.4 [27]. A graph G is a PIG if and only if
G is an interval graph containing no induced K1,3

That every BCO gives rise to a Hamiltonian path
follows from the following result.

Lemma 2.5 [19]. Ifv1, v2, . . . ,vn is a BCO of a con-
nected graph G, then P = (v1, v2, . . ., vn) is a Hamil-
tonian path ofG.

Let S(G) denote the set of simplicial vertices of G.
Define a relation R on S(G) by uRv, u,v e S(G), if
either u = v, or uv e E. Clearly R is an equivalence

relation on S(G). Let [v], v e S(G), denote the
equivalence class containing v. Equivalence classes of
S(G) are called simplicial classes.

If G - C is disconnected for a clique C with
components Hi = (V i, Ei), where 1 < i < r and r >
2, then C is said to be a separating clique and Gi =
G[(y U C)], is called a separated graph of G with
respect to C, for 1 < i < r and r > 2. Let W(Gi) =
{v eC | there is a w e y with vw e E(G)}. Cliques
of G other than C which intersect C, are called
relevant cliques of G with respect to C. A relevant
clique Q of Gi for which (Q n C) = W(Gi) is called
a principal clique of G i. Let C(G) be the set of all
cliques of G. For v e V(G), let Cv(G) be the set of all
cliques of G containing v.

The existence of principal clique of every separated
graph of a chordal graph is guaranteed by the follow-
ing result due to Panda and Mohanty [24].

Lemma 2.6 [24]. Every separated graph Gi of a
chordal graph has a principal clique.

The following property of BCO will be used in
establishing our result.

Lemma 2.7. Let α = (v1,v2,..., vn) be a BCO of a

PIG. If vivj e E, then vkvj e E for all k, i ^ k ^

Proof. Since α is a BCO, vivi+1 e E(G). Assume
vivj e E. As vi is a simplicial vertex of Gi = G[{vi,
vi+1,..., vn}], and VIVJ e E(G), vi+1vj e E. Again
vi+1 is a simplicial vertex of G i + 1 = G[{v i +1,...,
vn}]. So vi+2vj e E. By the same argument, vkvj e E
for all k, i ^ k ^ j — 1. Hence the lemma. •

3. Recognition algorithm

In this section, we propose a linear time recognition
algorithm for PIGs by first proposing a linear time
algorithm to generate a BCO of a PIG. To this end,
we introduce the concept of strong simplicial vertex.
It is shown that the starting and ending vertices of a
BCO are strong simplicial vertices.
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3.1. Strong simplicial vertex

A simplicial vertex v of a graph G is said to be
a strong simplicial vertex if there exists a simplicial
vertex w of G• = G - [v] adjacent to v, where [v] is
the simplicial class of S(G) containing v. If (v1, v2,
...,vn) is a BCO of G, then note that v1 is a strong
simplicial vertex of G. Two strong simplicial vertices
v and w are said to be equivalent if [v] = [w].

Lemma 3.1. The number of separated subgraphs of a
PIG with respect to any separating clique is 2.

Proof. Let Gi = G[Vi U C], where 1 < i < r, and
r > 2, be the separated subgraphs of a PIG, G, with
respect to some separating clique C. If possible, let
r > 3. Since G is chordal, by Lemma 2.6, there exists
a principal clique Q e Gi. Then G• = G[{C1 U C2 U
C3 U C}] is a PIG. Also (Q n C ) / 0 . Two cases arise.

Case 1: There exist i, j with i ^ j, and W(Gi) c
W(G j), for 1 < i, j < 3. Now G[{vi, vj, v

•, v••}] is
isomorphic to K1,3, where vi eCi - C, VJ eCj —C,
v• e Ci n C, and v•• eC - Cj. Hence a contradiction
to Theorem 2.4.

Case 2: There exist no i, j such that W(Gi) c
W(G j). Let Qp Cr-2,Q3, and Q4 be any linear
ordering of C1, C2, C3, and C. So either at least two
cliques lie to the left of C or at least two cliques lie
to the right of C. Without loss of generality, let Ci

and Ci2 lie to the left of C in this linear ordering. Let
x e (Qj n C) - Ci2. The existence of x is assured by
Case 2. Now x lies in Ci1 and C, but not in Q2 . So the
cliques of G• cannot be ordered in such a way that the
set of cliques containing a vertex occur consecutively,
a contradiction to Theorem 1.1. The lemma is thus
proved. •

We prove the following theorem concerning the
existence of strong simplicial vertices.

Theorem 3.2. Every PIG, excluding complete graphs,
has exactly two strong simplicial vertices up to equiv-
alence.

Proof. We induct on k, the number of cliques of G.
If k = 2, our theorem is trivially true. Assume that
it is true for k = i. Let G be a PIG with k = i + 1
cliques. Since k > 3, G has a separating clique, say

C. By Lemma 3.1, there will be exactly two sepa-
rated graphs of G with respect to C, say G1 and
G2. Since G is a PIG, by Theorem 2.3, it has a
BCO, say, (v1, v2, . .., vn). Without loss of general-
ity, let v1 e V(G1). Let |C| = k and |V(G1)|=r.
Since W(G1) U W(G2) = C (otherwise G will have
a K1,3), (v1, v2,..., vr) is a BCO of G1 such that vr,
vr-i,..., vr-k+i are the vertices from C. Again, by
induction hypothesis, G1 and G2 satisfy Theorem 3.2.
With the notation as above, let v1 and vr be the only
two strong simplicial vertices of G1 up to equiva-
lence. Since (vn, vn-\,..., v1) is again a BCO of G,
(vn, vn-i,..., vr-k+\) is a BCO of G2. So, vn and
vr-k+\ are the only strong simplicial vertices of G2
up to equivalence. Since no strong simplicial vertex of
G belongs to C,v1 and vn are the only strong simpli-
cial vertices of G up to equivalence. •

If S(G), the set of all simplicial vertices, is inde-
pendent (i.e., no two vertices in S(G) are adjacent)
where G is a PIG, then it has exactly two strong sim-
plicial vertices.

Lemma 3.3. Let G be a PIG such that S(G) is
independent and G has at least four cliques. Let G• =
G - S(G) and v e V(G•). Then the following three
claims are true.

(1) v is adjacent to at most two vertices ofS(G).
(2) If v is adjacent to exactly one vertex, say v1 of

S(G), then v1 is a strong simplicial vertex ofG.
(3) If v is adjacent to two vertices, say v1 and v2 of

S(G), then N(vi)UN(v2) = N(v)-{vi, v2} and
N(v1) and N(v2) are comparable. Moreover, v1
is a strong simplicial vertex of G if and only if
d(v2) = d(v) — 1 and v2 is a strong simplicial
vertex of G if d(v1) = d(v) — 1, where d(vi) is
the degree ofvi in G, i = 1,2; and exactly one of
v1 and v2 must be a strong simplicial vertex in this
case.

Proof. (i) If any vertex of S(G•) is adjacent to three or
more vertices of S(G), then G will contain a K1,3 as
S(G) is independent, a contradiction to Theorem 2.4.
So, claim (1) is true.

(ii) If v is adjacent to exactly one vertex of S(G),
say v1, then clearly v1 is a strong simplicial vertex of
G as S(G) is independent. So, claim (2) is true.
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(iii) Let a vertex v of S(G•) be adjacent to two
vertices, say, v1 and v2 of S(G). Since v1 and
v2 are simplicial vertices of G and v e N(vi), we
conclude N(vi) c N(v), for i = 1,2. If N(v1) U
N(v2) = iV(u) - {v1,v2}, then let w e (N(v) -
(N(v1) U N(v2))). Now G[{V1, v2, W, V}] forms a
K1,3, a contradiction to Theorem 2.4. So, N(v1) U
N(v2) = N(v) -{vi,v2}. If neither d(v1) = d(v) - 1
nor d(v2) = d(v) - 1, then N(v) - {v1,v2} is a
separating cliques of G; and G - (N(v) - {v1, v2})
has at least three separated graphs as G has at least
four cliques. So, either d(v1) = d(v) - 1 or d(v2) =
d(v) — 1. If d(v1) = d(v) - 1, then v2 is a strong
simplicial vertex of G. Similarly, if d(v) - 1 = d(v2),
then v1 is a strong simplicial vertex of G. If both
d(v) - 1 = d(v1) and d(v) - 1 = d(v2), then there
exist w1 and w2 such that w1 e N(v) - {v1, v2}, w2 <£
N(v) and w1w2 e E. The existence of the vertices
w1 and w2 are assured by the fact that G has at least
four cliques. Then G[{w1, w2, v1, v2}] is isomorphic
to K1,3, again a contradiction to Theorem 2.4. Hence,
there exists exactly one strong simplicial vertex in this
case. •

Since it is easy to compute the strong simplicial ver-
tices of a PIG having three or fewer maximal cliques,
we consider the PIG with at least four maximal cliques
in the following algorithm which finds the two strong
simplicial vertices of a PIG. Assume that the vertices
of G are numbered 1, 2 , . . . ,n . The data structures
used in the algorithm are as follows:

• A: Array [1..n] such that A[i] = j if and only if
i belongs to j cliques of G. So, i is a simplicial
vertex if A[i] = 1.

• T: Array [1..n] of sets such that set T[i] = 0 if
and only if i is not a simplicial vertex of G -
S(G), where S(G) is the set of simplicial vertices
of G and set T[j] = NG(j) n S(G) if and only if
j is a simplicial vertex of G - S(G).

• C: Array [1..n] such that C[i] = |T[i]|, where
|T[i]| is the number of elements in the set T[i].

Procedure Strong_Simplicial
Input: A PIG G = (V, E), where V = {1,2, . . . ,n},

having at least four maximal cliques such that
S(G) is independent.

Output: Two strong simplicial vertices w1 and w2
of G.

Step 1: Find S(G); Compute all the cliques of G;
for i = 1 to n do
A[i] := j if vertex i lies in exactly j maximal
cliques of G;

Step 2: G•:= G - S(G); Find S(G•); Let S(G•) =
{i1, i2,..., ir}; s := 1;

Step 3: for k = 1 to r do
{
T(ik) •= U | j e S(G) and ikj e E(G)};
C(ik) := |T(ik)|; /* |T(ik)| is size of T(ik) */
if C(ik) = 1 then
{ ws := j, where {j} = T(ik); s := s + 1; }

{Le t i , j e r ( i t ) ;
if d(ik) - 1 = d(i) then ws, s := j, s + 1;
else if d(ik) - 1 = d(j) then ws, s := i, s + 1; }

Theorem 3.4. Procedure Strong_Simplicial correctly
finds two strong simplicial vertices of a PIG, G,
having at least four maximal cliques and having
independent S(G).

Proof. The existence of two strong simplicial ver-
tices is assured by Theorem 3.2 and the correct-
ness of Procedure Strong_Simplicial follows from
Lemma 3.3. •

Next, we show that Procedure Strong_Simplicial
requires O(n + m) time.

Since maximal cliques in chordal graphs can be
found in O(n + m) time [11,15], and the array A can
be computed by scanning all the vertices of each of
the cliques and updating the array A, Step 1 takes
O(n + m) time. It is easy to see that Steps 2 and 3 take
O(n + m) time, since J2ceC(G) |C| =O(n + m),fora
proper interval graph [15]. So, we have the following
theorem.

Theorem 3.5. Procedure Strong_Simplicial requires
O(n + m) time.

3.2. Algorithm for BCO

We now suggest an algorithm to find a BCO of
a PIG. Assume that the vertices of G are numbered
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1, 2 , . . . ,n . The data structures used in the algorithm
are as follows:

• A: Array [1..n] such that A[i] = j if and only if
i belongs to j cliques of G. So, i is a simplicial
vertex if A[i] = 1.

• M: Array [1..n] such that M[i] = -1 if and only
if i is a simplicial vertex and M[j] = 0 for all
simplicial vertex j e N(i).

• R: Array [1..n] such that R[i] = 1 if and only
if i is a simplicial vertex and R[j] = -1 for all
simplicial vertex j e N(i).

• L: Array [1..n] such that L[i] = -1 if i is already
selected for inclusion in the ordering.

• C: Array [1..n] such that C[i] is the number of
neighbors of i already selected in the ordering if

Let us now describe the algorithm.

Algorithm BCO
Input: A connected PIG, G = (V,E).
Output: An array B[1..n] such that B[1], B[2],...,

B[n]isaBCOofG.

Step 1: Find the cliques of G;
Step 2: for i = 1 to n do

A[i] = j if i lies in exactly j cliques of G;
Step 3: for i = 1 to n do

M[i] , R[i]:= 0 ,0 ;
for i = 1 to n do

Procedure Choose_Next(B[i - 1])

I = 1 and M[i] = 0) then
{ R[i] = 1;M[i] = -l;
for all j e N(i) do
R[j] = -i;}

for i = 1 to n do
{ if (A[i] = 1) then S=SU {i};

Step 4: G• = G-(S-S');
Step 5: Find the two strong simplicial vertices, say s

andt, of G•;
Step 6: for i = 1 to n do

L[i] = 0; B[1] = s; L[s] = - 1 ; i := 2;
while (i < n + 1) do
Choose_Next(B[i-l]);

{
let S={j e N(B[i - 1])
LetCM=min ;s5{C[;]};
B[i]=k;L[k] = -l;
for allj eN(k) do

A[j] = 1 and L[j] = 0};

We need the following lemma to prove the correct-
ness of Algorithm BCO.

Lemma 3.6. The set S constructed in Procedure
Choose_Next(B[i — 1]) is non-empty for 2 ^ i ^ n.

Proof. We will prove this by induction on i. Clearly
the lemma is true for i = 2 as B[1] is a strong sim-
plicial vertex of G. Assume that the lemma is true for
all i, 2< i ^k. So, B[1], B[2],..., B[k] is a partial
PEO of G and B[1], B[2], ...,B[k] is a path, where
B[k] is chosen in Procedure Choose_Next(B[k - 1]).
Since, G•= G - {B[1],B[2],..., B[k]} is a PIG, by
Lemma 3.1, G• has two strong simplicial vertices up
to equivalence. Since, vt is a strong simplicial vertex
of G and hence of G•, there exists a strong simplicial
vertex x of G• such that [x] =£[vt].

Case I: x is a strong simplicial vertex of G.
In this case, [x] = [vs]. so, B[1]x e E(G). So, by
Lemma 2.7, B[k]x e E(G). Now, x is a simplicial ver-
tex of G• andxB[k] e E(G). Therefore, x e S, where
S is computed by Procedure Choose_Next(B[k]).
Hence, in this case, our lemma is true by induction.

Case II: x is not a strong simplicial vertex of G.
This implies that there exists j, 1 < j < k such that
B[j]x e E. So, by Lemma 2.7, B[k]x e E(G).

Now, x is a simplicial vertex of G• and xB[k] e
E(G). So, x e S, where S is computed by Procedure
Choose_Next(B[k]). Thus, our lemma is true by
induction, in this case.

This completes the proof of the lemma. •

Now, B[1],B[2],...,B[n] is a PEO of G such
that B[1],B[2],...,B[n] is a Hamiltonian path of
G. To show that B[1], B[2],...,B[n] is a BCO, we
need to show that B[i] is a simplicial vertex of
G [ { B [ 1 ] , B [ 2 ] , . . . , B [ i ] } ] , l ^ i ^ n . T h i s i s p r o v e d
in the following lemma.
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Lemma 3.7. B[i] is a simplicial vertex of G[{B[1],
B[2],..., B[i]}], 1 < i < « .

Proof (by induction on i). The lemma is true for i = 1
as B[1] is clearly a simplicial vertex of G[B[1]]. As-
sume that the lemma is true for all i < k. So, B[k]
is a s i m p l i c i a l v e r t e x of G[{B[1],B[2], ...,B[k]}].
We will show that B[k + 1] is a simplicial vertex
of G[{B[1], B[2], ...,B[k+ 1]}]. Let B[i] and B[j]

be any two vertices in N(B[k + 1]) where i < j <
it + 1. Since B[i]B[k + 1] e E(G), by Lemma 2.7,
B[l]B[k + 1] e E(G) for i < l < k. If B[i]B[k] e
E(G), then by Lemma 2.7, B[j]B[k] e E(G). Since
B[k] is a simplicial vertex of G[{B[1], B[2],...,
B[k]}], we have B[i]B[j] e E(G). Thus B[k + 1]
is a simplicial vertex of G[{B[1], B[2],..., B[k +
1]}]. Assume that B[i]B[k] £ E(G). Now, B[k] and
B[k + 1] are in the set S computed by Procedure
Choose_Next([B[k - 1]). If not, then B[k + 1] is not
a s i m p l i c i a l v e r t e x of G[{B[k], B[k+1],..., B[n]}].
In which case, there exits a vertex B[t], t > k + 1,
such that B[k+ 1]B[t] e E(G) but B[k]B[t] £E{G).
Since B[k]B[t] £ E(G), by Lemma 2.7 B[i]B[t]
cannot be in E(G). In other words, G[{B[i], B[k],
B[k+ 1], B[t]}] is isomorphic to K1,3, which is a con-
tradiction. Hence, B[k] and B[k + 1] are present in
S computed by Procedure Choose_Next(B[k - 1]).
Since, B[k] is selected by this procedure, C[k] was
higher than C[k + 1]. The fact that B[i]B[k + 1] e
E(G) but B[i]B[k] i E(G), implies that there exists
h < i such that B[i1]B[k] e E(G) but B[i1]B[k + 1]
/E(G). Now by Lemma 2.7, B[m]B[k] e E(G) for
;'i < m < k - 1. Since B[k] is a simplicial vertex
and B[i]B[k] e E(G) and B[j]B[k] e E(G), we have
B[i]B[j] e E(G), this concludes B[k + 1] is a simpli-
cial vertex. Therefore, by induction hypothesis, B[i]
is a simplicial vertex of G[{B[1], B[2],..., B[i]}], for
1 < i < « . Hence, B[1]B[2],..., B[n] is aBCO. •

In view of Lemmas 3.6 and 3.7, we have the
following theorem.

Theorem 3.8. Algorithm BCO correctly computes a
BCOofaPIG.

Next, we show that Algorithm BCO can be imple-
mented in O(n + m) time.

Since maximal cliques in chordal graphs can be
found in O(n + m) time [11,15], Step 1 requires
O(n + m) time. Step 2 is done by scanning all the
vertices of each of the cliques and updating the array
A, thus taking O(n + m) time because J2ceC(G) \C =
O(n + m). Each of Steps 3 and 4 takes O(n + m)
time. Next, two strong simplicial vertices of G are
computed by invoking Procedure Strong_Simplicial.
Hence Step 5 takes O(n + m) time by Theorem 3.5.
It is easy to see that Step 6 also takes O(n + m) time.
Thus we have the following theorem.

Theorem 3.9. Algorithm BCO takes O(n + m) time.

3.3. Recognition of PIG

In this subsection, we show that the Algorithm
BCO can be modified to recognize PIG in linear time.
Since the modification is rather simple, we will just
give a description of the algorithm instead of giving
all the details of the modified algorithm.

Given a graph G = (V, E), we first check if
it is chordal requiring O(n + m) time [15,32]. If
G is chordal, we find all of its maximal cliques.
This can be performed in O(n + m) time [11,15].
The computation of the array A[], as in Step 2 of
Algorithm BCO, is done by scanning all the vertices
of each clique and updating the array A. This step
requires O(n + m) time, as J2ceC(G) |C| = O(n + m).
It is followed by the execution of Steps 3 and 4 of
Algorithm BCO, requiring O(n + m) time. Next, two
strong simplicial vertices of G are found by invoking
Procedure Strong_Simplicial. If G has no less than
two strong simplicial vertices, then declare it is not a
PIG. Execute Step 6 of Algorithm BCO to generate
an ordering α. If an ordering is not successfully
generated, then G is not a PIG. Finally check whether
the generated ordering α and its reverse a " 1 are both
PEOs of G. If so, then declare G is a PIG. Whether an
ordering of vertices of G is a PEO can be checked in
O(n + m) time [15]; therefore, PIG can be recognized
in O(n + m) time. By Theorem 2.3, a graph G is a
PIG if and only if it has a BCO. Hence, the modified
procedure correctly recognizes whether a graph G is a
PIG, leading to the following theorem.
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Theorem 3.10.A PIG, G, can be recognized in O(n +
m) time, where n and m are the vertices and edges
ofG.

4. Hamiltonian cycle

In this section we show that a PIG is Hamiltonian
if and only if it has a BCO. We also construct a
Hamiltonian cycle of a biconnected PIG given a BCO.
To this end, we need the following lemma.

Lemma 4.1. Let G be a biconnected PIG and let
a = (v1, v2, . .., vn) be a BCO. Then dGi(vi) ^ 2,
1 ^ i ^ n — 2, where Gi = G[{vi, v i+1,... ,vn}].

Proof. If possible, let i be the largest index such that
dGi(vi) < 2. Then, as viv i+1 e E, we have dGi(vi) =
1 for 1 < i < n - 1. We claim that v i+1 is a cut vertex
of G. Now vj vt £ E, for j < i and k > i + 2, because
if vjvk e E, then by Lemma 2.7, uy+i-u*: E , for all
s, 1 < s < k - j - 1. In particular, D , ^ e E. This
contradicts the fact dGi (vi) = 1. So vj vt £ E for j < i
and k > i + 2. So every path from vj to vk, j ^ i
and k > i + 2, passes through vi+1. So our claim is
true. This contradicts the biconnectedness of G, and
completes the proof. •

The following theorem characterizes Hamiltonian
PIGs.

Theorem 4.2. A PIG, G, is Hamiltonian if and only if
it is biconnected.

Proof. Since the necessity part is trivial we prove the
sufficiency only. Let α = (v1, v2, . . ., vn) be a BCO of
G. Let i1 be the largest index such that v1 v^ e E; and
let i2 be the largest index such that v^-iv^ e E. Let
ij be the largest index such that i^^-ityy e E. Let
r be the smallest index such that virvn e E. As G is
a biconnected PIG, ij - 1 > ij-\ and ir-\ < n - 2.
Let Pj be the path V{}•_1-i^ consisting of only one
edge, 1 < j < r. Let Qj be the path from vij to
VIJ+1 _i through consecutive vertices of the BCO α,
1 ^ j; ^ r. Let P1 be the path v1vi1 consisting of only
one edge. Let Q1 be the path from v1 to v^-i through
consecutive vertices. Let vir+1 = vn and Qr be the path
from vir to vn through consecutive vertices of the BCO

α . T h e n C = P 1 U Q 1 U ( \ J r

j = l Pj) U ( \ J r

j = l Qj) i s a
Hamiltonian cycle of G. Hence the theorem. •

Given a biconnected PIG, G, and its BCO, α, we
next propose a linear time algorithm to construct a
Hamiltonian cycle of G.

Algorithm Hamiltonian Cycle
Input: (G, α = (v1, v2, . . ., vn)), where G is a bicon-

nected PIG and α is a BCO of G.
Output: A Hamiltonian cycle C of G.

{
C := v1, v 2,..., vn; t := 1; r := 1;
while (t ^ n) do

{
Let lr be the largest index such that vrvlr e E;
if (lr =£ n) then

{C:=C-{vir-ivir}\J{vrvir};

else{ C:=CU{vrvir};t = lr; }

}
}

It is easy to see that Algorithm Hamiltonian Cycle
runs in O(n + m) time. The correctness of the algo-
rithm follows from Theorem 4.2. Thus,

Theorem 4.3. Given a biconnected PIG, G and
its BCO, α, Algorithm Hamiltonian Cycle correctly
computes a Hamiltonian cycle of G in O(n + m) time.

Theorem 4.4. A Hamiltonian cycle of a biconnected
proper interval graph (PIG) can be constructed in
O(n + m) time.

5. Conclusion

In this paper, we have proposed a linear time recog-
nition algorithm for proper interval graphs. Although
several linear time algorithms exist for recognizing
PIGs, our algorithm is simpler and has other conse-
quences. For example, we generate an ordering of PIG,
called BCO (bicompatible elimination ordering), to
recognize PIG. We also proved that a PIG is Hamil-
tonian if and only if it is biconnected. Given a BCO
of a biconnected PIG, we proposed a linear time algo-
rithm to construct a Hamiltonian cycle.
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