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Abstract

Maximally flat (MF) low-pass filters with multiple pairs of coin-

cident or distinct imaginary axis zeros are investigated and compared

with the all pole Butterworth filters. It is shown that for the same

order R, finite zero filters provide much sharper cutoff than Butter-

worth filters, and that the cutoff slope increases with increasing num-

ber of zeros. Expressions for cutoff slope and minimum attenuation in

the stophand are derived in terms of R, the number of pairs of zeros

(m) and their locations. In the case of coincident multiple zeros, the

stopband performance is found to be an optimum for a particular

value of m.

The information required for design of finite zero filters is provided

in the form of universal graphs and use of these graphs is illustrated

by a design example.

The simplest known rational function that gives a
maximally flat (MF) low-pass filter characteristic is the
Butterworth function:

|2 =
1 +

(D

where n is the order of the filter and the cutoff frequency
is 1 rad/s. The slope at this frequency, called the cutoff
slope, can be shown to be given by

n
2V2

(2)

In a recent paper,’ Budak and Aronhime have suggested
a modification of (1) such that the MF property is main-
tained but the cutoff slope can be made steeper than (2),
without great sacrifice of either attenuation in the stop-
band or mathematical simplicity. The modification con-
sists of introducing a pair of jw-axis zeros in the network
function F(s); if the magnitude squared function is to
remain MF, then it should be of the form

2)2(co 2 — c o o )

J ' (V - coo2)2 +

where the zeros are assumed to be at ljwo and

X = (wo* - I)2 .

(3)

(4

in order that the cutoff frequency is 1 rad/s. Obviously,
for oo+m, (3) becomes identical to (1).

In this paper, we investigate a more general MF filter
than that given by (3). We allow for multiple pairs of
imaginary axis zeros, either coincident or distinct, and
show that the cutoff slope can be increased much beyond
than that of (3) without sarcificing a great deal in the
stopband attenuation characteristics.

The case of coincident multiple zeros is simpler to
analyze and leads to simpler design equations than the
case of distinct zeros. We consider the first case in detail.
The second case will be treated rather briefly in the last
section of this paper.

I!. Filter Transfer Function

Consider a maximally flat low-pass filter having m
identical pairs of transmission zeros at &jwo. The mag-
nitude squared function of this fiIter is of the form

F(jco)\* = - ~
2 - c o 0

2 ) 2 m (5)

where n>2m, because of the low-pass character of the
filter. If the cutoff frequency is to be the same as that of
(l), then the constant X should be
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X = (w02 - 1 p . (6)

The network function F(s) can be found from (5) by the
usual procedure of analytic continuation. The result is

F(s) =
Q2 + cop2)"

(wo2 - l)mD(s)
(7)

where D(s) is the product of the left-half s-plane factors
of the polynomial:

D(s)D(-s) =

+ [(s2 + wo
2)/(wo2 - (8)

The left-half plane roots of (8) can be obtained by nu-
merical techniques. For low values of n, it is more con-
venient to assume ~(s )= . + +a , - 1s" -~+ * * * + a l s + a o ,
equate coefficients of like powers of s on both sides, and
solve the resulting n— 1 simultaneous equations. (Note
that a. is known, being the positive square root of the
constant term in (S).)

Comparing (5) with (I), we note that at sufficiently
large w, the Butterworth filter provides more attenuation
than the filter given by (5). However, as shown in the
next section, the cutoff characteristics of (5) can be made
much sharper than that of the Butterworth filter by
properly choosing wo and rn.

111. Cutoff Slope

Let g(w) = (~~—w $)~~; then (5) becomes

F(jw)
gr(co) + Xco2re

Differentiating (9) with respect to w gives

f-^ig'w — 2ng)
I F(j») |' =

2 F{jo>) | (g + Xco2")5

(9)

(10)

where prime denotes differentiation with respect to w.
At the cutoff frequency, w = 1, g(1) = X, g ' (1 )= -4mX/
( ~

2 - 1 ) and !F(jl)l = 1 / 4 3 . Putting these values in
(lo), simplifying and combining with (2), we get the cut-
off elope Sf,, as

•»TO — — SbnSfnm —
m

\/2(co0
2 -

(ID

For m= 1, the result agrees with that derived by Budak
and Aronhime. Clearly the cutoff slope is greater than
that of the Butterworth filter of the same order and it
increases with increasing m. Denoting the ratio Sfnm/Sb,
by rnm, we get

2m
Trim = 1 H " " —

n(co0
2 — 1)

(12)

Fig. 1 shows the variation of r,, with w0 for n = 5
through 10 for all allowed values of m for a particular n

2.0

1.0
1.0

Fig. 1. Ratio of cutoff slopes S,,6,z/St,, as a function of wg. The

number beside a curve indicates m, the order of the zero at k jwo .

(the upper limit of m is set by n>2m); the corresponding
values of Sa, are also given in Fig. 1.

The advantages of using a multiple-order zero can now
be appreciated from the following example. Suppose a
cutoff slope of 4.00 is desired. If a Butterworth filter is
used, then the minimum order that can be used is 12. If
wo is specified as 1.3, then with m=1, the curves of Fig. 1
show that the minimum order required is 8, whereas if
m=2, then n = 5 suffices!

IV. Minimum Attenuation in the Stopband

In general, the transmission characteristic of the filters
under consideration will be of the form shown in Fig. 2.
In the stopband, defined' in Fig. 2, there will be a peak
in the characteristic at some frequency w,>wo. If F&

I F(jw,)l, then the minimum attenuation in the stopband
is —20 log FD. We shall now calculate up and Fp

The frequency wp is given by I F(jw)[ Imp = 0; combining
this with (lo), we get

n
n — 2m

(13)

Combining (13) with (5) and simplifying, we get Fp as:

where

(2ra)2m(n — 2m)" ' 2 '
(15)
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Fig. 2. Transmission characteristic of a filter with n = 8, m = 2, and

w 0 = 1 . 5 4 .

1 1.2 1.4 1.6 1.8 2.0 2.2 2.4 2.6 2.8 3.0

Fig. 3. Plot of the ratio of order of zera to order of filter versus wg for

lninimum Fp

and

q = 1 (16)

It is of interest to know how F, varies with m for a fixed
n and wO. To investigate this, we take the logarithm of
(15) and differentiate both sides with respect to n7. The
result is

dj(m) q(n-2m)
= 2f(m) in

dm ' 2m
07)

Iff(m) has a maximum or minimum (corresponding to
Fp minimum or maximum, respectively), then cf(nz)/'dnz
= 0. This gives

m = nio =
Wo" I

(18)

Whether is is a condition for maximum or min:,1'1:uI
can be ascertained by finding out the sign of dy(n7)/dnz2
at m = mo. Carrying out the differentiation of (17) and
noting that cf(m)/dn?j*,(, = 0, we get

d*f(m)

dm2
TOO 7no(n — 2m o)

(19)

which is obviously a negative quantity because n>2w
and f(m) is a positive quantity. Thus (18) is the condition
for maximum f(m) or minimum F,. The variation of
nzo,/n with w0 is shown in Fig. 3. For a given n and coo, ma

found from this graph may not be an integer; we
then have to take the nearest integer as the valuz of mo.
As an example, for n= 10 and oO = 2.O, ma comes out as
2.16 so that m = 2 is the condition for minimum F,.

Fig. 4 shows the variation of 20 log F, with w,, for n = 5
through 10 for all allowed values of m. It is observed

Fig. 4. Maximum transmission in stopband, 20 log FVI as a function of wi~

and rn, for R = 5 through IO. F,,, should be read as Fp

f -20

(E) (F)
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that for n = 5 and 6, m= 1 gives the minimum F,. But, for
n = 7 through 10. there exists a value WOO for wo (defined
in Fig. 4(E)) below which m = 1 gives minimum F,, while
for wo>woo, m = 2 gives the minimum F,. These results
are in agreement with the value of mo derived from Fig. 3.

V. Comparison with the Butterworth Function

Let nB denote the order of the Butterworth function
for which the cutoff slope is steeper than that of the
maximally flat filter of order n with m pairs of zeros at
±ja>o- Then from (2) and (111, we get

2m
nB > n -\ (20)

(Oo — 1

The minimum value of I?B required to satisfy (20) is,
therefore, equal to the least integer which is greater than
the right-hand side of (20). This result can be expressed
in the following form:

TABLE I

d = (nB Imin —nl/m OS a Function of 00

d A-
nB

in

rteast integer that is greater

(than 2/(co0
2 - 1).

(21)

Each integer value of d sill correspond to a rang2 of
w0. These are given in Table I for d=O through 10.

As an example of application of Table I, let n = 5,
m = 2, and coo = 1.1. Then d= 10 so that nB Imin = 25.

We next compare the finite zero filter with the Butter-
worth filter with respect to transmission at w=up, the
order of both the filters being the same. Defining 5 / 4

2w=wp, we get from (I), (5), and (6):

1

where

=
P

B» r = n - 1

Fp, r = r/ = [(«„* -

(22)

For a given n, therefore, Fp 5 Bp if T~ 2 1; combining this
with (13), we get

2m

n
(24)

Since W02> 1, the condition on n and m, in order that the
equality sign in (24) may be meaningful, becomes

n > 4m. (25)

The minimum value of n for which this is satisfied is n = 5.
The numerical values of minimum wo for (24) to be satis-
fied, subject to (25) are given in Table I1 for n= 5 through
10.

VI. An Example of Design

We consider here the example mentioned under Section
I11 in more detail. For a cutoff slope of 4.00, nBlrnin=12,

Greater Than
or Equal to Less Than

1.732

1.414 1.732

1.292

1.225

1.183

1.153

1.136

1.118

1.105

1.095

1.414

1.292

1.225

1.183

1.153

1.136

1.118

1.105

3

4

. 5

6

7

8

9

10

TABLE II

n

5

6

7

8

9

10

m

1

1

1

1

1

2

1

2

w0 Greater Than
or Equal to

1.732

1.414

1.290

1.223

1.182

2.238

1.152

1.732

whereas with the new filter, several solutions with a lower
order are possible. Some of these are given in Table 111.
The values of n and m to be chosen depend upon the
tolerable minimum attenuation in the stopband. If this is
45 dB, for example, we can use n = 8 and m = 2, the re-
quired coo being 1.54. The transmission characteristics of
this filter are shown in Fig. 2.
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TABLE 111

Some Possible Filters for Obtaining a Cutoff Slope of 4.00

n

5

6

7

8

4.00

Sim

2.26

1.89

1.62

1.42

m

1

2

1

2

1

2

3

1

2

3

Required w0
(from Fig. 1)

1.16

1.30

1.18

1.34

1.22

1.40

1.60

1.30

1.54

1.74

Minimum Attenuation
in the Stopband,
dB (from Fig. 4)

very small

8

15

19

20

29

29

30

45

48

VII. Distinct Transmission Zeros

Finally, we consider the case of an nth order maximally
Rat filter with distinct transmission zeros at kjwi , w i> 1,
i= 1, 2, . . ., m. The magnitude squared function is given
by

n(t.y\

— , n>2m (26)

where

and

g{co)

= n (w2 — Wi2)2

= n (ai2 -

(27)

(28)

in order that the cutoff frequency occurs at 1 rad/s. The
network function F(s) can be found from (26) by analytic
continuation in the usual manner. The slope of the trans-
mission characteristic is given by (10). On simplification,
this becomes

n ,,2 — ,,,2

From (29), the cutoff slope can be found as

1
Sfnm = — ^bn "1 / j I

/O *~~^ 2 1

(29)

(30)

which agrees with (11) when wi's are identical.
In the case under consideration, we shall get m distinct

peaks in the stopband transmission characteristic, cor-
responding to them real solutions of the equation obtained
by putting I F(jw) I' = 0, i.e., of the equation

2 2i = l
(31)

Let the real solutions of (31) be denoted by wpi, i= 1, 2,
• . ., m. If these are known, then of course one can find

the corresponding magnitudes of transmission Fpi. Un-
fortunately, howver, we cannot obtain explicit expressions
for wPi's for a general m.

Considering the special case m = 2, the solutions for
(31) can be easily found. These are given by

(W (n - 2) ± - 2)2 -

2(n - 4)
(32)
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Fig. 5. Transmission characteristics of a fifth-

order maximally flat Rlter with transmission

zeros at k j1 .2 and Aj2.0.

Let n = 5,wl= 1.2, and w2 = 2.0; then

and

wpl = 1.42

FP1 = 0.149

^j)2 = 3 .78

Fp2 = 0.102.

(33d

(33b)

The cutoff slope of this filter is calculated from (30) as 3.62, which is approximately twice that of the fifth-order
Butterworth filter. The complete transmission characteristics of the filter are shown in Fig. 5.
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