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the loop provides an accurate description of the actual field only
when lkbl is very small. Note that the electric field is maintained
by both the real and imaginary components of the current. The
imaginary current can be the largest component on an electrically
small loop, and, therefore, the dominant factor determining the
behavior of the electric field.

N. CONCLUSION

The approximation of the current on the circular loop by a
uniform function (I,) or the first two terms of a Fourier series
(I, f 21, cos 4) is adequate for calculating the input conductance
only when the loop is immersed in a medium with very low
dissipation (alp A 0). For higher dissipation, the conductance
calculated using either of the approximate currents is in poor
agreement with that determined from the twenty-term Fourier
series analysis.

A simple expression for the input admittance of the loop was
obtained by examining the Fourier series coefficients. This
formula is accurate for loops with pb I 0.2 and media with a/b
in the range 0 I cr/b I 1.0 and is much simpler to use than the
full Fourier series computation for the circular loop.

The nonuniform current on the electrically small loop can
maintain a significant far-zone electric field. For loops with
lkbi 2 0.05 and 0 I a:’p I 1.0 the maximum field maintained
by the nonuniform current is at least 10 percent of the maximum
field maintained by the total current.

The electrically small bare loop antenna is an infinite homo-
geneous medium has been discussed here. The results obtained
do not apply to loops in an insulating dielectric cavity, this
problem is discussed in detail in the literature [7], [8].
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Radiation Distortions in Fast Frequency-Scanned
Antenna Arrays

M. R. PATEL AND RAJENDRA K. ARORA

Abstract—The pattern deterioration that occurs at high scanning
speeds in frequency-scanned arrays is studied. Four major effects are
observed; these are 1) fall in main beam amplitude, 2) rise in sidelobe
level, 3) angular shift in the location of the main beam, and 4) widening
of the main beam. A theoretical limit on scanning rates is established
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Fig. 1. Frequency-scanned array.

beyond which pattern distortion becomes excessive. The results are
illustrated by a numerical example.

I. INTRODUCTION

It has been realized in the past [1]-[4] that fast electronic
scanning of an antenna beam results in certain degradation of
the radiation characteristics. This effect has been studied
quantitatively for the case of a phased array [3], [4] in which
the elements are excited through phase shifters. However, a
similar study of a frequency-scanned array does not appear to
have been made in the past. Inasmuch as frequency-scanned
arrays provide a simple and inexpensive means of fast beam
steering, such an analysis is of especial interest in the case of these
arrays. This communication is concerned with a study of the
effects that are produced when the beam of a frequency-scanned
array is deflected at a fast rate.

11. DETERMINATION OF THE ARRAY PATTERN

Consider a linear array of N isotropically radiating elements
with interelement spacing d. The array is excited through a
serpentine series end-feed which has a path length s between two
successive elements (Fig. 1). It is assumed that the feed is
terminated in a matched load, and that the element coupling
to the feed is ideal and insensitive to frequency.

Frequency scanning is carried out by a linear FM pulse
centered around the frequency f,. At the array input (element I),
this signal is represented in complex notation by

)], -T/2 < r < T/2. (1)

In (l), w, = 2nfO; ,u is the characteristic constant of the linear
FM, representing the slope of the instantaneous angular fre-
quency versus time curve; and T is the pulse duration.

There is a certain time delay introduced as the signal travels
towards the nth radiating element. In general, the delays in-
troduced in the carrier and modulating components of the signal
are different because they travel with different velocities in a
dispersive line [5]. Hence the signal at the nth element, assuming
linear dispersion over the frequency band of the linear FM
signal, may be approximated as

f ( t ) = exp [j(mor+ +

/.(,) ^ exp {; [o,0 (, - +

(2)

where I+ and cg are the phase and group velocities in the feed.
Apart from a constant multiplier, the radiation field at a

remote point distance Ro and at an angle 6’ from broadside is
given by

(n - 1)dsin 0 ,,.
+ • (3)
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Assume that, at the center frequency fo, the array is intended
(at low scanning speeds) to lire in the broadside direction. This
necessitates that wos/v, = 2pn, where p is a positive integer.
Then, from (2) and (3),

t + — \ = <H t o o ' + < 1 / 2 ) " t 2 ) V eJ(»
c) «=i

where

\ C

2, (s dsm9\2

\vg C /

At slow scanning speeds for which we may assume that

(N - 1)2g « 1

(4) reduces to

Na(t)
sin

E ( \

(5)

(6)

(7)

t

sin

— \ -
c 1 sin

which is identical with the result reported by Chen [6] for an
end-fed linear array. In this approximation, the main beam occurs
at an angle &(t) obtained by setting a(t) = 0:

fit

d vg ~coo + pt'
(9)

At fast scanning speeds, the quadratic terms in the phase
factor are no longer negligible and the assumption (7) is in-
validated. We shall presently see that at such high scanning
rates the main beam shifts from the direction e&). However,
for the moment we confine our attention to this same direction
as specified by (9). The amplitude of the signal radiated in this
direction can be readily estimated. If we approximate the sum-
mation in (4) by an integral, we have

(em, t + ^\ s N }S(X) (10)

where x = N(29/7~)(~'~) and C(x) and S(x) are, respectively,
the Fresnel cosine and sine integrals defined by

cos
C(x) = I cos (xu2/2) du

cos Jo
S(x) = sin (nu2l2) du.

The fall in amplitude compared to the case of slow scanning
becomes 1 dB when x = 1, i.e., when g = n/2N2. For a TEM
type feed (v, = vq = e), this in virtue of (6) implies that a 1 dB
fall of amplitude occurs when

JL
In

1 =
T 2N2 (s - d sin 0)'

(12)

where B is the bandwidth of the linear FM pulse. It follows
from (12) that a specified amount of beam deterioration occurs
for a higher value of BIT for 8 > 0 than for 8 < 0. This dif-
ference, however, is insignificant if, as is usually the case, s is
several wavelengths while d is around half a wavelength. For
values of BIT greater than that given by (12), the beam deteri-
orates rather rapidly. Thus, the limiting value of BIT for dis-

Fig. 2. Array patterns at instant f = 0 for different values of B/T.
N = 50, d = O.Sj.0, s = 520.

tortionless frequency scanning may be stated as

J_£f ~I*L
27V2 s2 ~ 2 I2[I]

I1 J max

(13)

where L is the feed length in wavelengths. The corresponding
scan rate for distortionless operation may be estimated from
(9). If the frequency excursion of the FM pulse is small, the term
pt in the denominator may be neglected in comparison with wo.
Then the maximum scan rate corresponding to [B/T],,,
specified by (13), for directions close to broadside, is

Id I2 2 s A2 (14)

where A is the aperture length in wavelengths, i.e., A = Nd/Ao.
The result (14) is qualitatively similar to that reported in [3]
for an array using phase shifters. For large beam deflections with
a given frequency excursion, the ratio s/d should be made large
[7]. However, (14) shows that an increase in s/d results in a
proportional reduction in the peak attainable scan rate.

HI. A TYPICAL ARRAY PERFORMANCE

As an example to illustrate different effects of fast scanning,
consider an array with N = 50, d = O.Sdo, and s = 5A0,
operating at the center frequency fo = 1 GHz and employing
a TEM type feed. To the extent that the effects associated with
the start and termination of the linear FM pulse can be neglected
—an assumption which we have tacitly made here—the pattern
deterioration depends only on the ratio BIT.

Fig. 2 shows the computed array patterns at the instant I = 0,
that is, the (appropriately delayed) patterns corresponding to the
instant that the input linear FM pulse has the frequency fo.
Patterns are plotted for different values of BIT. One notices
that fast scanning is accompanied by 1) a fall in the main beam
amplitude, 2) a rise in the sidelobe level, 3) an angular shift
(lag) in the orientation of the main beam, and 4) widening of
the mah beam. The magnitudes of these various effects are
displayed in Figs. 3 and 4. The effect that first becomes noticeable
as the scan rate is increased is the deviation of main beam position
with respect to the slow scan position. An increase of sidelobe
level also manifests itself at an early stage. The other two effects
become significant at somewhat higher scan rates. In this
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(a) Variations in main beam amplitude. (b) Variations in sidelobe
level with scanning speed. N = 50, d = o.5d0, s = 5L0.

BIT-

Fig. 4. (a) Deviation in main beam position with respect to slow scanning
besm position. (b) Variation in 3 dB beamwidth, with scanning speed.
N = 50, d = 0.510, s = 510 .

particular example, (13) and (14) result in [B/T],,, = 0.8 x
IOx3 Hzisec, and [dB,/dr],,, = 4.5 degipsec. If the aperture
was doubled to obtain a narrower beam, the peak scan rate
would fall to one-fourth of this value.

IV. CONCLUSIONS

The above working shows that radars with pencil beams have
limitations, by no means entirely insignificant, on the ultimate
scanning speeds that can be realized by frequency scanning. It is
worth noting that the time taken to deflect the beam from one
position to another in a frequency-scanned array is of an order
comparable with the time of operation of phase shifters in phased
arrays [7].
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An Integral Equation for the Transient Response
of a Stratified Magnetoplasma

KENhTETH G. GRAY

Absrrmz—The problem of fmding the transient response of a cold
plasma half space to an impulsive plane wave at vertical incidence is
considered. The electron density of the plasma is allowed to vary arbitrarily
with the vertical coordinate; and the effects of a vertical magnetic field
and losses are included in the analysis. The impulse response is formulated
in terms of a time-dependent integral equation by extending previous
results obtained via a multiplescattering technique. As an example of
this method numerical results are presented for the special case of
reflection from a linear plasma half space.

I. INTRODUC~ON

The response of cold plasmas to transient electromagnetic
waves is of current interest especially with respect to ionospheric
radio problems.

The particular problem considered here is the transient response
of a horizontally stratified, lossy, cold magnetoplasma half space
to an impulsive plane electromagnetic wave at vertical incidence.

This class of problem has been previously solved by several
methods: the inversion of transforms [I 1-[4]; the solution of the
time-dpendent Maxwell's equations’ [5]-[7]; and the use of
experimental techniques [8]-[9].

The method used here is a time-dependent integral equation
derived by an extension of previous results [lo]-[12] in which
a multiple-scattering technique was used. The derivation of
the integral equation is outlined, and numerical results are
presented for the special case of reflection from a linear plasma
half space.

11. DERIVATION OF INTEGRAL JZQUATION

The geometry of the problem is pictured in Fig. 1. The incident
wave field Eo has time variation defined by

Eo E (1)

where A E cc is a retarded time variable, and c is the free-space
velocity of light.

The derivation proceeds by assuming the plasma is split into
an infinite number of infinitesimally thin electron sheets (Fig. 1).
The impulse Eo is incident vertically from free space and moves
through the plasma at e; at height z the incident wave interacts
with a sheet of thickness dz; and as a result of this interaction,
a wave is scattered from the sheet. This scattered wave E, is

Manuscript received October 30, 1974; revised January 11, 1976. This
work wsas supported by the National Science Foundation under Grant
GA 36911X. Portions of this paper were presented at the URSI Symposium,
Atlanta, GA, June 1974.

The author was with Analytic Services, Inc., Falls Church, VA. He is
now with the Aeronomy Laboratory, Department of Electrical Engineerlng,
University of Illinois, Urbana, IL 61801.

1 In [6]-[7 the source function was a spherical impulsive wave generated
by a magnetic current source, rather than the plane impulsive wave of the
present analysis.


