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On Bootstrap Identification Using
Stochastic Approximation

R. M. PRASAD AND A. K. SINHA

Abstract—A two-stage state and parameter estimation algorithm for
linear systems has been developed. Stage 1 uses a stochastic approxima-
tion method for state estimation, while stage 2 considers parameter estima-
tion through a linear Kalman filter. These two stages are conpled in a
bootstrap manner. The algorithm is computationally much simpler than the
usual extended Kalman filter. A fourth-order numerical example has been
solved, and results have been compared with those obtained using an
extended Kalman filter.

1. ~NTRODUCTION

The use of minicomputers and microprocessors for adaptive control of
processes has necessitated the need for a computationally simpler identi-
fication algorithm. A common technique for state and parameter estima-
tion of the state-variable models of a process has been the extended
Kalman filter (e.g., see [I]-[2]). This method is known to have the
problems of increased computation, storage requirements, and diver-
gence. Two-stage estimation techniques have recently been employed [3]
to overcome these difficulties. In [3], linear Kalman filters have been
employed in two stages and no precaution has been taken against
divergence in the state estimator because of parameter uncertainty.

In the present note. a computationally simpler two-stage estimation
algorithm has been developed for estimating states and parameters of a
linear system. Stage 1 deals with the state estimation with assumed
nominal values of the parameters. A convergence-based stochastic-ap-
proximation algorithm [4] has been proposed in stage 1 which also gives
savings in computation. In stage 2, a parameter dynamic model and a
pseudo-parameter measurement equation are developed and a linear
Kalman filter is employed for obtaining the parameter estimates. The
parameter-measurement equation contains the state-variable terms that
are substituted by their recent estimates available as output of stage 1.
These two stages are coupled together in a bootstrap manner [SI. The
complete procedure and algorithm are given in the sequel.

11. THE PROCEDURE

We consider the following discrete-time model of a linear system:

(1)

(2)

where x(k) is the n-vector state, u(k) is the m-vector input, y(k) is the
r-vector output, 8 is the p-vector parameter assumed constant but
unknown. The state noise vector w(k) and the measurement noise vector
~(k) are mutually independent and assumed zero mean white Gaussian
with constant covariances Q and R, respectively.

The parameter model is described by

TABLE I

B(k+l) = B(k) (3)

(4)

where (4) is a pseudo-measurement equation obtained by the proper
splitting of (2). Matrix C and vector d are functions of state x(k) and
input u(k). The ne I) is obtained by adding H(k)w(k) to
u(k+ l). Assuming H(k) to be independent of w(k), u,(k+ 1) is a zero
mean white Gaussian sequence with a covariance equal to R +
H(k)QHT(k).
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In stage 1, models (1) and (2) are considered for state estimation,
where 0 is replaced by assumed nominal value 8". The following algo-
rithm is used for state estimation:

x(k/k) = x(k/k-l) + K,(k)[y(k)-H(k)x(k/k-l)] (5)

where i(k/k- ]) = A(B")i(k- I/k- I)+ B(8")u(k- 1) and K,(k) is

the gain chosen on the basis of stochastic approximation as

The rem T(k) is a scalar sequence that satisfies Dvoretzky's special
theorem [4] to ensure convergence. A common choice of T(k) is a/(b +
k), where a and b are positive constants.

In stage 2, the estimates i(k) are substituted in place of x(k) in (4)
and a Kalman filter algorithm is used for obtaining the minimum
variance estimates of parameter vector 8. These estimates are then fed
back to the state estimator of stage 1 which updates the state estimates.
The updated state estimates are then used in stage 2 to get improved
parameter estimates. These switchings between the two stages are thus
continued in a bootstrap manner [5] until the parameter estimates
converge.

111. A NUMERICAL EXAMPLE

A fourth-order system described by models (1) and (2) has been
considered with

A(6) =

B{8) =

~(k) = [1.0 0.5 0.25 0.1251.

The system has been simulated on an ICL 1909 computer using the
parameter vector 0 = [ 1.0 -0.18 0.784 -0.656 I9O9computerl.O IT, the initial
x(0) as unit vector, and the input u as a PRBS with zero mean and unit
variance. Two values for variance R(0.01 and 0.1) have been tried. For
convenience, Q has been assumed to be a null matrix. The expression for
sequence T(k) has been taken as I/k. Finally, the initial estimate vectors
for the state and parameter have been chosen as null vectors, and the
initial parameter-covariance matrix Pe is 10/.

The results of parameter estimates are given in Table 1. These results
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Fig. I. Comparison of convergence of the two-stage algorithm using stochastic ap
proximation with extended Kalman fllter.

are compared with those obtained through an extended Kalman-filter
program. The mean-squared error X(k) = (l/k)C$ [y(k)- H(k)i(k/k-
1)12 has also been computed for the two cases with R=0.01 and plotted
in Fig. 1. It can be observed that a better rate of convergence is obtained
in the case of the proposed two-stage algorithm. The computer time for
IO00 iterations of the extended-filter algorithm was 2.6 limes more than
that of the two-stage algorithm. In the case of higher noise variance
R = 0.1, the extended Kalman filter has diverged.

IV. CONCLUSIONS

The use of stochastic approximation in stage 1 of the proposed
two-stage estimation algorithm checks the divergence in the state estima-
tor and also makes the algorithm computationally simpler. The method
previously described is suitable for systems with time-varying parameters
where only (3) has to be suitably modified. In case of unknown noise
statistics, one may go for adaptive estimation of the noise covariance in
stage 2. However, this remains an area of future investigation.
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In the above paper,’ necessary and sufficient conditions, which test for
the controllability of a given terminal state x, from a given initial state
xo. were proposed for the linear discrete time system

zk=h‘xk (1)

where A is an n X n, nonsingular matrix, c and h are n-vectors, and the
control u, is constrained to take the form

u, = Vt. (2)

v, is now the effective control input.
The conditions necessary and sufficient for the transfer from x. to x,

were expressed in terms of a polynomial representation in the paper
cited. The polynomial representation of a state x is given by

and corresponds to the state

+XdS
d

-- +x,,A-~)A-’c (3)

Comments on "The Controllability of Discrete
Linear Systems with Output Feedback"

M. E. EVANS AND D. N. P. MURTHY

Abstract—This note demonstrates an error in Theorem 2 of the above
paper.’ Results to be used for testing the property of pairwise controhbii-
ity of systems with output feedback through an alternative formulation are
proposed.
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(see 12, sec. 111).
(Reproduced below is theorem 2 of Mullis.)
Theorem [I1: We assume (A,c,h) is an n-dimensional observable,

controllable, one-inpuf one-output system for which A -' exists and
h‘A-k#O. Let 7 be the greatest common divisor of the set I =
{k:h‘A#O, k>0) and let x andy be two vectors with polynomial
representations

x(s)= 2 Ts'--Ix,(s“)
i = l

y(s) = c TSI-H(S‘).
i = i

Then there exists a control sequence which transfers x to y if and only if
xi(sT) = O implies yi(sr) = O.

First we give a counterexample which disproves the necessity of the
above theorem and later via an alternative formulation we derive the
correct solution to the problem.

II. COUNTEREXAMPLE

Let T> 1 and let xo(s) and x,(s) be given as follows:

(4)

According to the above theorem, the state x, is not controllable from
but consideration of the vector form (3) shows

Thus, the state x, is controllable from x. in one step with no control
input. This demonstrates the fallacy of the above theorem.

III. ALTERNATIVE FORMULATION

From (1) and (2) we have

Xk + 1 = (A + Yk Ch T)Xk (5)

which has the familiar bilinear form. Study of the controllability of such
systems was initiated by Goka et al. and was completely resolved by the
authors in 121. In addition to the derivation of necessary and sufficient
conditions for complete controllability of (5). a complete characteriza-
tion of the controllable regions when (5) is not completely controllable
was given.

In [2], the system (5) is not studied directly but instead a companion


