
Vortex Stagnation problem in iterative Fourier
transform algorithms

Paramasivam Senthilkumarana'*, Frank Wyrowskib,
Hagen Schimmelb

aDepartment of Physics, Indian Institute of Technology, New Delhi 110 016, India
Institute of Applied Physics, Friedrich Schiller University, Max-Wien Platz 1, D-07743 Jena, Germany

Received 1 January 2004; received in revised form 6 May 2004; accepted 20 June 2004

Abstract

Optical vortex stagnation problem in Iterative Fourier Transform Algorithm occurs due to
the termination of the process of self annihilation of optical vortices. The role played by
propagation and inverse propagation operators combined with the Fourier domain constraint
in this vortex annihilation process in the initial stage of the iterative procedure is studied. The
understanding of this process recommends the process of forced annihilation as a solution to
this stagnation problem and is demonstrated in this paper.
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1. Introduction

Iterative Fourier Transform algorithms (IFTA) are used in electron microscopy,
wavefront sensing, astronomy, crystallography, digital holography and in diffractive
optics. In all these [1] one is interested to find the complex field distributions from
intensity distributions wherein these distributions are connected by Fourier
transformation relation with appropriate constraints on the fields. The IFTA due
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to Gerschberg and Saxton [2] is often used to recover phase, although, intensity
measurements are made or available. A brief outline of this IFTA procedure is given
in Section 2. It is known that for certain type of objects, constraints and initial phase
distributions, the iterative algorithm stagnates on a field which is not a good
solution. A solution is any Fourier transform pair that satisfies the desired field and
the constraints in both the domains. One of the reasons identified for this stagnation
is optical vortices [3-6] which is insolvable by means of further iterations. The
presence of vortices in a scalar optical field results in rotational components of phase
with a source point at which the phase is singular. These phase singularities can be
positive or negative with many unique properties due to which they are being studied
in diverse fields like microscopic structure of superfluid helium, Bose-Einstein
Condensates [7], global weather patterns [8], speckle patterns [6], laser beams [9]
vortex crystals [10] and vortex solitons [11]. In some applications like in digital
holography [5] and phase unwrapping [12] their presence is detrimental. This paper is
to explain the process of self annihilation of optical vortices in IFTA, that leads to
the stagnation. At stagnation this process of self annihilation ceases. To improve the
convergence, a process called forced annihilation is recommended as a solution to
the stagnation problem.

This paper has been organized in the following way. The next Section 2 presents
the IFTA. Then the stagnation problem due to optical vortex is given in Section 3. In
Section 4, an introduction to optical vortices that cause the stagnation is given. In
Section 5 we discuss the vortex annihilation processes in IFTA. Finally in Section 6
we make concluding remarks.

2. Iterative Fourier Transform Algorithm

In this procedure [2], from the intensity data Iðx;yÞ; the amplitude distribution
juðx; yÞj is constructed by computing Iðx; yÞ and a random phase is attached to this
amplitude distribution as the initial guess, to create the complex field uðx;yÞ: Then its
FT is calculated and the resultant field is subjected to Fourier domain constraints. As
a result, the inverse FT operation on this field at the initial stage does not normally
reverts to the original amplitude distribution with which the iteration is started.
Hence only the amplitude part of the complex field at this stage is replaced with
Iðx; yÞ; while retaining the phase distribution, the same sequence of operations
continue till a reasonably good solution (characterized by a target signal to noise
ratio) is arrived. Basically one simply transforms the complex fields back and forth
between the two domains, imposing the constraints in one before returning to the
other.

The problem dealt in this paper is to find a complex amplitude uðx; yÞ;

u(x,y) = \u(x,y)\ exp[i®(x,y)] (1)

of an intensity object Iðx;yÞ; whose amplitude distribution has a bandlimited
spectrum

U, v)]rect(ju/a)rect(v/a). (2)
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Fig. 1. Flowchart of the IFTA.

This bandlimit may represent the finite size of the diffractive element, say a
hologram. x, y represent spatial coordinates; m; n represent spatial frequency
coordinates; a is the size of the binary filter which decides the desired bandwidth;
Fðm; nÞ and Yðx;yÞ are the phase distributions in Fourier transform and object
planes, respectively. The phase Yðx;yÞ is a free parameter for intensity objects and
we take it as random phase distribution as the initial guess in uðx;yÞ in the IFTA
based on Gerschberg and Saxton [2]. During iteration the object domain constraint
given by

uj(x,y) =

where the modulus of the complex amplitude ujðx; yÞ is expected to be
the iteration number. The Fourier domain constraint given by

v) — Uj(u,v)rect(— jrectf—
\aJ \a.

(3)

(4)

ensures the bandlimit. The flowchart is shown in Fig. 1. The iteration is terminated if
either the target signal to noise ratio is reached, satisfying the constraints, or a
stagnation occurs.

3. IFTA-Vortex stagnation problem

The use of random phase as the initial choice in the IFTA, after large number of
iterations leaves behind isolated dark spots on the object field distribution ujðx;yÞ
which is not a good solution to the problem stated. i.e., JUJÐX; yÞj2aIðx;yÞ: Use of
random phase (like diffuser plate used in holography to take care of strong dc peak)
as initial choice for intensity objects helps redistributing its Fourier transform apart
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Pi

Fig. 2. The stagnated image uðx;yÞ with inserts showing the magnified view of amplitude and phase
corresponding to the vortices, respectively.

from providing redundancy. We have started the algorithm with Iðx; yÞ correspond-
ing to the picture of a tiger and monitor the signal to noise ratio to evaluate the
performance. Fig. 2 shows a stagnated jujðx;yÞj with the inserts showing the
magnified views of the amplitude and the corresponding phase distribution of a
smaller region. In the smaller region shown, there are three dark spots (top insert)
corresponding to three optical discloactions which are also called optical vortices. In
the phase map given in the lower insert, a negative vortex is situated at the top. The
accumulated phase along a positively oriented small circular closed path about the
vortex is not zero and is negative. Below the negative vortex, one can observe a
vortex pair, called a dipole (a positive and a negative vortices separted by a distance).
Further iterations change ujðx; yÞ and hence the signal to noise ratio, very little and
the program stagnates. This stagnation is related to these phase dislocations.

The appearance of dark spots in such algorithm had been investigated [3-6] and
were found that they are associated with phase jumps of about p: To overcome these
dark spots these phase jumps must be eliminated. Since these phase jumps are due to
optical vortices any local modification to the phase distribution around the dark
amplitude point will not eliminate the problem. A global restructuring of the phase
distribution is required to eliminate this stagnation problem.

4. Optical vortices

An optical vortex is characterized by wavefront having helical structure [13-16] as
can be seen in the Fig. 2 bottom insert. It has a point singularity from which
contours of constant phase in the transverse x2y plane radiate outward in a star like
fashion. Since all the equi-phase lines intersect at the singular point, there is a phase
ambiguity and the phase is indeterminate. Such a situation is physically acceptable as
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the phase singularity point is an intensity null. The presence of an optical vortex
alters the phase distribution of the beam globally and any local modification to the
phase distribution cannot elimiate the vortex from the beam. Near the vortex core,
all the phase values can be found.

Consider the complex amplitude given below

A(x, y)j
&^ = ((* - x0) + i(y- yo))

mEo. (5)

Here E0 is a constant. It possesses a phase singularity at an isolated point ðx0;y0Þ;

called vortex core where the amplitude is zero and the phase is undefined. The phase
distribution (at the transverse plane) of this optical vortex is given by

Yvðx; yÞ — m tan^1y y 0 ; ð6Þ

where m is the topological charge of the vortex, defined by

~ 2nf
r Y v is phase gradient and dl is the line element of the closed integral path on the
phase distribution. The total charge (Sm) is conserved when iteration makes small
changes to the complex fields. The topological charge of a vortex can take positive
and negative integer values and it normally has jmj — 1: A phase jump of p can be
observed when one passes through the vortex core, irrespective of the direction of
approach. This is the phase jump that was investigated earlier [3-6] in stagnation
problems.

5. Vortex annihilation processes in IFTA

5. 1. Self annihilation process

The number of vortices in uðx;yÞ were counted at the end of each iteration. Fig. 3
shows that the number of positively and negatively charged vortices during the IFTA
procedure goes down and reaches a steady state. The difference between the number
of positive and negative charged vortices does not fluctuate more indicating
conservation of topological charges. We attribute the initial reduction in the number
of vortices to the process of self annihilation, where oppositely charged vortices
attract, collide and annihilate each other during the application of propagation
operators combined with low pass filtering constraint applied in the Fourier domain.
To see how propagation leads to annihilation of vortices, consider a pair vortices in a
Gaussian beam [17] given by

V0ðr ;y = [r exp(i<9) - x0]

[r exp(-i0) + xo] exp (-r2/wl): ð8Þ

The first square bracketed factor represents a postively charged vortex at ðx0;0Þ
and the second bracketed factor represents a negatively charged vortex at (—x0; 0Þ;



48 P. Senthilkumaran et al. / Optics and Lasers in Engineering 43 (2005) 43-56

Vortex statistics in IFTA
900

o
> 700

i 600

500

1
{

20 40 60

Iteration number

80 100

• Negative vortices —•— Positive vortices

Fig. 3. Graph showing the number of positive and negative vortices in the field uðx;yÞ at the end of each
iteration.

both of them are embedded in a Gaussian beam whose amplitude is given by the last
factor. The waist of the Gaussian beam is w0: Under the paraxial transfer function
for free space propagation, the field a distance z is given by

+ [rexp(itf) - xo(l - if)]}V(r, 6,z) = {-i|(l - i|)
exp[-r2/M;2(l - if)](l - ixÞ3

; ð9Þ

where x — z=zR and zR — pw02=l: The vortex core is always located at the zero
crossing of the real and imaginary part of the complex amplitude [14]. The
coordinates of the vortices normalized to the local beam radius [17] in the
propagated plane ðm; nÞ are given by

ð10Þ
/

where a — ð1 — 2D2Þ=2D2 and D = X0=W0 When a41; that is x0ow0=2; the two
vortices move toward n40 on a circle of radius D. At a certain distance of
propagation m ! 0: At this point, the two defects meet on the n axis at n — D and
interfere destructively after traveling a distance given by

£* = ð11Þ

Note here in IFTA, the Fourier and Inverse Fourier transform operators are the
propagation and inverse propagation operators, respectively. During propagation,
like annihilation process creation of vortex pairs can also take place provided the
phase distribution undergoes violent fluctuations [17-22]. The vortex annihilation
due to collision is possible only if the oppositely charged vortices are close enough to
get attracted with the condition given by x0 ow0=2: However, closely present vortices
of same topological charge remain because (1) they cannot annihilate by collision (2)
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in their close vicinity oppositely charged vortices may be absent. To see the case of
propagation when like charges are present, consider a distribution of N defects of
charge + 1 located at ðrk; ykÞ in a Gaussian beam.

N f 2

Vo(r, 0) = T\[r exp(itf) - rk exV(i6k)] exp ( - ^ - ) . (12)

ii \WJ
The first term in the square bracket represents the helical wavefront and the

second term gives the location of its core. The term outside the bracket gives the
amplitude variation of a Gaussian beam. A field of N defects of charge + 1 located at
arbitrary positions is equivalent to a weighted sum of helical waves of multiplicity
ranging from 0 to N centred at the origin. A generic term of this sum has the form

A0ðr ;y = [r exp(iff)]n exp —r ð13Þ

and its Fourier transform is given by

>)]nnw2
0exp(-n2p2wl). (14)

It can be seen that each helical wave with charge n given by [r exp(i0)]™ transforms
into another helical wave of [r exp(i0)]" of equal multiplicity n.

Well separated vortex pairs and vortices of same charge undergo rigid body
rotation [16-18] about a centroid and remain in the beam all through the
propagation. This happens when ao1; that is x04w0=2: Under this condition the
co-ordinates of the propagated vortices ðm; nÞ are positive for all values of x: This
means that the defects survive all the way to the far field. Hence the IFTA is unable
to overcome the stagnation caused by the vortices which are well separated and
clusters of vortices of same charge that escaped natural annihilation. Initially this self
annihilation process is active, hence the algorithm exhibit high convergence but as
the number of iterations increases the vortex self-annihilation process becomes less
frequent and ceases, causing iteration stagnation.

We have mentioned that the self annihilation process is due to collision of
oppositely charged vortices during propagation and application of Fourier domain
constraints. It is very important to realize that the application of propagation and
inverse propagation operators alone or the application of filtering process alone can
not annihilate vortices, in IFTA.

Observe that if the propagation and inverse propagation opeartions are
implemented correctly we should endup with the original random phase having
same number of vortices with which the iterative procedure started. This is because
during propagation if a vortex pair is annihilated, the same pair must be created
during inverse propagation. The total number of vortices (including positive and
negative vortices) in any two successive propagated and inverse propagated phase
distributions are different. However, in each case the number of postive vortices and
the number of negative vortices are equal because of the fact that, vortices can be
created or annihilated only in pairs during propagation. Vortices are created in pairs
in the regions of low amplitude where the phase varies violently. The complex field
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that is inverse propagated in the algorithm is the one that was subjected to filtering
which tries to evenout these rapid phase fluctuations. In such a case is it the filtering
process that is responsible for the reduction of the number of optical vortices shown
in Fig. 3? We found that it is not so, because an optical vortex cannot be eliminated
using a filter, however small, the size of the filter be. To see what is happening during
spatial filtering, let us first see the spatial frequency vector of a single optical vortex
centered at the origin. This can be found [20] by noting that the gradient of the phase
distribution is proportional to the spatial frequency vectorF~

. ð15Þ

The phase distribution of a vortex can be written from Eq. (5) as

x þ iy
Yvðx;y = - i l n ð16Þ

where the location of the core is at ÐX0 — 0; y0 — 0Þ: The spatial frequency of a
vortex is then given by

1 \xy-yx
ð17Þ

The magnitude of the spatial frequencies along x and y directions are higher for
lower values x and y and lower for the higher x and y. This means that the higher
frequency components are located near the vortex core where it is darker. So a low
pass spatial filter positioned at the Fourier transform plane of an optical vortex
elimates only the weak higher frequency components whereas the low frequency
components remain. As a result a filtered vortex tends to have bigger core owing to
the loss of energy in the higher frequency components that are usually found near to
the core. But the phase distribution remains the same with little change. Fig. 4 show
the spatial filtering of an optical vortex with a very low pass filter (Fig. 4c). Spatial
filtered vortex phase distribution reveals the presence of the vortex (Fig. 4b), where
as the dark core seen in the amplitude distribution becomes bigger [19] in size (Fig.
4d). Optical vortex, which refers to phase distribution because of the singularity, is
robust and cannot be eliminated by filtering operation alone.

The following simulation experiment is designed to explain the curve of Fig. 3 and
supports the fact that in IFTA, it is the propagation and inverse propagation
operations combined with Fourier filtering are responsible for the vortex statistics
presented in Fig. 3. For this purpose we have considered the object given by Iðx;yÞ —
const: Clusters consisting 16 vortices are periodically repeated to create a phase
distribution infested with 100 vortices. Such a phase distribution (Vortex lattice) can
be created using the relation

L

ei®gfej) = "Q exp{im/ Arg[(x - x{) + i(y- yt)]}, (18)
i=i

where L — 100 is total number of vortices with their cores at the predetermined
locations at ðxl;ylÞ where the index l runs from 1 to L. ml represents the topological
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Fig. 4. Low pass filtering of Optical vortices, (a) shows the vortex phase distribution, (b) Filtered vortex
phase distribution, (c) low pass filter used for filtering at the Fourier plane, (d) Amplitude distributions of
the vortex before and after spatial filtering.
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Fig. 5. (a-c) Three different arrangement of vortices for the simulation experiment. Vortices of opposite
charges are represented by dark and white circles.

charge of lth vortex. Three different cluster arrangements as shown in Fig. 5a-c are
used for the experiments to create 100 vortex fields as the starting phase
distributions. In the first two arrangements the net topological charge is zero i.e.,
Pml — 0 in each phase distribution. But in the first arrangement the oppositely
charged vortices are placed close to each other to form dipoles (oppositely charged
vortex pairs) whereas in the second arrangement the two vortices forming each of the
pairs are well separated. In the third arrangement all the vortices are of same charge
i.e., J2mi= 1 0°:
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Fig. 6. (a) Phase distribution corresponding to the arrangement of vortices shown in Fig. 5a, (b-e) The
amplitude distributions ujðx; yÞ at the end of first, second, fourth and twentieth iterations, respectively. (f)
Phase distribution corresponding to (e).

During iterations the amplitude distribution ujðx; yÞ is observed as core of a vortex
is dark and its movement can be tracked in the white background (Fig. 6b-e and
Fig. 7b-e). Only the constraints given by Eqs. (3) and (4) are applied. Fig. 6a, 6f and
7a, 7f show the phase distribution, to illustrate the initial and final phase
distributions in two different vortex arrangements. It can be seen that for the
arrangement of vortices shown in Fig. 5a, (corresponding start phase is shown in
Fig. 6a) all the 100 vortices were eliminated by mutual attraction where as for the
arrangement of vortices shown in Fig. 5b (corresponding phase distribution is Fig.
7a) none of the 100 vortices were removed by IFTA because the separation distance
between opposite vortex pairs are more. Like charges repel (Fig. 7) and opposite
charges attract (Fig. 6) as in the case of electric charges. Moreover, all the vortices
were held almost at the same location and there is only a minimum positional change
due to repulsion. When all the vortices in the field are of same charge (Fig. 5c and the
phase distribution is Fig. 8a), IFTA not only fails to remove the vortices but also
introduces new vortices in the field that can be seen from Fig. 8c. Vortices are also
not held at the same location as in Fig. 7f. For the arrangement where all the vortices
are of same charge, the phase variation is very rapid and this induces more vortices
during IFTA because of hard changes in the distribution.
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Fig. 7. (a-f) Same as Fig. 6a-f but this time the vortex arrangement corresponds to Fig. 5b for the initial
start phase of IFTA.
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Fig. 8. (a) Phase distribution where all the vortices corresponding to the locations of those in Fig. 7a are of
same topological charge, (b) Amplitude distribution after 20 iterations, (c) Phase distribution
corresponding to b. The repulsive behaviour of like charges can be seen by comparing the centre
portions of (a) and (c).

Majority of the vortices in a random phase are eliminated in the first few
iterations. It is found that the number of vortices annihilated and the rate at which
the annihilation process eliminates the vortices, are inversely proportional to the
bandwidth in the Fourier plane. This is due to the fact that for lower bandwidth
applied at the Fourier plane, the size of the vortex core is larger which helps the
attraction of oppositely charged vortices that are fairly separated, during
propagation.
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5.2. Forced annihilation to eliminate stagnation

With the knowledge of vortex statistics during IFTA and the self annihilation
process, the vortex stagnation problem can be circumvented by implementing a
technique called forced annihilation. Here the stagnated vortices can be eliminated
by first introducing an oppositely charged vortex in the close vicinity of each of
stagnated vortices and carrying out few more iterations.

It is possible to decompose a vortex infested complex field Uv (for example, the
stagnated object field ujðx;yÞ) into two parts, one consisting of vortices Ug and the
other free of vortices Uf: That is to say

Uv(x,y) = \Uv(x,y)\e(l&t(x'y))e([&^x'y)\ (19)

where Yf is the vortex free part and Yg is the vortex part of the phase distribution of
Uvðx;yÞ: The vortex part of the phase is similar to the one used for the generation as
given by Eq. (18), but the location of the core and the charge of each of the vortex
must be found using Eq. (7). Then vortices can be eliminated [23,24] by constructing
an annihilating vortex field which is the complex conjugate of Ug and multiplying it
with Uv: The vortex removal that recovers Uf; which is a vortex free field, may be
expressed as

Uf =UyU*g. ð20Þ

The vortex annihilation is used after attaining stagnation because then less number
of vortices are to be eliminated. The discussion presented in the previous section
reveals that the new oppositely charged vortex can be introduced in the close vicinity
of the vortex to be eleminated because of the attractive force that exists between
them will cause the vortices to come closer and annihilate. This shows that the
inherent difficulty in finding location of the vortex core is not a major problem. This
allows the use of the integral of Eq. (7) with line element dl enclosing larger areas as
the vortex density is greatly reduced by self annihilation process. If the area enclosed
by the integral of Eq. (7) contains N vortices of same charge, say m, then the
introduction of a single vortex with charge -mN within that area can eliminate all the
vortices in subsequent iterations.

The vortex stagnated field ujðx;yÞ of Fig. 2, is decomposed into two fields as
described in Eq. (19). Then the vortex part of the field is made vortex free using the
process described in Eqs (19) and (20). The iteration is continued with the new vortex
free ujðx;yÞ: Fig. 9a and Fig. 9b are the amplitude and phase distributions of the
vortex removed field after few iterations and Fig. 9c shows the bandlimited spectrum
of the complex field Fig. 9a and b, satisfying the Fourier domain constraint. In this
case when the stagnation occurs (after 238 iterations), the resulting band-limited
amplitude of Fig. 2 is found to have numerous zeros, which results in a poor signal to
noise ratio of 40. Further iterations do not improve the signal to noise ratio. Then
the above mentioned procedure of vortex removal is carried out and after 50
iterations the signal to noise ratio raises to 1000. The zeros that were earlier present
in Fig. 2 are removed as can be seen from Fig. 9a. This operation of vortex removal
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Fig. 9. (a) Amplitude distribution of the vortex removed object field after iterations, (b) Phase distribution
of the vortex removed phase distribution after iterations, (c) Bandlimited spectrum of the object satisfying
the Fourier domain constraint.

offers powerful ways of controlling the optical vortices that appear during phase
synthesis in diffractive optics [24].

6. Conclusion

The study presented here (1) improves our understanding of the vortex statistics,
hither to unknown in IFTA (2) reveals the process of self annihilation of oppositely
charged vortices that greatly reduces the vortex number density in a field, (3)
suggests that the location of a vortex core, need not be found exactly for vortex
removal in IFTA, (4) provides a solution to the vortex stagnation problem.
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