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The stochastic approximation algorithms as
discussed by Cooperl9 and TsypkinI71 can
be applied directly to (8) to obtain conver-
gent estimates of the coefficients. Modifica-
tions of. these methods, e.g., Blaydon and
Ho,PI can be used to accelerate convergence
of the estimates.

4) Note that the actioe part of the esti-
mate is the inner sum in (11); the hii are
constants which are computed before any
observations are made.

5) L17hen the densities associated with
each class cannot be expressed in a finite
expansion as in (5), the foregoing technique
can still be used. The estimates of the param-
eters, however, will then be biased. The bias
can be decreased by taking additional terms
in the series expansion for thefi(x). This is
done at the expense of stability of the algc-
rithm, Le., the matrix G becomes more ill
conditioned as more terms are added to the
series. This is translated into a larger vari-
ance in the estimates of the parameters.
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On the Performance Loss of an
Optimal System

In a recent paper Rissanen has put for-
ward a method for computing the perfor-
mance loss of an optimal control system.1

The problem of estimating this quantity for
some other closely related systems, viz.,
adaptive and extrema1 systems, have also
been discussed by others."' The aim of this
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correspondence is to point out a relatively
simple approach for seeking a solution to
this problem.

Consider the system

x=f{x,u,t), <Gl0, T] (1)

where the state I and the function f are n
vectors and the control signal u is taken to
be a scalar. It is assumed that there exists a
unique control u*, either as a function of YO,
the initial value of the state, or as a function
of x and t, that minimizes the performance
functional

•J'
Jo

L(x, u, t)dt. (2)

The function L(x, zc, t) is a positive definite
one.

The minimum value of S can be ex-
pressed as

L(x*,u*,t)dt (3)

where x* is the optimal trajectory generated
by the optimal control u*. As is well known,
the optimal control law can be realized either
in the open-loop or in the closed-loop fash-
ion. To distinguish between these two cases,
we shall henceforth use the subscripts o and
c with the variables.

Consider the open-loop case first. Assume
that either due to some parameter variations
or due to measurement errors or both, the
state cf the system is disturbed to xo*+E,
where Eo is an It-dimensional random vector
with known statistics. The problem is to
compute the change in S* as a result of the
random perturbation of the state. That is,
we are interested in finding at least an ap-
proximate expression for the quantity

6S, = f L(x* + go, zlo*, t)dt
vo

- C L{xf, ?LO*,t)dt (4)

which can be written as

dSo
o

L;{z,u*,t)dz\dt (5)

where L, stands for the partial derivative of
the L function with respect to z.

Let us consider the spatial integral first.
The actual value of the integral is of course
equal to the area bounded by the function
Lz(xoz~o*, t) and the abscissa between the
lines xo*= constant and xo*+f.= constant.
This obviously has a random part since the
position of the second line is a random func-
tion of time. If we assume that the variance of
the state perturbation is not large, the value
of the spatial integral can be well approxi-
mated by multiplying the mean ordinate
+(L?,(x.*,u0*,t)+Ls,(-~~*+~~,uo*,t)) by the
total variation in the state, viz., f.. This
leads to the expression

f.v
+ $0 (6)

The first partial derivative term in (6) is
purely deterministic n-hile the second one is
random in part. Following the theory of

statistical linearization: the second term in
(6) is expressed as

Lso(~o* + Eo, ~o*, 4 = kzxo* + kt0L (7)

where the k stand for the gains of the non-
linear slope function for the different signals.
If it is assumed that the perturbation has no
correlation with either x,* or u.*, only the
gain Kg, will be of further use and is given by

(*„* + ?„, «.*, t (8)

where E { } stands for the expectation
operation with respect to the distribution of
I..

The change in the performance integral
can now be written as

= f
• W . (9)+ k&* + kg,50)foo)dr. (9)

If the mean value of the perturbation is zero,
and assuming that the operations of expec-
tation and integration with respect to time
are interchangeable, the average perfor-
mance loss can be expressed as

(10)

A similar computation of the perfor-
mance loss of an optimal system with feed-
back implementation of the control can be
made. In this case (7) is replaced by an
equation of the form

\ | . Lz(z,uc*, t)dz\dt. (11)
0 ( Jxc 1

The perturbation of the state of the closed-
loop system, in general, may be different
from the perturbation of the open-loop sys-
tem. Then, by the same arguments as used
in the previous case, we have

£ J o

and, ultimately,

&Sc = — f

(12)

(13)

It may be mentioned here that an alter-
native approach to this problem may be
sought through a Taylor series expansion of
the first term in (4). Under the conditions
assumed it can be seen that the first nonzero
term in the resultant expression for the aver-
age pzrformance loss in this case would arise
from the second-order partial derivative of
the L function. If this function is a smooth
one, the second-order derivative is of lower
order than the first-order derivative. Ac-
cordingly, the procedure adopted here will
lead to a better estimate of the performance
loss. An example will support this statement.
Recently optimal control laws have been
derived for systems with quartic and other
higher-order performance functions.' Let us
take the case of a quartic performance func-
tion. The value of the second-order deriva-
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461-465.

6 R. W. Bass and R. F. Webber, "Optimal non-
linear feedback control derived from quartic and
higher-order performance criteria," IEEE Trans.
Automatic Control, vol. AC-11, pp. 448-454, July 1966.
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tive at some nominal point 20 is 12x0
~. Wow

consider the value of the statistical gain of
the slope function, i.e., of 4(XO3+3X02EO
+3xoEe2+Eo3). Applying the definition (8),
this is found to be 12R0

~++4U~, U2 being the
variance of the perturbation.

Though the above procedure is applied
with advantage to systems with a nonlinear
slope for the performance function, here a
rather simple example is considered to illus-
trate the procedure. Consider the system

X = — X+ (14)

where x and « are both scalars, with the cost
functional

= 4 f \xUt + f
I J o J

jx\T) (15)

where the last term represents terminal cost,
and it is assumed that q and r are positive
constants whilef is a non-negative constant.
There are two departures in the present
statement of the problem from the earlier
statement. First, the perturbation is as-
sumed to be present in the input point so
that the losses in performance in the open-
and closed-loop cases are easily compared.
Second, a terminal cost is assumed; the pre-
ceding analysis is easily modified to include
this. The result is

rT r'
avg SS0 = k( <r2 I GQ(t - r)drdt

Jo J o

+ -U2 CG.KT-TWT (16)

W Gc{t-
0 J 0

)drdt

(17)

where G, and G, stand for the transition
matrices of, respectively, the open- and
closed-loop systems, without perturbations.

For the system (14), G,jt) =e-t. Also, the
optimal control law is7

I&) = - l/rK(t)x(t) (18)

where K(t) is the solution of the Riccati
equation

$(t) = - 2R(t) + l/rK"(t) - q (19)

with the boundary condition K(T) =f. If
we choose g = 3 andf = r = l, then

K(t) = 2. (20)

The closed-loop system equations are there-
fore

- 3xc + (21)

(22)

These give

avg AS, - (14/3)[T + 1/3e-3T - 1/31 + (1/12)(1 -
avg6.7,- [T + ecT - 11 +
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(26)

This can be evaluated for a chosen value of
T. It is found that for T <2 seconds the ratio
is greater than one and becomes less than
one only for T>2 seconds. In any case, the
magnitude of the ratio does not fall below
0.78.
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An Inverse Problem on Decoupling
Optimal Control Systems

IXTRODUCTION

The purpose of this correspondence is to
formulate an inverse problem somewhat
different from those treated by Kalman.1

The motivation for this arises from the de-
sire to find characteristics of control prob-
lems which give rise to optimal feedback
control laws depending only on a subset of
the system outputs. Engineering implica-
tions of this are obvious. The problem shall
be treated entirely in terms of system out-
puts and system inputs, or controls, on the
assumption that the system is completely
controllable and observable and that the
input-output relationship can be explicitly
stated in terms of first-order ordinary differ-
ential equations.

Consider the following optimal control
problem. Find I such that

S o
g(y, u)dt

is a minimum, subject to

y =f(r, 4
Y(0) = YO

hb(r)) = 0.

T is fixed, either finite or infinite, where y
is the n-dimensional system output, u is an
r-dimensional system input, and h is a stop-
ping condition vector of dimension m.

Let the output vector be partitioned into
r vectors of smaller dimension:

y =

These give

GJt) = <r«

kEe = 14.

(2.3)

(24)

(25)

where

dim (>',-)

i - 1

= Hi

— It.

7 M. Athans and P. L. Falb. Optimal Cmrfrol: An
Introduclion lo the Theory and Its ApPlication. New
York: McGraw-Hill, 1966.

Manuscript received August 11, 1967.
1 R. E; Kalman. "When is a linear control system

optimal?. Trans. ASME, I. Basic Engrg.. ser. D,
vol. 86. pp. 51-60, 1964

INVERSE PROBLEM

What conditions onf, g, and h give rise to
an optimal feedback control law of the form

m = =.z&, t), i = 1, 2, • * ' , Y

where ui is the ith component of the optimal
feedback control vector and yi is the ith
partition of the output vector.

To the best of the author's knowledge, no
comprehensive necessary and sufficient
condition for the solution of this general
problem is known at present, and so some
special cases are considered here.

SUFFICIENT CONDITION

If the Hamiltonian of the optimal con
trol problem

R = - gb, u) + P'fb, 21)

can be represented in the form

R = E Hiki(, Pi, Ui)
i-l

where

H<(y.I, p.I, ut = — ci(yi, 14 + Pi'fi(yi, ZG)

and

where

dim (Jzj) = mj

and

then the optimal feedback control law is of
the form ui = zdi(yi, t), providing a solution to
the stated inverse problem.

Proof: In this case, maximizing H with
respect to ui and solving yields

But

i, Yij t).

- — = nb>i, Pi, «i(pi, yt, t

where p represents the derivative of Hi with
respect to yi. Thus

Pi = Pi(yi, 0
and

Obviously, this condition merely states
that the optimal control problem originally
formulated consisted really of 7 indepen-
dent problems having independent control
laws. This condition, however, is not en-
tirely trivial. There are systems in which this
sufficiency condition is approached when the
output variables become small and second-
order effects become negligible. In those
cases, it is frequently safe to implement
control laws depending only on subsets of
the entire system output set and thereby
obtain behavior approaching the optimal for
small output variations. An example of such
a system is an aircraft, in which the linear-


