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problem of root clustering in a unified approach. I realize the con-
troversy involved in formally introducing my new definition, and I
wish to offer my apology for this to the reader.
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Comments on "The Design of Linear Regulators Optimal
for Time-Multiplied Performance Indices"

P. FORTIN AMD G. PAWINS

Abstract—A procedure for the design of linear regulators optimal
with respect to a time-multiplied performance index was suggested
in a recent paper by Man and Smith. A counterexample, presented
subsequently [2], indicated that the procedure was in error. It is
shown that the optimal feedback control law must contain time-
varying gains as opposed to the timeinvariant gains as suggested
by Man and Smith. This fact was also overlooked in [2].

where So(t) = tkQ. Recall from standard optimization theory that
the unique control law which minimizes (4) is given by

u*(t) = - i S - = -K(t)x*(t) (5)

where P(I) is the unique symmetric positive-dehite solut,ion of the
matrix Riccati equation

P(t) = -P(t)A - ATP(f) + P(f)BR-’BTP(t) - (6)

Man and Smith implied that (6) has a constant steady-state solu-
tion. It is easy to show by contradiction that the steady-state solu-
tion of (6), which Man and Smith denote by &+I, cannot be a con-
stant matrix. To show this, assume that

lim n(t; = constant (7)

exists, where ~(t; cp, t,) is the solution of (6) at time 1 with boundary
condition P(tl) = cp. Then .$+I = 6 and (6) reduces to

= tkQ = (8)

which equates a constant matrix on the left to a time-varying matrix .
on the right. This obviously cannot be satisfied at more than one
point, and so the original assumption is contradicted.

Consequently, the basic error in Man and Smith was in assuming
that time-invariant g& would generate the optimal control. This
error wm also overlooked by Ramaswami and Ramar [Z]. From a
practical standpoint, the solution of (6) requires that the terminal
time be finite.
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Man and Smith1 have given a procedure for the design of optimal
regulator systems for the linear time-invariant plant:

i(t) = Ax(t) + Bu(t), ~(0) = XO (1)

relative to the time-multiplied quadratic performance functional

[t’izr(t)&x(t)
Jo

dt (2)

where Q and R are constant positive-definite symmetric matrices,
and k is a nonnegative int,eger. In order to utilize the results of
MacFarlane [l], they were forced to implicitly assume that the opti-
mal control could be generated by the constant linear feedback con-
trol law

u*(t) = -K*x(t) = -R- (3)

where Sbl is a constant mat.rix. Later Ramaswami and Ramar [2]
presented a counterexample which showed that the theory of Man
and Smith =as in error. They post.ulated a cause for the error assum-
ing, as did Man and Smith, that the optimal control could be gener-
ated by time-invariant gains. Attention is d e d to the fact that a
straightforward application of the maximum principle shows that
the optimal control must contain time-varying gains, and since the
maximum principle is a necessary condition that must be satisfied
by any optimal control, this identifies the basic error in Man and
Smith. To show this (2) is first written as

/.ft

= l (XT&
Jh

UT&) dt (4)
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Comments on "A Correlation Between the Fukuma—
Matsubara and Circle Criteria for the Determination of
Jump Resonance"

S. S. LAMBA

Abstract—A cycloid type of critical c w e for slope-limited non-
linemities has been presented in Riemenschneider and Mastascusa.
An alternative derivation of these critical curves, already available
in the literature, is pointed out and it is shown that these alternative
parametric equations are more suitable for a graphical construction.

In a recent correspondence‘ Riemenschneider and Mastascusa
gave a generalization of the jump rmonance criterion of Fukuma and
Matsubara [l] for slope-limited nonlinearities. The authors have
derived parametric expressions of the critical curve on the G - 1

(jw) plane such that if G - 1 (jw) locus passes through the interior of
the region enclosed by t.he critical curve, the jump resonance can
occur. The expressions presented by the authors have a typographical
error and should be as follows:

_ c o s Ob)
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f (X)
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x ( t ) = X Sin(wt +f)

Fig; 1. Generalized slope-limited nonlinearity.

completely known. This is essential for drawing the critical curves
graphically. In (la) and (lb) it is not very clear as to what is the
range of the parameter c.
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However, a general derivation of (1) is already available from
the work of Hatanaka [2] who derived equations of various loci
corresponding to jump resonance conditions in nonlinear feedback
systems. Hatanaka derived the equations of these loci in the G(jo)
as well as G-l(jw) planes. The equations for the critical curve in the
G‘-l(jw) plane as derived by Hatanaka [2, eq. (IS)] are as follows:

hi = -

= ±

N'(X)N*(X) + N(X)N'*(X)
N'(X) + N'*(X)

VN'{X)N'*(X) \N(X) - N*(X)}
N'(X) + N'*(X)

(24

(2b)

where N(X) is the conventional describing function of the non-
linearity f(z) shown in Fig. 1 and

Ar*(X)
{X

{XN(X)] = N(X) + X;V'(X). (X).

Primes in (2) and (3) represent partial differentiation with respect to
X.

For the general slopelimited nonlinearity of Fig. 1,

N'(X) - a) [ -
N*(X) = — G8 - a)(sin-1 D - D\/l - D*) + a

[ 4Z>
- —

where

D = k/X.

(4)

(5)

The parametric expression for the critical curve in the G ^w)
plane can be obtained by substituting (4) in (2a) and (2b) which
yields

fci a 08 - a) [sin-i D - JD(1 - 2 D ' ) \ / l -

= ±
2a-

- -D2)].

(6a)

(6b)

Equatiods (6a) and (6b) contain D as a parameter. Substituting for
c in (la) and (lb), from (3a) of Riemenschneider and Mastascusa,’

yields the same results as obtained in (6a) and (6b).
It is to be noted that the derivation of the critical curve presented

in this correspondence is simpler, and an extension of these for
doublevalued nonlinearities is also aviilable [3]. Furthermore, the
parmeter D varies between unity and zero and thus its range is

Authors' Reply2

A. L. RIEMENSCHNEIDER AND E. J. MASTASCUSA

The authors wish to thank Dr. Lamba for his comments. We
would like to clarify what we think are the primary differences be-
tween our results and those of Fukuma and Matsubara [I] and
Hatanaka [2].

1) The parameters of the "critical cycloid" in our correspon-
dencel are given solely in terms of the limits on the slope of the non-
linearity. The nonlinearity is assumed to satisfy the slope restriction

df(x) <

dx
(7)

All nonlinearities satisfying this inequality will have the same critical
curve in the G-l(jo) plane. Nonlinearities which are included in this
class are not limited to the type shown in Fig. 1. Some other non-
linearities satisfying inequality (7) would be threshold types of non-
linearities, or nonlinearities with continuous changes of slope. The
disagreement here seems to center about the precise meaning of the
phrase "slope limited nonlinearity."

Fukuma and Matsubara consider five such nonliiearities (see
[I, table I and fig. 8 a - l ) . In the cases of smooth saturation and
smooth dead zone, the critical region obtained by Fukuma and Mat-
subara does not coincide with that found by application of the
critical cycloid.

In general, Hatanaka's method and Fukuma and Matsubara's
method both yield different critical regions for different nonlineari-
ties satisfying inequality (7); the critical cycloid is the same for all
such nonliiearities.

2) In application of the critical cycloid method detailed knowledge
of the nonlinearity is not required, only knowledge of the limits on
the slope. In particular, no knowledge of the describing function is
necessary as in Fukuma and Matsubara and in Hatanaka. As a result
the critical cycloid criterion is more conservative than the other
methods (but not overly so) and requires less information about the
system. Critical curves shown in Fukuma and Matsubara tend to lie
inside the cycloid for the same system.

Our results, therefore, are not the same as those presented pre-
viously. In some cases (as in Fig. 1) the critical regions are identical,
but in general this will not be true. To the best of the authors'
knowledge, criteria involving only slope limits (without use of the de-
scribing function) have not been published previously.

In answer to Lamba's query about the range of c in (la) and (Ib)
of his comments, note that c was given by us as

" s/>f'(X sin e) de. (8)
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Note that the slope limits

a < f (X sin 6) < jS

give limits on c as

- 0 < c< -a. (9)

REFERENCES

[11 A. Fukuma and M. IvIatsubara, "Jump resonance criteria of nonlinear con-
trol systems," IEEE Trans. Automat. Contr., vol. BC-11. pp. 699-706, Oct.
1966.

[21 H. Hatanaka, "The frequency response and jump resonance phenomena of
nonlinear feedback control systems,’’ Trans. ASHE, vol. 85. ser. D. pp. 23+
242, June 1963.

131 S. S. Lamba and R. J. Kavanagh, "Jump resonance criteria for systems
containing doublevalued and frequency dependent nonlinearit.ies," Proc.
Inst. Elec. Eng., vol. 116, pp. 12261228, Jncy depe

8, July 1969.

Comments on "On the Noninferiority of
Nash Equilibrium Solutions"

Z. V. REKASIUS .~ND W. E. SCHMITENDORF

In the above paper,‘ a k-player nonzero sum differential game is
considered and a sufficient condition for a Nash equilibrium solution
to be inferior is presented. Further investigation by the authors has
revealed an error in the paper.

In order that the theorem presented be correct, the definition of an
admissible vector must be modified to read as follows.

Definition: The k-vector h(z,l) will be called admissible if for i = 1,
2, . . . , 12,hi(Z,t) < 0.

Using this definition, the main result, presented as a t,heorem, and
its proof are correct as stated. Corollary 1 is also correct,, but Corol-
lary 2 is no longer valid. Corollary 3 is correct if the word "nonzero"
is deleted. This corollary may be useful if one is examining a non-
Nash solution for inferiority.
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A Note on Bounds on Solutions of the Riccati Equation

K L. HITZ, T. E. FORTR.IANN, AND
BRIAN D. 0. ANDERSON

It. is well known that for t > U + 2a (a dl be defined later) the
solut.ion of the matrix Riccati differential equat.ion

P = F(t)P

r = r
PF'(t)

> o
PH'(t)H(t)P + G(t)G'(t)

(1)

has upper and lower bounds independent of the initial value I’, pro-
vided that F(.), G(.), and H(.) are bounded and t,hat there exist

, positive scalars Q, 0, u such that bl > C(t + a, t) > QI and pl >
W(t, t — a) > QI for all t 2 some tl, with U > k + u, where

Manuscript received .4ugust 10 1971. This work was supported by the Aus-
tralian Research Grant.s Committ.ke.
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C(t

W(t,

ft + a

Lt

t- <r) = f * ' ( , ,
J t-<r

+ a, s)G(s)G'(s)@'(t + U,s)ds

t)N'(s)H(s)+(~, t) ds

and where +(t, s) is the transit,ion matrix of F(t). (The notat,ion A >
B for symmetric matrices A and B means A — B is positive defi-
nite.) In [l, lemms 4 and 51, Bucy has claimed that the bounds on
the solution II(t, I’, to) of (1) have the particularly simple form

[c-’(t, t - A) + W(t, t - A)] -' 5 n(t, r, ta)

< W-’(t, t - A) + C(t, t - A) (2)

where 1 > U + A and A can be set equal to 2a. An entirely analogous
result is derived in Jazwinski [2, lemmas 7.1 and 7.21 for the solu-
tion of the matrix Riccati difference equat,ion. There the result is
used in proving the stability of the discrete Kalman-Bucy flter.
Kalman [3] obt.ains similar formulas in order to conclude exponential
asymptotic stabilit.y of a class of linear optimal control systems.

We wish to point. out that the proofs are incorrect. in all three
cases. In Bucy an essential step in the proof of [11 (2) is the assertion
that t.he inequality (in Bucy's not,ation)

-K(G)H'HK(u) 2 - I I ( ~ , r a t t - A)H'HIII(~,To, t - A)

is implied by n(a, ro, t - A) 2 KM > 0. However, II 2 K 2 0
does not, imply ITz 2 K2 2 0, as the following example shows:

- e n
> 0

>K>O

A similar error occurs in the proof of t.he discrete-time counterpart of
(2) in [2]. There it is asserted t,hat

1 k fc-1 \ I k k-1

cov^TFc"1 2-i ^> L e i [ - covsPFc"1 2-1 A Z-i ei
{. i = k-N i = i J \ i = k-N j = k-N

(3)

where, in Jaswinski's notation, A = @T(i, ~)~~=(~)~~-l~~(i)~(i, k),
Ri > 0, and ej = @(k, j + l)I’(j)wj+’, with wj a rrhite Gaussian ran-
dom vector m-it,h covariance Qj, and W, is a quant.ity analogous to
W(t, t - a). Set Qi = I, k = 3, and N = 2. Then (3) reduces to A2

+ (Dl + D# 5 2(D1 + D # , which, by the preceding example, is
not. true for all Dl, D2 2 0.

In [3] it is claimed that, B > 0 and B 2 A 2 0 imply X , , (B-lAZ-
B - 1) 5 1. Ident,ificat,ion of B wit.h II and A with K above leads to

_j _ f 1.06 -0.63")
" L-0.63 0 J

for which the maximum eigenvalue is approximately 1.5.
Ahhough certain results in [11-[3] as they stand are invalidated,

it. is still possible [4] to obtain bounds on the solutions of the Riccati
equations in [1]-[3] of the same qualitative character as obtained in
these references. In quant,it.ative terms though, the bounds are not
&s t.ight as those claimed in [1]-[3]. This means that, the stability
results of these references are not invalidated.
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