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Abstract—-The diffusion approximation model for (m, M) general machine repair problems with spare
part support has been developed. The inter-failure time and repair times are assumed to be generally
identically and independently distributed (i.i.d.). The failure rate of operating units in a short system when
fewer than M units are operating and all spares are being used, is faster than a normal system. The spare
units may also fail with rates different from operating units. The repairmen switch to the faster rate to
reduce a backlog of down units in the case of a busy repair facility. By using reflecting boundaries, the
approximate formulae for some performance measures, namely, expected number of inoperative/operative
units and probability that the system is short/down have been obtained.

1. INTRODUCTION

In order to achieve a specified level of service in
many production and manufacturing systems where
machines fail, certain combinations of spare com-
ponents and repairmen are required. The number of
operating/spare units and number of repairmen in
such systems should be optimized at a desired service
level constraint while minimizing total cost. This
process can be readily modeled as a finite source
queueing system often referred to as a 'machine
interference problem'. An extensive listing of
references on the machine interference problem can be
found in Steeke and Aronson [1]. The Markovian
machine repair problem with spares was first studied
by Taylor and Jackson [2] and Toft and Boothroyd
[3]. Some other important recent works in this
direction are given in Refs [4-7]. All these models
deal with cold standby in which spare units are not
subject to failure. However, in practice, for instance
in electronic equipment, the standby units may fail
but with different failure rates than operating units.
This type of situation was studied under warm standby
system (see [8, 9]).

For a machine repair problem having general life
time and repair time, it is almost impossible to obtain
exact results. To study such systems, attempts have
been made to develop a simulation for estimating
system performance measures or to develop approxi-
mate solutions. The diffusion process which is based
on a continuous-time, continuous-state process, is
used to approximate a discrete stochastic process of
a general queueing system. The boundary behaviors
of a diffusion process to approximate queueing model

are classified into three categories: the reflecting
boundary, the instantaneous return boundary and the
elementary return boundary [10]. Jain and Sharma
[11] developed a diffusion process based on reflecting
boundaries for G/G/r machine interference problems
with cold standbys. Haryono and Sivazlian [12] and
Sivazlian and Wang [9,13,14] studied warm standby
systems using the same technique. Cherian et al.
[15,16] provided approximate results based on the
diffusion process with reflecting boundaries for
Markovian multicomponent systems. Jain [17]
derived some performance measures for a G*/G/m
machine repair model with spares by using the
diffusion process with reflecting boundaries.

Yao and Buzacott [18] used elementary return
boundaries to develop a diffusion process for a G/G/r
flexible manufacturing system. Lee et al. [19]
considered the G/G/m machine repair problem by
using two boundary policies: the elementary return
boundary and the instantaneous return boundary.

In some practical situations of manufacturing
systems, when all repairmen are busy, the repairmen
switch to faster rates in comparison with when at least
one repairman is idle. One particular cause of a slow
repair rate when all repairmen are not busy, is the
inclusion of inspection time into repair time. In the
case of a busy repair facility, switchover to a faster
repair rate may be intentionally to reduce the level of
backlog in the queue. This paper addresses a more
general machine repair problem with spares (warm)
by using diffusion approximation based on reflecting
boundaries. The system having M operating and Y
spare units operates if at least m out of M operating
units are functioning well. The failure rate of units in a
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short system (having fewer than M operating units)
is less than in a normal system (having M operating
units). The life time and repair time of units are
considered to be general i.i.d, distributed. Some
performance measures have been derived in terms of
the probability density function (p.d.f.) of a continuous
diffusion process. Several discretizing schemes have
been used to approximate the continuous p.d.f, by the
discrete one [10]. For this purpose, we shall
approximate the continuous p.d.f, p(x) of the diffusion
process by:

Pn = p(x) dx.

2. THE MODEL

We consider an (m, M) machine repair system with
spares described as follows:

(i) The system has M units in operating group, S
standby units as spare parts and r repairmen.

(ii) The system will be in operating mode if at least
m out of M operating machines are functioning
well.

(iii) The failed units are sent for repairing at once and
the spare units are put into operation in place of
the failed units. The failed units are repaired by
one of the r repairmen on the FIFO basis. If all
repairmen are busy, the failed units queue up for
free repairmen.

(iv) When the repair of a unit is completed, it joins
the operating group if there are less than M
operating units; otherwise it goes into a standby
group. A repaired unit is as good as a new one.

(v) The inter-failure time and repair time of units
are generally identically and independently
distributed (i.i.d.).

(vi) If all units of the standby group are being used
and there are less than M units in the operating
group, the system is said to be short. In the short
system, if more than M — m operating units fail,
the system breaks down.

(vii) The switch over times from standby to operating
state and from repair to standby state are
instantaneous.

NOTATION

2 ( 2 0 mean failure rate of operating units in normal (short)
system ( 2 < 2 1 )

a mean failure rate of standby units
ii ] mean repair rate when at least one repairman is idle
\i mean repair rate when all repairmen are busy

c~(c~) square coefficient of variation of inter-failure time
(repair time)

p(x, t) probability density function of the position of the
diffusion process time t

a(x, t) infinitesimal drift of diffusion process
b(x, t) infinitesimal variance of diffusion process.

The state dependent mean failure rate 2, and mean
repair rate #, describing the model are given by

/.=
M). + (S - n)a 0 sS n ^ S

(M + S _ n)).~ S <n~<M

nn, 1 ^ n < r

S-m
(1.1)

(1.2)

3. THE DIFFUSION PROCESS AND ANALYSIS

The p.d.f, p(x, t) satisfies the following diffusion
equation [20]:

d2n(x t) 1 d2

-JTT2 = <> •-," 28t 2 dx1 0x
, t)}

(2)

with reflecting boundaries at x = 0 and x = M +
S — n. Let p(x), b(x) and a(x) be the corresponding
steady state quantities. Then for the steady state, the
solution of (2) with boundary conditions is given by

constant ( Ix b(_x)
p(x) = exp 2 dx

b(x) exp 2 3
(3)

The mean in and out flows for the one dimensional
diffusion process are depicted in Figs l(a) and l(b).

The proposed a(x) and b(x) for the considered
models for the two categories are shown in Table 1.

Case A: r <<. S

On substituting the values of a(x) and b(x) from
Table 1 in eqn (3), we get

,(x) =

Col(x) -

C —— g2(x) = p2(x).
9i(r)

x < r

r < x < S

r) g3(S)

where C is a constant, and

P

(4)

gl(X) = (X]

x exp

I B + u w \ t 2 r " ( ' + * ) A* c i l" '02(x) = (x - IL-JLL \

Kw - ~)

I
a /

(5.1)

,q3(x) =

exp(2x/C~)

(5.2)

exp(2x/C~)

(5.3)
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- x)a System
xpil M2 + (S - X)C

System 171

(i) O < x < r

{M + S- x)X,

(ii) r <~ x <~ S

System

(iii) S < x < M + S - m

Fig. l(a). Case A (r ~< S).

Mi + (S - JC)« System (M + S - x System

(i) (ii) S < x < r

(M + S- x)/l) System

( i i i ) r ~ < x ~ < M + S - m

Fig. l(b). Case B (S < r).

Table 1. The values of a(x) and

Cases b(x)

Case A: r ^ S
(i) 0 < x ~< r
(ii) r <~ x <~ S
(iii) S < x ~ < M

Case B: S <r
(i) 0 ^ x < S
(ii) S < x <r
(iii) r~<x~<M

MA + (S - x)a - x/~l

M2 + (S - x)~t - r#
(M + S - x)2l - r#

MA + (S - x)a - x#l
(M + S - x)A, - xnx

(M + S - x)X, - rfi

{M2 + (S - x)a}C~ + x#aC~
{M + (S - x)a}C~ + r l t
(M + S- x)21C2a + rud

{M2 + (S - x)ot}C~ + x#1C~

{M + s- x},hc.~ + xu,c~
,

(M + S - x)21C~ + rpC~

$ = M2 + Sct, y = (M + S)XU i\ = C~/C,.22 (5.4)

The constant C is determined by using the normalizing
condition

pr rs PM + S-m
p,(x)ff p2(x)dx++f~+s-., p3(x)dx = l.

Jo Jr JS

S I P2(X) dx + I p3(x) dx
LJs-0.5 JS J

M + S-m-1 fn + O.5

£ n P3(X) dx + (M + S - m)
n = S+l Jn-0.5

(6)

[•M + S-nt

RIM + S-M-0.5
p3(x) dx,

To obtain an approximate value of P., we use the w h e r e p m is a p p r o x i m a t e d as

following discretizing scheme
n + 0.5

Pn =
Jn-0.5

p(x) dx, -m. (7)

rM+S-m

/M + S-M-0.5

(8)

(9)

The expected number of failed units in the system is T h e expected number of operating units in the
« + s - , system is

E(O~) = MESP,+ £ "" (M + S -n)P,
n=O n=S+l

p l(x)dx
r - l (*n + 0.5 r / V

= I« Pi(x)dx + r\ Pi w a x r r - i f.-o.s r,
" = 1 J"-0-5 -0.5 =M ^ p l(x)dx+ pl(x)dx

/•r + 0.5 "I s - 1 fn + O.S L"=l Jn-0.5 Jr-0.5

+ P2(x)dx + Z n P2(X)dx ff + 0.5 S--I fn + 0.5
J' r =r+l dn-0.5 + ff+0.5P2(X)dx+ S

Jr n = r+l tin-0.5
pc(x) dx
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rs rs+o.s -|
pZ(x) dx + P3(X) dx

Js-O.5 Js J
M+S-m-1

+ Z (M + S — i
n=S + I

M+S-m

+ m Pi(x) dx.
dM+Sm-0.5

Case B: r > S

In this case the p.d.f, p(x) is given by

C'gl(x) = p;(x),

C ----- g4(x) = p4(x),

The expected number of operating units in the
system is

p3(x) dx

(10)

( s) )

where

S < x < r

(11)

n=O n=S+1

n + 0.5

pl(x)dx
n - 0 . 5

rs ps + o.5 "j
pl(X) dx + p4(x) dx

Js-0.5 Js J
r - 1 |*n + 0.5

J| (N + M - n) P4(X) dx
n = S + l J n - 0 . 5

p4(x)dx

f O . 5

+ I p s ( x ) £

l

)M+S-m

m P5(X)dx.
+ S-M-0.5

p s(x)dx

(15)

gA(x) = [ x - —'-

where C' is obtained by using the normalizing
....

condition

pl(x) + I
Jo Js

4. SOME MORE RESULTS

The probability that the system is short is

M+S-m

/35= ~ /~,. (16)
i = S + I

The probability of system failure is

M+S-m

PF = P u + s m = Pi(X)dx, (17)
edM + S-ra-0.5

p4(x) dx +

The expected number of failed units is

ps(x) dx. (13) where i = 3 for case A and i = 5 for case B.
The expected number of idle repairmen is

- n)P.. (18)

M + S-r

n= l

s-i r,

-VJ
n — I J nrs + o.+ J.

r - 1

+ r
n = S+ l

M+S-i

x M
n=r-t

+ (M +

p

1 + 0.5

pl(x)dx
I0 .5

p4(x) q

+ S pl(x)dx
LJs-0.5

fn + 0.5

n p4(x)dx
tin-0.5

p4(x) dx +
0.5

m - I fn + 0.5

P:
1 in--0.5

S - m) fM '

(•r + 0.5 "I

H j p5(x) dx

ps(x) dx

Ps(X) dx. (14)

The expected number of spare units in the system as
standbys is

E(S) = ~ (S - n ) P . .
n = 0

(19)

Equations (18) and (19) can be written in the same
fashion as eqns (8) and (14) by using discretizing
scheme (7).

For the cost analysis, we define the following
cost/unit time associated with different states of
units/repairmen as

Csn = cost per unit time when system is short,

Csp = cost per unit time of providing a spare unit,

CI = cost per unit time when at least one repairmen
is idle,

Co = cost per unit time of repairmen being busy.
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The expected total cost per unit time is

E(C) = Csn
 M+S " (n - S)P, + CspE(S) + CoE(O)

CB{r - E(1)}. (20)

5. SPECIAL CASES

Many past results can be obtained as special cases

of the present work.

(i) When ^ = /~, 21 = 2, ~ = 0, we get results
corresponding to a G/G/r machine repair model
with cold standby units [11].

(ii) When Ca2 = C~ = 1, ^ = /~, ~ = 0, the results of
our model tally with Cherian et al. [16] for a
Markovian model with cold standbys.

(iii) When 21 = 2, ao2 = 0, our model reduces to
Sharma [21].

6. SUMMARY AND DISCUSSION

The approximate results based on the diffusion
process with reflecting boundaries for an (m, M)
general machine repair model with warm standbys
and state dependent failure/repair rates are obtained.
The notable features of the present study compared to
previous work are (i) two types of repair rate
depending upon the repairmen's states (either idle or
busy), (ii) different failure rates for operating and
standby groups of units, and (iii) different failure rates
of operating units in short and normal systems.

To obtain optimal values of (r, S), it is extremely
difficult to provide an analytical approach. Moreover,
a heuristic approach can be developed. By direct
substitution of successive values of r and S into cost
function E(C) until the minimum value subject to
availability constraint is satisfied, a computationally
efficient procedure may be established.

We cannot use eqn (3) at boundaries x = 0 and
r = M + S — m. Therefore, a modified result can be
obtained by shifting the boundary at x = 0 to
x = - 0 . J and at x = M + S - m to x = M + S -
m + 0.5. In the interval (-0.5,0), a(x) = M2 + Sot,
b(x) = (M2 + S~)C~ and in the interval (M + S - m,
M + S--m + 0.5), a(x) = -rlt, b(x) = r#C~.

For the computational purpose of various measures
of performance, we need numerical integration, which
can be performed easily by using Gauss's formula.
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