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Abstract

A two person zero sum matrix game with fuzzy goals and fuzzy payoffs is considered and its solution is conceptualized
using a suitable defuzzification function. Also, it is proved that such a game is equivalent to a primal-dual pair of certain
fuzzy linear programming problems in which both goals as well as parameters are fuzzy.
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1. Introduction

One of the most celebrated and useful result in the matrix
game theory asserts that every two person zero sum matrix
game is equivalent to two linear programming problems
which are dual to each other. Thus, solving such a game
amounts to solving any one of these two mutually dual linear
programming problems and obtaining the solution of the
other by using linear programming duality theory.

Although various attempts have been made in the past to
study two person zero sum fuzzy matrix games (for exam-
ple, Sakawa and Nishizaki [1], Campos [2] and those re-
ported in Nishizaki and Sakawa [3]) but they do not take
into consideration the fuzzy linear programming duality as-
pects and, therefore, apparently lack in the correct conceptu-
alization. In this context, it may be noted that certain fuzzy
linear programming duality results are already available in
the literature; for example, Rödder and Zimmermann [4],

Hamacher et al. [5], Bector and Chandra [6], Inuiguchi et
al. [7] and Wu [8].

Some recent references for fuzzy matrix games are Bec-
tor et al. [9,10], Maeda [11] and Li [12]. Bector et al. [9]
studied matrix games with fuzzy goals and utilized fuzzy
linear programming duality [6] to solve such games by solv-
ing the equivalent primal-dual pair of fuzzy linear program-
ming problems. This approach has further been extended
by Bector et al. [10] to matrix games with fuzzy payoffs
where duality in linear programming with fuzzy parameters
becomes the basic tool.

This paper aims to unify the results of Bector et al. [9]
and [10] so as to provide a solution procedure for solv-
ing two person zero sum matrix games with fuzzy goals
and fuzzy payoffs. For this, first duality in linear program-
ming with fuzzy parameters and fuzzy goals is studied and
the same is employed to develop a solution procedure for
solving such games. The duality theory as presented here is
based on certain defuzzification function F and plays a key
role in explaining an equivalence between such fuzzy matrix
game and certain primal-dual pair of fuzzy linear program-
ming problems. Earlier such fuzzy matrix games i.e. matrix
games with both fuzzy goals as well as fuzzy payoffs, have
been studied by Nishizaki and Sakawa [3]. They obtained an
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equivalent optimization problem with fractional constraints
to solve such fuzzy games.

The paper is organized as follows. Certain basic defini-
tions and preliminaries with regard to crisp matrix games
are presented in Section 2. In Section 3, duality theory for
linear programming problems with fuzzy parameters and
fuzzy goals is introduced, while the main result, that a two
person zero sum matrix game with fuzzy goals and fuzzy
payoffs is equivalent to an appropriate primal-dual pair of
such fuzzy linear programming problems, is established in
Section 4. This section also includes a small numerical ex-
ample as an illustration of the solution procedure developed
here for solving such fuzzy games. Further, a more general
setting for studying matrix games with fuzzy goals and fuzzy
payoffs based on valued relations approach of Inuiguchi et
al. [7] is outlined in Section 5 which will need further study
in this direction.

2. Definitions and preliminaries

Let Rn denote the n-dimensional Euclidean space and R+n

be its non-negative orthant. Let A e Rmycn be an (m x n)
real matrix and eT = (1 ,1 , . . . , 1 ) be a vector of 'ones' whose
dimension is specified as per the specific context.

By a (crisp) two person zero sum matrix game G we mean
the triplet G = (Sm, Sn, A) where Sm = {x e R+m, eTx = 1}
andSn={y e R+n, e

Ty = 1}. In the terminology ofthe matrix
game theory, Sm (respectively Sn) is called the strategy
space for Player I (respectively Player II) and A is called the
payoff matrix. Also it is a convention to assume that Player I
is a maximizing player and Player II is a minimizing player.
Further for x e Sm, y e Sn, the scalar xT Ay is the payoff
to Player I and as the game G is zero sum, the payoff to
Player II is — x Ay.

Definition 2.1. The triplet (x, y, v) e Sm x Sn x R is called
a solution of the game G if x^Ay'^v for all y e Sn and
xT Ay^v for all x e Sm. Here x (respectively j)is called
an optimal strategy for Player I (respectively Player II) and
v is called the value ofthe game G.

Given the two person zero sum game G = (Sm, Sn, A),
it is customary to construct following pair of primal-dual
linear programming problems (LP) and (LD) for Players I
and II, respectively:

(LP) max v, subject to,

i=1

j = 1,2, ...,n),

and

(LD) min w, subject to,

The following theorems are standard in this context, e.g.
Owen [13]:

Theorem 2.1. Every two person zero sum—sum matrix game
G = (Sm, Sn, A) has a solution.

Theorem 2.2. The triplet (x, y,v) e Sm x Sn x R is a
solution ofthe game G if and only ifx is optimal to (LP), y
is optimal to (LD) and v is the common value of (LP) and
its dual (LD).

3. Duality in linear programming with fuzzy
parameters and fuzzy constraints

Consider fuzzy version ofthe usual primal and dual linear
programming problems given as below:

(FP1) Find x e Rn such that cTx>Z0, Ax<b, x>0,

and,

(FD1) Find y e Rm such that bTy<W0, ATy>c, y^O.

Here, A, b and c respectively, are (m x n) matrix, (m x 1)
and (n x 1) vectors having entries from the set of fuzzy
numbers N(R). The symbols ' < ' and ' > ' are fuzzy versions
ofthe symbols ' < ' and ' ^ ' respectively, and have the lin-
guistic interpretation "essentially less than or equal to" and
"essentially greater than or equal to" as explained in [14]. In
the statement of (FP1) and (FD1), the aspiration levels are
ZQ and WQ respectively, which are the fuzzy quantities. Let
Pi, i=0, 1, . . . , m, be the adequacies such that PQ measures
the adequacy between the objective function cTx and the
aspiration level ZQ, and pi the ith component ofthe fuzzy
vector p measures the adequacy between the fuzzy numbers
(Ax); andfc; which are the ith components of fuzzy vectors
Ax and b. The same interpretation is for the adequacies qj,
j = 0, 1, ...,n.

Based on a resolution method proposed in [15], the
constraints cTx>^ 0Z 0 , bTy<^W0, (Ax)i<p.bi and

(A y)j>g.cj are to be understood as £ X&ZQ — P0(1 — 1),

bTy®W0 + qo(l - r\), (Ax);©fc; + p{{\ - X) and
(A^y)j©cj —qj(\ — rj) respectively, where i = 1, 2, . . . , m,
and j = 1, 2, . . . , n. Thus the fuzzy linear programming
problems will be

(FP2) max
subject to

1

(Ax);©fc; +pi(l-X) (i = 1,2, ...,m

= 1,2, . .,m) , eTy =



V. Vijay et al./Omega ( ) -

and

(FD2) max r\
subject to

( i = 1,2, . . . , m ) ,

Here © and © are relations between fuzzy numbers which
preserve the ranking when fuzzy numbers are multiplied by
positive scalars. For example, this could be with respect to
any ranking function F taken in Campos [2] such that a©£>
implies F(a)^F(b). There is also an implicit additional as-
sumption of linearity of F in Campos [2] which is being
taken here as well. Since in subsequent sections, the func-
tion F is used to defuzzify the given fuzzy LPPs, here on-
wards it is called as defuzzification function rather than a
ranking function. It should further be noted that the defuzzi-
fication function F once chosen is to be kept fixed for all
developments in this sequel. Therefore, if F : N(R) -> R
is the chosen defuzzification function of fuzzy numbers for
constraints in (FP2) and (FD2), we get (FP3) and (FD3) as

(FP3) max X
subject to

- F(po)(l - X)

and

(FD3) max r\
subject to

The pair (FP3) and (FD3) is termed as the fuzzy
pair of primal-dual linear programming problem
in the sense of Bector and Chandra [6]. Let F(p)
= (F(pi), F(p2), . . ., F(pm)) and F(q) = (F(qi),
F(q2), . . ., F(qn))^. Then the following duality theorem
follows from Bector and Chandra [6]:

Theorem 3.1. Let (x, X) be (FP3)-feasible and (y, r])
be (FD3)-feasible. Then (X - l)F(p)Ty + (t] - l)F(q)Tx<,
(F(b)Ty - F(c)Tx).

where ' > ' and ' < ' have their meanings as explained in Sec-
tion 2 and p and q are fuzzy tolerance levels for Players
I and II, respectively. Now onwards, we shall call a two
person zero sum matrix game with fuzzy goals and fuzzy
payoffs simply as fuzzy matrix game.

We now define the meaning of the solution of the fuzzy
matrix game FG.

Definition 4.1. A point (x, y) e Sm xS" is called a solution
of the fuzzy matrix game FG if

(i) (x)TAy>pV, for all y e Sn

and

07) x TAy<qW, for all x e Sm.

Here x is called an optimal strategy for Player I and y is
called an optimal strategy for Player II.

By using the above definitions for the game FG and
employing the resolution procedure for the double fuzzy
constraints proposed by Yager [15,16] and following Zim-
mermann's approach [14], we construct the following pair
of fuzzy linear programming problems for Player I and
Player II:

(FP4) max X
subject to

xTAy&v - p(l - X) for all y e Sn

xeSm,
Xe [0,1],

and

(FD4) max r\
subject to

xTAy©w + q(l - rfi for all x e Sm

yeS",
n e [0,1].

Next, we utilize the defuzzification function F : N(R) ->
R for the constraints of (FP4) and (FD4), to get

(FP5) max X
subject to

- X)
for all y eS"

4. Matrix games with fuzzy goals and fuzzy payoffs

Let Sm, Sn be as introduced in Section 2 and A be the
payoff matrix with entries as fuzzy numbers. Let v and w be
fuzzy numbers representing the aspiration levels of Players
I and II, respectively. Then a two person zero sum matrix
game with fuzzy goals and fuzzy payoffs, denoted by FG, is
defined as

K l ,

and

(FD5) max r\
subject to

F(xT~Ay)<F(w)
for all x e Sm

FG = (Sm, Sn, A; v, >, p; w, <, q),
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The defuzzification function F preseves the ranking when
fuzzy numbers are multiplied by non-negative scalars, the
problems (FP5) and (FD5) respectively, become:

(FP6) max A
subject to

- A),
for all y e Sn

be met by choosing to play the strategy x*. Similar interpre-
tation can also be given to an optimal solution (y*, rj*) of
the problem (FD7). All the results discussed in this section
can now be summarized in the form of Theorem 4.1 given
below.

Theorem 4.1. The fuzzy matrix game FG described by FG=
(Sm, Sn, A; v, >, p; w, <, q) is equivalent to two crisp lin-
ear programming problems (FP7) and (FD7) which consti-
tute a primal—dual pair in the sense of duality for linear
programming in a fuzzy environment.

and

(FD6) max r\
subject to

- rj),

for all x eSm

Remark 4.1. It is important to note that the crisp problems
(FP7) and (FD7) do not constitute a primal-dual pair in
the conventional sense of duality in linear programming but
are dual in "fuzzy" sense as explained above. Therefore, if
(x*, A*) is optimal to (FP7) and (y*, rj*) is optimal to (FD7)
then in general one should not expect that A* =rj*.

where F(A) is a (crisp) (m x n) matrix having entries as
F(aij), i = 1, 2, . . . , m and j = 1, 2, . . . , n.

Since Sm and Sn are convex polytopes, it is sufficient to
consider only the extreme points (i.e. pure strategies) of Sm

and Sn in the constraints of (FP6) and (FD6). This obser-
vation leads to the following two fuzzy linear programming
problems, (FP7) and (FD7), for Players I and II, respectively:

(FP7) max A
subject to

and

(FD7) max r\
subject to

- rj),

Remark 4.2. If both players have the same aspiration level,
i.e.F(v) = F(w) and in the optimal solutions of (FP7) and
(FD7) A* = rj* = 1, then the fuzzy game FG reduces to the
crisp two person zero sum game G. Thus for F(v) = F(w),
2* =//* = 1, FG reduces to G; the pair (FP7)-(FD7) reduces
to the pair (LP)-(LD); and as it should be, Theorem 4.1
reduces to Theorem 2.2. Therefore Theorem 4.1 appears to
be a very natural and valid generalization of Theorem 2.2
for studying the fuzzy matrix game FG.

Example 4.1. Consider the fuzzy game defined by the ma-
trix of fuzzy numbers

A =
180 156
90 180

1J '
where 180 = (175, 180, 190), 156 = (150, 156, 158) and
90 = (80, 90, 100). Assuming that Players I and II have
the tolerance levels p\ = p2 = (14, 16, 20), and q\ = q^ =
(13, 15, 22). The aspiration levels for the Players I and II are
v = (155, 165, 175) and «) = (170, 180, 190) respectively.
Solving the Linear Programming Problems (FP7) and (FD7)
for the above data, we obtain (xf = 0.7725, x| = 0.2275,
A* = 0.5486) and (y* = 0.0545, y* = 0.9455, tj* = 1).

y> 0.

Here F(A)j (respectively, F(A)j) denotes the ith row (re-
spectively jth column) of F(A), where i = 1, 2, . . . , m, and
j = 1,2,...,n.

From the above discussion we now observe that for solv-
ing the fuzzy matrix game FG we have to solve the crisp
linear programming problems (FP7) and (FD7) for Players
I and II, respectively. Also, if (x*, A*) is an optimal solution
of (FP7) then x* is an optimal strategy for Player I and A* is where Sm, Sn, A, v and «) are as introduced in Section
the degree to which the aspiration level F(v) of Player I can 4 and P is the fuzzy (valued) relation and Qd is its dual

5. Matrix games with fuzzy valued relations

Inuiguchi et al. [7] have recently introduced duality theory
for fuzzy linear programming in the sense of fuzzy (valued)
relations. Taking motivation from this, we may consider a
two person zero sum matrix game with fuzzy goals and
fuzzy payoffs as follows:

FGV = (Sm, Sn, A; P, v; Qd, w),
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fuzzy extension [7]. Then we may call (x, y) G (Sm, Sn) as
a solution of the fuzzy matrix game FGV if

xTAyPv, Vy G Sn,

and

xTAyQdw, Vx G Sm.

Now similar to the results reported here, it will be of inter-
est to construct linear programming problems for Players I
and II corresponding to the game FGV and show that they
constitute a primal-dual pair in the fuzzy sense. This work
is currently in progress and will be reported in due course.

6. Conclusion

Here two person zero sum matrix game with both fuzzy
goals as well as fuzzy payoffs, is studied and a solution pro-
cedure is proposed to solve the same. This solution proce-
dure requires solving two linear programming problems and
depends on an equivalence theorem which connects such
a game with a pair of fuzzy primal-dual linear program-
ming problems in which goals as well as the parameters are
fuzzy. This approach differs significantly from the approach
of Nishizaki and Sakawa [3] where it has been proposed
to solve an optimization problem with fractional constraints
to solve such fuzzy matrix games. Thus the proposed solu-
tion procedure is certainly attractive provided it is possible
to choose a meaningful defuzzification function F for the
given fuzzy scenario.
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