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Abstract

Traditional support vector machines (SVMs) assign data points to one of two classes, rep-
resented in the pattern space by two disjoint half-spaces. In this paper, we propose a fuzzy
extension to proximal SVMs, where a fuzzy membership is assigned to each pattern, and points
are classi1ed by assigning them to the nearest of two parallel planes that are kept as distant
from each other as possible. The algorithm is simple and fast, and can be used to obtain an
improved classi1cation when one has an estimate of the fuzziness of samples in either class.
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1. Introduction

The literature on neural networks is replete with powerful and e7cient methods for
learning and pattern classi1cation. Support vector machines (SVMs) are one class of
methods whose motivation lies in maximizing the ability to generalize well from a
small number of training samples. In recent years, SVMs have emerged as a power-
ful pattern classi1cation technique [2,3,5,6]. SVMs assign data points to one of two
half-spaces, either in the pattern space or in a transformed higher-dimensional space.
The most popular SVM is the "maximum margin classi1er", which aims at minimizing
an upper bound on the generalization error through maximizing the margin between
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two disjoint half spaces [2,3]. The maximal margin classi1er represents the classi1cation
problem as a convex optimization problem: minimizing a quadratic function under
linear inequality constraints.

Real data sets are usually corrupted with noise and are associated with fuzziness
in the membership of data points to a class. Data samples that are noisy are less
informative. A classi1er that is able to utilize information regarding this fuzziness
can improve its performance and lessen the eFect of outliers. Traditional SVM-based
classi1ers lack such a mechanism.

Fung and Mangasarian recently proposed proximal SVMs (PSVMs) [7], which may
be thought of as a kind of regularized least squares SVM. PSVMs require the solution
of a single set of linear equations, and can thus be considerably faster than traditional
SVMs. The solution of this linear system requires the inversion of a matrix in a smaller
dimension than in the case of SVMs, which leads to a computational advantage.

In this paper, we propose a fuzzy extension of PSVMs, by incorporating a member-
ship matrix S that indicates the fuzzy membership of data points to the two classes.
We derive results that show that the solution of fuzzy PSVMs (FPSVMs) also requires
the solution of a reduced system of linear equations. Experimental results show that
the performance of FPSVMs is superior to that of PSVMs.

The paper is organized as follows: Section 2 brieJy dwells on SVMs and also
introduces the notation used in the rest of the paper. Section 3 discusses PSVMs.
Section 4 introduces FPSVMs and contains some theoretical results. Section 5 contains
experimental results. Section 6 contains concluding remarks.

2. Support vector machines

Let the patterns to be classi1ed be denoted by a set of m row vectors Ai(i =
1 ; 2 ; : : : ; m) in the n-dimensional real space Rn, where Ai= (Ai\,Aa,... ,Ain), Also,
let fi G {1; — 1} denotes the class to which the ith pattern belongs. We 1rst consider
the case when the patterns belonging to the two classes are strictly linearly separable.
Then, we require to determine WGSR* and y G R such that

Atw^y+l for fi=1;

(1)
A1w 6 y — 1 for fi = —1:

The plane described by

wTx = y (2)

lies midway between the bounding planes given by

xTw = y + 1 and xTw = y — 1 (3)

and separates the two classes from each other with a margin of l/||w||2 on each side.
In other words, the margin of separation between the two classes is given by 2/||w||2.
Throughout this paper, we use \\x\\ and ||x||2 interchangeably, where ||x||2 denotes the
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L2 norm of a vector x, and is de1ned as

where n is the length of the vector x and xi denotes the ith component of x.
Data samples that lie on the planes given by (3) are termed as support vectors. The

maximum margin classi1er, which is the standard SVM, is obtained by maximizing
this margin, which is equivalent to the following problem:

Minimize 1wTw (4)
w

subject to constraints (1).
When the two classes are not strictly linearly separable, there will be an error in

satisfying inequalities (1) for some patterns, and we can modify (1) to

Aiw + yi ^ y + 1 for fi= 1;

A\w-yt^y-\ for fi = -\, (5)

where yi denotes the error variable for the ith data sample. In this case the classi1er is
termed as a "soft margin" one, and it approximately classi1es points into two classes
with some error. The classi1cation of a given test sample x is obtained by determining
the sign of wTx — y. The soft margin depends on the value of the non-negative error
variables yi. In this case, one needs to choose a trade-oF between the margin and the
error, and the standard SVM formulation for classi1cation of the data points with a
linear kernel is given by

Minimize ceT y + 1wTw (6)

subject to constraints (5). Here, y = (y1;y2;:::;ym)T, e is a vector of ones, i.e.
e = (1 ; 1 ; : : : ; 1)T, and c denotes a scalar whose value determines the trade-oF; a larger
value of c emphasizes the classi1cation error, while a smaller one places a larger signif-
icance on the classi1cation margin. The standard formulation of the SVM "soft-margin"
classi1er is thus (6), subject to constraints (5), which can be summarized in the fol-
lowing form:

D(Aw - ey) + y Js e; y Js 0; (7)

where D is a diagonal matrix whose entries are given by Dii = fi, i.e.

;f2;:::;fm): (8)

3. Proximal support vector machines

Mangasarian and Musicant 1rst suggested [14,15] that the norm of the error variables
in (6) be changed from the L1 norm to the L2 norm. This leads to the following
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Fig. 1. Classi1cation based on (a) SVM and (b) PSVM.

optimization problem for determining the classi1er:

Minimizec • \ yTy + 12(wTw + y2)

subject to the constraints

D(Aw - ey) + y e:

(9)

(10)

Observe that the non-negativity constraint on the error variables is no longer required,
because if any yi is negative, then (9) can be reduced by letting yi to be equal to
zero, while still satisfying constraints (10). Fung and Mangasarian [7] claim that the
formulation in (9) and (10) is not only as good as the classical SVM formulation, but
in fact has added advantages such as strong convexity of the objective function.

The idea of PSVMs evolves from (9) and (10) with only a simple change in the
constraints, viz. (10) is replaced by

D(Aw - ey) + y = e: (11)

Surprisingly, this small variation in the formulation changes the nature of the opti-
mization problem in a signi1cant manner. The planes xTw = y+ 1 and xTw = y — 1 now
no longer represent bounding planes, but correspond to planes around which points of
the corresponding class are clustered. Figs. 1(a) and (b) illustrate the separating plane
in the case of classi1ers based on SVM and PSVM, respectively, for a two-dimensional
pattern classi1cation example. The term wTw + y2 in (9) tends to push the planes as
far apart as possible. The objective function (9) read along with constraints (11) can
also be interpreted [7] as a regularized least-squares solution of the system

D(Aw — ey) = e: (12)

and is not based on maximizing the margin, which is a key feature of traditional SVMs
[5,2,13].
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4. Fuzzy proximal SVMs

A key di7culty with real data is that noise tends to corrupt the samples, and a
classi1er that tries to learn from noisy data needs to ignore outliers, and to assign
reduced importance to samples on which one has less con1dence. Often, the samples
may not be representative of a class, in which case one can treat them as if there is
an uncertainty with regard to the class to which they belong. For example, a person
showing some symptoms of a disease may have characteristics that overlap with both
perfectly healthy patients as well as unhealthy ones. Therefore, the membership of the
class to which a sample belongs tends to be fuzzy, with a fuzzy membership (a number
between 0 and 1) indicating the extent to which the sample may be said to belong to
one class or the other. Samples with a higher membership value can be thought of as
more representative of that class, while those with a lower membership value should
be given less importance when building a classi1er.

Lin and Wang proposed fuzzy SVMs in [11], wherein they suggested that each
sample be associated with a fuzzy membership si. They then proposed solving the
following optimization task:

Minimize csT y + 1 wTw (13)

subject to the constraints

D(Aw - ey) + y Js e; (14)

where the notation in [11] has been changed to make it consistent throughout this paper.
Here, the ith data sample is associated with a membership value si, which is used to
modify the objective function. This membership value now determines how important
it is to classify a data sample correctly; samples with lower values of the membership
function are less representative of the class to which they have been assigned, and
can therefore be misclassi1ed without incurring the same penalty. While it has been
claimed that the introduction of fuzzy membership improves the classi1cation ability,
the results have been provided on illustrative examples but not on a benchmark dataset.

In this paper, we introduce FPSVM, which correspond to an entirely diFerent for-
mulation from (13) and (14). The FPSVM is obtained by solving the following opti-
mization problem

Minimize c || Y\\2 + 1 (wTw + y2) (15)
(y,w,y)

subject to the constraints

D(Aw - ey) + y = e; (16)

where Y = Sy, and S denotes a diagonal matrix S = diag(s1;s2;:::;sm), whose diag-
onal entries correspond to the membership values of the data samples. In practice,
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the membership values are associated with a lower bound, i.e.

Gi ^st < 1, i= 1 , 2 , . . . , m ,

where <r, denotes the lower bound for the ith sample.
Alternatively, (16) can be replaced by the constraint

SD(Aw - ey) + Y = Se:

(17)

(18)

In order to solve the FPSVM optimization problem (15), (16), and following [7], we
construct the following Lagrangian.

L{w,y,Y,P)=C-\\Y\\2+l- - pT[SD(Aw -ey) + Y - Se]; (19)

where f> = (f>\,f>i,...,f)m)J is the vector of Lagrange multipliers. The Karush-Kuhn-
Tucker (KKT) necessary and su7cient optimality conditions [12, p. 105] are obtained
by setting the gradients of L w.r.t. w,y,Y, and f> to be equal to zero. We thus obtain

— = 0 => w - ATDSB = 0 => w = ATDSB,
9w
7\ T

— = 0 => y + fSDe = 0 => y = -eTDSfi,

— = 0 => SD(Aw -ey) + Y-Se = 0:

Substituting for w,y, and Y from (20)-(22), in (23), we obtain

SD(AATDSP + eeTDSP) + - = Se; i:e :SD(AAT + eeT)DSfi + - = Se

Let

/f = D[A - e]

Then, (24) can be rewritten as

(sHHTS + I ) jS = Se; giving jS = (sHHTS + I
\ cj \ c

(20)

(21)

(22)

(23)

(24)

(25)

= \(SH)(SH)J + I

Se

Se (26)

since ST = S and therefore, HTS = HTST = (SH)T. Here I denotes an identity matrix
of appropriate dimension.

Following [7] and applying the Sherman-Morrison-Woodbury Formula [8, p. 51],
we obtain

= {cI - [cISH(I

I-SH I - + HTSTSH (SH) cSe: (27)
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Note that as in the case of PSVMs, the solution involves the inversion of a matrix of
dimension (n + 1) x (n + 1), as against one of dimension m x m as required in the case
of SVMs. In other words, the size of the matrix to be inverted is independent of the
number of patterns, since it only depends on the dimension in which the patterns
lie. This contributes to the signi1cant computational speedup that is discussed in
Section 5.

An interesting case arises when all samples have the same membership function
value, i.e. when S = sI. This is now discussed in the sequel.

Theorem 1. The solution to an FPSVM reduces to that for a Proximal SVM only
when the membership matrix S is the identity matrix.

Proof. From (15) and (17), the objective function for the FPSVM may be rewritten
as

= f lbH2 + 12(wTw + y2) (28)
with x = cs2. Thus the FPSVM problem requires the minimization of (28) subject
to constraints (16). The objective function (28) reduces to that in (9), which is the
objective function for Proximal SVMs, only when x = c, i.e. s = 1 giving S =I. This
indicates that even if the membership values for all samples are equal (say to a scalar
s), the FPSVM yields a diFerent result from the Proximal SVM unless s = 1 . •

5. Experimental results

The FPSVM, SVM, and PSVM methods were all implemented in MATLAB [18]
running on a PC with an Intel P4 processor (1:6 MHz), 256 MB RAM, with a Linux
version 8 operating system. To help in making a comparison, the value of c has been
chosen in all simulations to be 0.1, based on the value used in [7].

In order to illustrate the importance of the membership function values, we took a
simple case in which data samples belonging to class 1 are assigned a membership
value v1, while samples belonging to class 0 are assigned a membership value v0. This
is representative of a situation in which data belonging to one class is associated with
a higher degree of fuzziness. The FPSVM can clearly be applied in a situation where
each sample is assigned a membership value, as in a typical fuzzy learning scenario.
We brieJy dwell on this aspect in Section 6. The FPSVM network was trained on
the heart-statlog data set, which is part of the UCI machine learning repository [1].
Fig. 2 shows a plot of the accuracy on training samples from the heart-statlog data set
as a function of v1 and V0. Real data sets are inherently noisy, and the plot reveals that
knowledge of the uncertainty associated with exemplars of either class can be used
to improve the generalization ability of the classi1er. Table 1 shows a comparison
between a traditional SVM classi1er and the FPSVM in terms of computation time.
The FPSVM is about 1000 times faster in all three cases. The databases used are from
the UCI machine learning repository [1].
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Fig. 2. Training set accuracy as a function of v1 and

Table 1
Training times for SVM and fuzzy proximal SVM

Time Heart statlog Cleveland heart Liver disorder

SVM(s)
FPSVM(s)

940.5
1.92

2480.7
2.3955

2623.1
2.4168

Table
Classi1cation accuracy (%) of

FPSVM
PSVM
SVM

Heart statlog

Training Testing

85.8117 83.8935
83.4807 80.6559
85.6493 83.8323

SVM, proximal SVM

Cleveland

(v1, v0) Training

(1,0.8) 85.7763
82.8119
84.78

and fuzzy

heart

Testing

84.2113
82.4526
83.13

proximal

v1;v0)

(0.7,1)

SVM

Liver disorder

Training

67.3893
66.1838
42.189

Testing

64.1803
65.12
41.456

v1;v0)

(0.4,0.4)

Table 2 compares the performance of the FPSVM with that of a PSVM and a tradi-
tional SVM, on some benchmark data sets from the UCI machine learning repository
[1]. The data was divided into 1ve parts, four of which comprised the training data,
and the 1fth part was used for testing the generalization ability of the classi1er. This
process was repeated 1ve times, using a diFerent part for testing on each occasion.
The classi1cation accuracy was computed by averaging across all the 1ve trials.

The experimental results demonstrate that the FPSVM provides improved general-
ization ability in comparison with traditional SVMs and Proximal SVMs, while being
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signi1cantly faster than SVMs. The latter aspect is important when classifying large
databases. In particular, FPSVMs may prove valuable when one is willing to obtain
improved classi1cation performance for one class even at the expense of the other.
For example, in the case of screening patients who are clearly healthy from those
who require further examination, it is desirable to err on the side of caution. Theorem
1 also highlights an interesting point. Since the parameter c is multiplied with the
matrix S, choosing diFerent membership functions for the two classes is also equiv-
alent to choosing diFerent trade-oFs between margin and classi1cation error for the
two classes, and it is logical to use the membership values of samples to achieve this
objective.

6. Conclusions and scope for future work

In this paper, we proposed a fuzzy proximal support vector machine (FPSVM),
which uses knowledge of the uncertainty associated with the membership of a data
sample to a given class, to improve generalization. The solution to an FPSVM requires
the inversion of a matrix whose size is the pattern dimension, as against the number
of patterns. This is responsible for a signi1cant speedup in comparison with traditional
SVM-type classi1ers. Even when the membership values of all patterns of a given
class are kept equal, the FPSVM shows improved generalization ability. An interesting
problem is therefore to devise a quick way to estimate the optimal values of si for
each sample. The goal of this paper has been to demonstrate a new technique and
demonstrate its eFectiveness. However, the simulation results imply that by using a
good approach to computing the fuzzy memberships, the generalization ability may be
improved further.

There are many ways to compute fuzzy memberships. For example, Mill and Inoue
[16] suggest a way of assigning fuzzy memberships to a pattern based on its distance
from the nearest support vectors of each class. Inoue and Abe [9] and Tsujinishi and
Abe [17] assign fuzzy memberships in a multi-class scenario based on the distances
of patterns from the hyperplanes separating each pair of classes. Chen and Chen [4]
suggest using the approach of Keller and Hunt [10] to obtain fuzzy memberships in a
two-class case.

Given a sample xi belonging to class 1, Keller and Hunt compute fuzzy memberships
of xi for both classes 1 and 0. These are given by

n c , [exp(f(d0(xi) - d1(xi))=d] - exp(-/)
sclass1=0:5+ 2(exp(f) - exp(-/))

sclass0 = 1 - sclass1: (29 )

Here, f is a constant that determines the rate at which memberships decrease to-
wards 0.5; d1(xi) and d0(xi) are the distances between xi and the means of classes 1
and 0, respectively, and d is the distance between the centres of gravity of the two
classes.
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Given a sample xi belonging to class 0, the fuzzy membership values of xi for both
classes 1 and 0 are given by

n e x p(f(d1(xi) - d0(xi))=d] - exp(-/)
^class 0 — U.D H — —r 7—

2(exp(f) - exp(-/))
sclass1 = 1 -^classO- (30)

A line of work in FPSVMs that immediately suggests itself is to use a non-linear
kernel to perform the classi1cation task in a feature space, with obvious applications
and bene1ts in the case of non-linearly separable data sets. A second aspect worthy
of further investigation, for which we are thankful to the reviewers, is to extend the
classi1er to a multi-class scenario, where the use of fuzzy memberships may be more
signi1cant. One way of doing this includes the use of proximal SVMs for multi-category
classi1cation, with the fuzzy memberships computed as in [17].
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