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system in differential-difference form

(12)

Defining the polynomials

and the state variables X, = ~,X, = X~,X~=X~; . . • .X,- ~ = X,, (12) yields a
state model as in (1) with
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u=bo, a, = Pi(V)/Q(V), b = B,(V)/Q(V).

Clearly, the model in (13) is precisely of the form shown in (2). Now,
consider a timedelay system with
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We wish to determine a linear transformation T(V) such that A(V)
and B(V) defined by
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have the form of (2) or (13). To this end we apply the method of Rane
[6]. Let T = [ T , , T , ; • ,Tn] where T.(i= I,2 ; . . • ,n) are the n columns of
T. Let ai(V) be the ith coefficient of the characteristic polynomial of
Ao(V).' Then the columns T,; . . ,Tn are determined by the following
recursive relationships:

In the the present case we find that nl=2(1 + C), uz= - ( 3 + V), and
a3= — 0. Hence, by the preceding relationships we find that

- ( 5 + 3V) I 4 + 3v I 1

- 6 - 3 V + V2 I - ( 1 + 2V) I 1

-13--8V + V ' , -V(I -V) , I I 1 - v

The resulting canonical matrices are
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Example 2: Consider the model-matching problem in which
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In this case we observe that A** = A, A* = O, and hence M**
M* =O. The model-matching conditions in (11) yield

M and

M(V) = 1/V
1/V ]• "-'<'>=[» -J ]

and (10) gives the solution pair

Suppose now that we wish to solve the same problem through output
feedback of the type u = Uy + Vw. In this case one can apply the method
described in [2]+4] to get the result

'The coefficients o,(F) may be determined by using the Levemer algorithm.
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V. CONCLUSIONS

Systems with time delays in the state vector and the control vector are
encountered in most industrial applications. To the author's knowledge
the model-matching problem for such systems was not considered in the
past. Here we have presented a solution approach based on the assump-
tion that any canonical model of the system can be readily available.
Since the transformation of time-delay systems to canonical forms was
not studied until now, this problem was considered here too by means of
an example. It follows that with special care all methods avadable for
transforming conventional systems into canonical forms can be used for
time-delay systems as well. The present results can be readily extended
for treating time-varying the-delay systems, as well as to systems the
parameters of which are subject to small disturbances [7]. By appropria-
tely choosing the model to be a decoupled one the present method can
be also used for input-output decoupling of time-delay systems [8].
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Continuous Time Smoothing for Systems with
Interrupted Observations

B. B. MADAN AND A. K. MAHALANABIS

Absmd—General continuous time smoothing results for state estima-
tion with interrupted observations are derived. The interruption mechanism
is characterized by a jump Markov process taking values 0 or 1. The
approach followed for deriving the smoothing estimator is similar to the
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one used in [I] for the case of filtering where intemption process initial
value and the jump instants are treated as the nnknown system parameters.
Lainiotis's partition theorem is then applied to obtain the desi estimator
based on smoothing.

I. IVTRODLJCTION

Recently Sawaragi et a/. [l] have derived the results for the case of
continuous time filtering for systems with interrupted observations. It
has been noticed that the results obtained for the discrete time case [2],
[3] cannot be directly extended to the continuous time problem because
it is essential to find the exact instants at which the interruption in the
observations appear (or disappear) and this fact makes the direct exten-
sion of the discrete time case resulting in an infinite-dimensional filter.
In view of this problem, it is not possible to extend the discrete time
smoothing results obtained by the authors [4] to the continuous time
case. In this correspondence, we extend the results reported in [I] to
include the general case of continuous time smoothing for systems with
interrupted observations.

The solution to the problem is obtained by treating the initial value of
the interruption process and the interruption process and the instants at
which the interruption process jumps as unknown system parameters. It
is then possible to apply Lainiotis' partition theorem for the case of
smoothing under parameters uncertainity [5].

Theorem: The smoothed estimate ;(T/f) and the associated covari-
ance P(T/t),TG t is given by

i(T/t)=

2 ('('•••(' x,(T/t,a~)

(3.1)

and

- 2 {P(r/t,y(0) = 0
/=0 ^/ = 0

+ 1 ('('••• f
n=l- /0- /a1 •'a,-,

11. PROBLEM FORMULATION

Consider the dynamical system represented by the 18 stochastic
differential equation,

F(t)x(t,w)dr + du(t,w), r>O. (2.1)

It is presumed here that there exists an underlying probability space
(Q,B,P) where, B is the sample space containing the elementary events
w,B is a u-algebra generated by the subsets of 0 and P is a probability
measure defined on B. The interrupted noisy observation of the state of
the system is given by

Q(f,w) = y(t,w)H (t)x(t,w)dt + du(t,w). (2.2)

Note that x(t,o) is the (n X 1) state vector, y(t,w) is the (p X 1) observa-
tion vector, F(r) is the (n X n) system matrix, H (t) is (p X n) observation
matrix, and U(T,W) and c(t,w) are (n X 1) and (px1) independent Weiner
processes, respectively, having the following assumed statistics:

E{u(t,w)}=O
E{[u(t,w)u(s,w)l[u(r,o)-u(s,a)l} = Q~f-~I, Q >O
E{u(t,w))=o
E{[u(t,w)-u(s,o)l[u(t,w)-u(s,o)l'} = R~t-s~, R >

(2.3)

The initial value of the state vector x(0,w) is assumed to be Gaussian
with mean ;(O) = E(x(0,a)} and covariance P(0) = E([x(O)- ;(O)]
[x(O) — ;(O)]'). y(r,o) in the observation equation is a jump Markov
process which is continuous from the right and takes on the values 0 or
1. It is assumed that transition probability of y(t,w) is specified. The
jump Markov process y(r,a) specifies the interruption mechanism. The
matrices F(t) and H(t) are assumed to be continuous and that the
stochastic processes y(t,o) u(t,w), n(t,a) and x(0,w) are mutually inde-
pendent. To simplify the further writing, the elementary event 0 will be
suppressed in the following.

The problem is to find the minimum mean-square error estimate
i(T/t) for T<T of the state X(T) based on the observation record
(Y':y(s),O< s< r}. It is well known that the minimum mean-square
error estimate i(T/t) is given by the conditional expectation

(2.4)

(3.2)

where a" = (a},a2,- ••,an) implies that the first jump takes place at
instant at and the next jump takes place at a2 and so on. Xj(j/i) and
Xj(r/t,a") are defined by

and

t).

(3.3)

(2.2)

The a posteriori probabilities of the jump process -P(a, > tly(O)= i, Y')
P(y(O)=ilY') and p(a"ly(O)=i,Y')P(an+l2 tly(O)=i,a",Y')P(y(O)
= ilY') appearing in the estimator equation (3.1) are same as those for
the filtering case and have been derived in [11.

It should be noted here that ; J ( T / T ) and &(T/t,a") are the condi-
tional smoothed estimates, conditioned on the event that a particular
interruption process sequence has occured. Any one of the known
smoothing solutions as those derived by Meditch [6], Kailath and Frost
[7], Mayne [SI, and Lainiotis [9] may be used to obtain the conditional
smoothed estimates. The comments made in [l] regarding the practical
implementation which requires that the interruption process y(s), O<s
< t does not jump more than N times (N finite) with probability 1 will
apply to the smoothing case also. This is explained by the fact that as far
as the a posteriori probability of interruption is concerned, it is based on
filtering alone.

Proof of Theorem: The proof involves using Lainiotis' partition
theorem [5] for the case of smoothing under parameter uncertainity. The
theorem states

where

/ » ( « / ' ) - •

Mt/B)

(3.5)

(3.6)

111. C O ~ T J O U S TIME SXOOTHING ESTIMATE OR WITH
IHTERRUPTED OBSERVATIONS

The minimum mean-square error estimate ;(7/t) for the system is
given by the following theorem.

lem
is the likelihood ratio for the standard hypothesis testing prob-

(3.7)

(3.8)
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and

(3.9)

The parameter 8 is discrete set and is defined as follows. Define Br EBh
as

(3.10)

= »,-•-,<*» = *„, «,,.,.,(«) <fn+1} (3.11)

(a1,a2;. . • ,an) and tn = (tl, t2,. .. ,tn). The parameter
,eN) is then a random variable defined as

where a"
9(9Q,9l,- •

-,<**) i

(3.12)

where Bi = {w/n,l(w)<N} and n: is the number of jumps occuring in
the interval [O,t). a* is an arbitrary but fixed real variable in [t, E).

The proof of the theorem now easily follows by using (3.5) along with
the set of equations (3.12) defining the discrete parameter set 0
= (8,,8,,82,. . . ,eN). Equations for the a posteriori probabilities of inter-
ruption have been derived in [11 and are not repeated here.

Remurh: As mentioned earlier, X(T/f,8) may be generated by one of
the known smoothing algorithm. Any smoothing algorithm in general
will require the solution to the filtering problem which can be solved by
the Kalman filter to get x(t/t,0), it should be noted here that the
partition theorem is used only to take care of the parameter uncertainty
alone. The conditional smoothed estimates can make use of the partition
theorem as one of the possible implementations.
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I. IHLXODUC'TIOK

Consider the single-input system

x — Ax + bu (1)

where X is an n-vector, u is a scalar, and the pair (A,b) is COmPleteIY
controllable. The usual performance index is

(°°(x'
•'o (2)

where (A,&) is completely observable and the optimal control law is
given by [I]

u = - g ' x (3)

where g' satisfies the equation

A)-'b. (4)

Anderson and Moore [I] showed that (4) can be solved by noting that

l(s)\Il( — s) + q(s)=p(s)p( — s) (5)

where

(6)

(7)

and

The method of obtaining g involves 1) forming the polynomial q(s), 2)
factoring \Il(s)\k(-s)+q(s) into p(s)p(-s) such that p(s) contains all
roots with negative real parts, and 3) obtaining g using (8).

In general. however, the method is computationally unattractive espe-
cially for high-order systems. This note suggests a way of simplifying the
computations by making use of several equivalance theorems. It is
shown that the solution for a system in control canonical form can be
obtained in terms of the solution for a "basic system" for which steps 1)
and 3) can be done very easily. The main effort is thus reduced to
factoring a polynomial of order 2n.

11. THE BASIC SYSTEM

Consider the case where

(9)
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and

(10)

A Note on the Single-Input Optimal Regulator Problem

N. RAMANI

It can easily be checked that

q{s) + Hsn(,- s) = {-\)"[s^ - qnsln-2+ • • • +{-\)"qil (11)

Further, it can also easily be verified using (8) that if the above
expression is factored to form

Abstract—A simple method for obtaining the optimal control law for
single-input systems without solving the Riccati equation is presented.
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the gain vector is simply

£ = I Si>&. • • • .&, ] •

The next section cites the two equivalence theorems needed to obtain
the basic system given the original system in the control canonical form.


