
Fast convergence and higher-order mode calculation of optical
waveguides: perturbation method with finite difference algorithm

Partha Roy Chaudhuria>*, A.K. Ghatakb, B.P. Palb, C. Lua;c

aLightwave Department, Institute for Infocomm Research, Unit 230, Innovation Centre Block, 18 Nanyang Drive, Singapore 637 723, Singapore
h Department of Physics, Indian Institute of Technology, New Delhi 110 016, India

cSchool of Electrical and Electronics Engineering, Nanyang Technological University, Singapore 639 798, Singapore

Received 19 November 2003; accepted 16 February 2004

Abstract

We present an e8cient algorithm for determining mode eigenvalues as well as )eld distributions of optical waveguides with two-
dimensional transverse refractive index pro)le. The algorithm is devised with the analytical perturbation correction method combined with
the finite difference approximation of Helmoltz's equation. The technique is simple and does not involve solving any eigenvalue equation
or matrix formalism. The algorithm reduces abruptly the computation time required for the )eld convergence to mode, and can calculate
any higher-order modes without the need of any pre-conditioning the )eld w.r.t. waveguide geometry, or calculation of previous order
modes and/orthogonalization. The analysis can yield precisely both scalar and polarized modes. By applying it to waveguide problems
whose solutions are otherwise known, the e8cacy of the method has been established.
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1. Introduction

Modal analysis of optical waveguides with arbitrary in-
dex pro)le has been of great interest to theorists for years.
Since many of the practical waveguide structures are often
complex to yield analytically tractable solutions, application
of numerical tools or approximate methods becomes essen-
tial [1], Several methods such as finite element, finite differ-
ence (FD), boundary element, point matching methods are
well known in this area. However, most of these techniques
are involved, in particular, to obtain effective indices and
)elds of higher-order modes. Also, these methods are time
consuming, especially from design point of view, where the
effects of varying several parameters have to be studied. Per-
turbation correction method [2] estimates the modal effective
indices with a reasonable accuracy and has been success-
fully applied to the practical structures, namely, rectangular
[2] and elliptical core [3,4] waveguides, anisotropic channel
waveguides [5], strip and rib waveguides [6], rectangular
core couplers [7] and fused couplers [8], though it is unable

to generate the true modal )eld. On the other hand, FD
)eld convergence technique [9-12] is quite general and ac-
curate, but it requires a long computation time since )eld
distribution initiates from a uniform )eld or a Gaussian one.
Calculation of higher-order modes in such method needs pre-
conditioning the sign of )eld values w.r.t. any symmetry axis
of the waveguide or calculation of all the preceding order of
modes and/or orthogonalization. To tackle these disadvan-
tages, we have implemented the FD algorithm along with the
perturbation technique to e.ciently and precisely estimate
the field distributions and effective indices of any higher-
order mode of an optical waveguide. The basic philosophy of
this method relies on initially approximating the waveguide
with a suitable pseudo one, which could be considered as a
perturbed form of the real waveguide and for which modal
solutions could be relatively easily obtained [2], The effec-
tive index and the )eld distribution so obtained then form the
initial conditions for applying the well-known FD scheme
till they converge precisely to the desired mode of the real
waveguide. Since the perturbation approach itself yields the
modes with a reasonably good accuracy, subsequent appli-
cation of the FD method yields more correct and accurate
modes and much faster as compared to those yielded by con-
ventional application of the )eld convergence method. Since
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perturbation method is amenable to polarized modes, and so
is the FD discretization with semi-vectorial Helmoltz's equa-
tion, this algorithm yields precisely the polarization depen-
dence of waveguide modes. In addition, higher-order modes
in this method could be easily calculated simply by choos-
ing the appropriate orders of slab-modes. To calculate the
corresponding slab modes, we have implemented a simple
numerical technique, which is very general for any arbitrary
index pro)le planar waveguide. This also facilitates an easy
incorporation of )elds into the array of index pro)le. In this
paper, we outline the methodology of our analysis algorithm
followed by a discussion of the key numerical results per-
taining to some typical waveguides as example cases.

2. The algorithm

To calculate an approximate mode of the waveguide
using the perturbation method [2], we choose a )ctitious

Eq. (3) reduces to minimizing the )eld at the other
boundary with respect to negx or negy. This can be per-
formed by any root-)nding algorithm. From the )eld
distributions so obtained for x- and y-slab guides, we
calculate the modal )eld of the perturbed waveguide
and the corrected effective index ne% of the mode
by applying Eqs. (1) and (2). With this approximate
)eld distribution and mode index as the initial con-
ditions, we then verify discretized Helmoltz's equa-
tion at all grid points by the basic mode convergence
equation

ei+\ J + ei-\ J
4 - (Lx)2k02(n2i;j - n2

eB)
(4)

Here, we assume Lx = Ly. After a few convergence scans,
the resulting )eld distribution yields a more accurate value
of mode index, nesm through the equation (cf. [13, Eqs.
(33)-(38)])

«effm =

r + CX) r + CX) .
J—oo J —oo '

rectangular core waveguide, which has axial dimensions
same as those of the actual waveguide (or which closely re-
sembles the latter in index pro)le). The )rst-order correction
of the perturbation recipe applied to this structure yields a
modal )eld distribution and a corrected mode index as [2]

e(x;y) = e(x)e(y);

Weff0 — Weffx + weffy ~~ ncore2;

weffp = n2 ffO A/&.

(1)

(2)

With the usual discretization notation and index pro)le,
n2(x; y) = n2ij, placed in the array of computational domain,
the x-equation

- 2ej + e,-\
(Lx)2 + k^in) - nz

eSx)ej = 0; (3)

and a similar y-equation are then solved numerically, where
nj corresponds to the index pro)le along the axis of the
waveguide (inx-direction). Since the )eld at the boundaries
must vanish, assuming an initial value of the )eld, e next
to one boundary, the problem of finding effective index of

The above process of repetitive convergence scan and sub-
sequent evaluation of the mode effective index is continued
till a desired precision in the value of neffm is achieved.
For very fast convergence, the algorithm is modi)ed with
a relaxation factor by which the change in the )eld before
and after convergence scans is added in the next step of
convergence.

The method described above results in the scalar )elds of
the waveguide modes. In the analysis of polarized modes,
the approximate modes can be calculated through TE- and
TM-modes of the constituent slab guides. For example,
the TE-mode of x-slab and TM-mode of y-slab combined
together corresponds to x-polarized mode and vice versa.
For modal correction, the FD discretization can be simply
adapted through the semivectorial Helmoltz's equation. For
TE modes, the continuity condition leaves the scalar Hel-
moltz's equation unchanged to represent the semivectorial
form. For TM modes, the corresponding equation is [14]

(6)

Built around a three-point centered difference approximation
for the operator @2=@y2 and using a uniform sampling grid,
the )eld in this case, is converged to an x-polarized mode
through the scan equation [11,12,20]

ei+1;j + ei-\J °I,J -1 +
+ bhj

4 - k0 - n2
eS)

(7)
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From the )eld distribution, the negm is then calculated using
the integral

)eld formulation [17]. In the following, the results of these
analyses are discussed and summarized.

/
+OO p + O

— oo J —oc

«effm =

/•-I +

- 4 +
6;.y

dx d y
(8)

For y-polarized mode, the above two equations are simply
adapted with the indices i;j interchanged.

In semi-vectorial formulation, the terms in the wave equa-
tion [14] corresponding to the interaction between x-directed
electric )eld components Ex and the y-directed ones,

d (1 der „
•7- —7— Ey
@x \£r @y and @1 rE

@y OX

are usually small, and, therefore, these terms are neglected to
decouple the vectorial wave equations. Thus, the wave equa-
tion is reduced to semi-vectorial form. Solving this equation
is numerically e8cient, and, could be widely used when de-
signing optical waveguide devices for which the coupling
between the x- and y-polarizations is negligible. Therefore,
for birefringent waveguides, e.g., fused coupler, elliptic-core
)ber/photonic crystal )ber, semi-vectorial analysis is highly
e8cient and accurate [15]. Above all, the formulation is
quite easy to implement.

When implementing numerical mode analysis using
Eq. (3), for calculation of higher-order modes of a multi-
mode waveguide, the required orders of the x- and y-slab
modes can be quickly searched by setting the initial value
of mode index as [16]

= «eff[0] -
p(p+ 2)

Kff[0]-«eff[l]} (9)

along with the symmetry condition of the )eld as ej =
( — \)peL-j. Here, p = 0; 1;2;3 : : : corresponds to the order
of slab modes, and L corresponds to the end of boundary.
Such a technique is considerably e8cient especially for cal-
culation of higher-order modes. In addition, the symmetry
of waveguide geometry further reduces the computation do-
main, and hence time, by half for each axis of symmetry
[12].

3. Numerical results

To check the e8cacy of the algorithm, we have chosen a
few representative cases, namely, channel waveguides with
step-index and graded index pro8le, a parabolic index 8ber,
and a fused biconical tapered (FBT) 8ber coupler. The
choice of these examples owes to the fact that these waveg-
uides are frequently encountered in guided wave compo-
nents and solutions to these problems are otherwise known.
To double-check the accuracy, we have also implemented
a full-vectorial surface integral algorithm using a con-
stant boundary element method (BEM) through magnetic

3.1. Channel waveguides with step-index pro8le and
graded index pro8le

The index pro)le of a step-index channel waveguide com-
monly used in integrated optics/optoelectronics, is de)ned
through

x2 y2

n(x;y) = Ln + nmin f o r x > 0 , ; x + y ,.,^ < 1;
0 ^ x ?

Wx
2
+ + (Wy=2)

= Ln + wmm forx<0, T^ + 7 ^ T 7 ^ 2 < 1 '

= nmin elsewhere (10)

and it is shown in Fig. 1. The waveguide parameters used in
this calculation, Wx+ = 1:0, Wx- = 4:0, Wy = 10:0 urn, are
also of practical interest. The )eld distribution for the fun-
damental mode of this waveguide as estimated by perturba-
tion method and our method at a wavelength of 0:6328 urn
are shown in Fig. 2(a) and (b), respectively. It could be ob-
served that the approximate )eld in Fig. 2(a) is symmetrical
about both x- and y-directions due to the symmetric nature
of the pseudo waveguide. However, apparently the differ-
ence between the approximate and true modal )eld is negli-
gible. Fig. 2(c) shows this difference between these two field
pro)les amounting to the inMuence of )eld convergence on
the perturbation-generated field. Evidently, the small differ-
ence clearly quanti)es how good the )eld approximation is.
It can also be seen from Fig. 2(c) that the magnitude of the
correction is more when the index profile differs more from
the approximated one.
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Fig. 1. Refractive index distribution of the step-index channel waveguide.
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Fig. 2. (a). Approximate )eld pro)le of fundamental mode of the channel
waveguide calculated using Eq. (1): Marcatili's )eld. (b) The converged
mode-)eld distribution of the above channel waveguide as calculated
by the present method, (c) The difference field between the fields of
Fig. 2(a) and (b) indicating a small correction needed in generating the
true mode.
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Fig. 3. Refractive index pro)le of the parabolic index )ber given by
expression (12).
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Fig. 4. Calculated modal )eld distribution of the parabolic index )ber.

and B0=B1 = 1:179620. At X = 0:6328 urn, the effective
index of the fundamental mode of this waveguide is cal-
culated as 1.5203319, which agrees well with 1.5203348,
obtained from point-matching method.

3.2. Parabolic index pro8le 8ber

The next example we choose is a parabolic index )ber,
for which analytical solutions are known [18,19]. The index
distribution (shown in Fig. 3) is given by

n (r) = n

n(x;y) = Lne VA0+ B0

for x > 0;

nmin

for x < 0;

'

' Wx
2_ (Wy=2) 2

= nmin elsewhere: (11)

Such an index distribution closely approximates that of
a diffused waveguide fabricated by ion exchange. The
parameters used in this calculation are Ln = 0:003,
nmin = 1:520, Wx+ = Wx- = Wy = 5:0 V,m,A0=Ai =4:718479

= n2p r0 with L = (12)

The )ber parameters used in this calculation are np = 1:4516,
nb = 1:4473, and R0 = 5:0 urn and are corresponding to
the ones used in Refs. [18,19]. Fig. 4 shows the calculated
)eld distribution of the fundamental mode of this )ber at a
wavelength of 1:17 |im. The effective index of this mode as
calculated by this method is 1.44886157, which is in good
agreement with the value 1.44886273 obtained from the ex-
act solution.

3.3. FBT 8ber coupler

Lastly, we have applied the method to a more realistic case
of a FBT )ber coupler. In this study, the coupler is assumed
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Fig. 5. The index pro)le and dimensions of the pseudo waveguide in the
backdrop of the coupler cross-section.

to be formed from a pair of standard telecom grade )bers of
the type G.652, with core and cladding radii 4.5, 62:5 urn,
respectively, n1 = 1:4518, n2 = 1:4473 and na = 1:0. The mode
indices are evaluated for three inverse taper ratios, p (= ta-
pered )ber radius/that of untapered )ber) =0:50, 0.35 and
0.05, for a moderately fused coupler having a degree of fu-
sion, f = 0 : 5 , which is de)ned as f = (2b-d)/(2b(2-V2))
[8,20]. Fig. 5 depicts the dimensions and index distribution
of the )ctitious waveguide in the backdrop of the coupler
cross-section. Here 8n\ = n1 — n\ and 8n\ =n\ — n\ rep-
resent small index differences between the rectangular core
and hypothetical waveguide used in the calculation of cor-
rected mode-index [20]. Though the structure appears com-
plex, its symmetry about x- and y-axis makes the algebra
quite simple. Example )eld distributions of the fundamen-
tal and )rst-order modes (local modes) of this fused cou-
pler generated by the perturbation method, using Eq. (1),
are shown in Fig. 6(a) and (b). In Fig. 7(a) and (b), the true
modal )elds after the convergence process are shown. These
modes correspond to the cross-sectional point of the coupler
waist at which the inverse taper ratio, p = 0:35. Evidently,
the approximate fields differ more at the corner regions
(sharply falling fields) where the index difference between
the coupler and the pseudo-waveguide is high. However, the
shape of the approximate )eld distribution as evaluated by
Eq. (1) is close to that of the corresponding true mode of the
real waveguide and has the correct signs of the )eld values
over the cross-section (see Fig. 7). Thus, for any order of
modes, lower or higher, the )eld calculation is fast requiring
only a small correction in the )eld values (see Fig. 2(c), for
example).

The )eld convergence algorithm transforms an arbitrary
)eld to a mode of waveguide and closer is the initial )eld
distribution to the mode, faster is the convergence. Pertur-
bation method itself is reasonably accurate and recently,
it has been implemented to successfully interpret the va-
riety of experimental results exhibited by fused coupler
components [8]. Therefore, it is natural that the perturba-
tion step forms good approximation as trial solution in the

10 20 30
fi . - ',' 30

,,., ; . ' . i•:$>•" 20 r i n nm40 56 : 3T 10
(a)

v in |xm
60 70

10 20 30

x in (im HiI f f 60
10

70

K ; 5 o
Wr 40

30 .
20 y in (im

70

(b)

Fig. 6. Approximate )eld distributions of the (a) fundamental and (b)
)rst-order local modes of the fused coupler generated by the perturbation
method, i.e., the modes of the approximated waveguide of Fig. 5.

10
30 40

(a)
v in (im

50 60
10

' o 6 0

^ 30 .20 y m H-m

70

70

1 0 ^ 20 30

xm (im
60

10

60
50

Wr 40
30 .

20 y in |im

70

70

(b)

Fig. 7. The true modal )elds of the fused coupler as obtained after the
convergence of the approximate )elds (Fig. 6) corresponding to p = 0:35
and f = 0:5: the local modes—(a) fundamental and (b) )rst order.

")ne-tuning" process of mode convergence and hence,
reduces the computation time appreciably. Table 1 quan-
ti)es this fact in terms of improvements in the accuracy
of the effective indices of the modes at different stages of
the algorithm. The results obtained from this method are
then compared with the values already known from point
matching method and analytical solution. We have also cal-
culated the modes of the step-index channel waveguide and
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Table 1
Calculated mode neg values at different stages of the computation algorithm showing the improvement in effective indices along with the modal convergence

Waveguide type X (urn) Mode order Marcatili's index Perturbation corrected After mode convergence Difference

Graded index channel
Step-index channel
Parabolic index )ber
Fused coupler p = 0.35.
/ = 0.5

0.6328
0.6328
1.170
1.310

0
0
0
0
1

»effO

1.5200216
1.5221413
1.4488203
1.4461277
1.4460345

»effp

1.5219877
—

1.4469243
1.4467891

»effin

1.5203319
1.5220462
1.4488616
1.4473150
1.4472944

»effm — »effO

3e-04
9e-05
4e-05
1e-03
1e-03

»efSn — »effp

6e-05

4e-04
5e-04

Table 2
Comparison of calculated neg values of fundamental modes with those obtained by other methods, and computation times without and with perturbation
method indicating the accuracy and e8ciency of present algorithm

Waveguide type

Graded channel

Step-index channel

Parabolic index fiber

Fused coupler p = 0.35,
/ = 0.5

X (urn)

0.6328

0.6328

1.170

1.310

Present method

"effm

1.5203319

1.5220496

1.4488616

1.4473150

Other methods

Method

Point matching

Point matching
BEM
Analytical

Point matching
BEM

«eff

1.5203348

1.5220501
1.5220376
1.4488627

1.4473127
1.4472981

Difference

5neB

3e-06

4e-06
1e-05
1e-06

3e-06
2e-05

Time
with

t (s)

236

259

298

517

t and tp without and
perturbation correction

h (s)

43

71

86

169

(t - tp=t) x 100 (%)

82

73

71

67

aBoundary element method did not work in the cases of graded channel waveguide and parabolic )ber since a large number of boundaries are
needed to simulate graded pro)le and hence a huge number of unknowns are involved.

fused coupler cases, using a surface integral analysis with a
constant boundary element [17]. All the calculations were
carried out using a desktop PC (Intel P-4 1:8 GHz). The
computation times recorded are (for full-domain calcula-
tion having grid-size varying from 0.5 to 5 urn with a zero
boundary-)eld approximation) intended to appreciate the
relative convergence e8ciency, and not absolute values as
it may vary with one's programming skill. Table 2 shows a
summary and comparison of these results. Evidently, they
are in good agreement.

Previously, we have applied this technique in inves-
tigating the polarization characteristics of highly bire-
fringent asymmetric core index-guiding photonic crystal
)ber (PCF). The study yielded a useful design recipe,
which has been successfully implemented in realizing a
high-birefringence PCF. The details of this work are reported
inRef. [15].

The calculation of )elds of the slab modes using numer-
ical method, offers an easy means to incorporate the ap-
proximate )elds into the array of refractive index pro)le
needed for the convergence scan. This algorithm is partic-
ularly very useful for calculation of modes of slab waveg-
uides with arbitrarily graded index pro)le or multilayered
structures. Thus for the typical examples of a graded chan-
nel waveguide or the parabolic index )ber, the approximate
)elds were generated by evaluating the corresponding axial

slab modes and multiplying them (Marcatili's )eld [21]).
However, though perturbation correction method does not
strictly apply in these cases, the initial value of effective
index and )eld distribution of the corresponding mode are
quite good approximation to yield the desired mode suf-
)ciently fast through )eld convergence technique. As de-
scribed earlier, the method is also suitable for calculation of
polarization effects. The algorithm is especially very useful
for determining any higher-order modes by choosing appro-
priate order of x- and y-slab modes to yield the approximate
)elds by the perturbation method. Thus, the method is quite
simple and computationally e8cient for practical waveguide
problems.

4. Conclusions

The algorithm presented in this paper provides a simple
technique to calculate both the )eld distribution and the cor-
responding mode indices of optical waveguides with two-
dimensional index distribution. Examples show the accuracy
and e8ciency of the method agreeing well with the known
solutions. Due to obvious reasons, the method is faster as
compared to conventional )eld convergence techniques and
is particularly useful for quick calculation of any higher-
order modes, and birefringence characteristics. Since any
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guided wave analysis centers around the effective in-
dex and modal )eld distribution, the technique should be
identically precise and e8cient in estimating other im-
portant properties, namely, dispersion, and mode effective
area. Thus, the speed of convergence, accuracy, and ease
of implementation of the method would be computation-
ally demanding for modeling/simulation of practical guided
wave components.
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