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and

^ VS{x,y,t,n,o)+^ V$(x,y,t,n,o) = E, U (jt,/,n) ,t,a,)

-iff (E,{X(x,t,n)HS(X.xl,t,pl)}RKxl,x",t)

.R(x",y",t)K~O:,(y,k+l)dx'dr"dy"

with boundary conditions given by B,(X,x,1,0) = 0 and the initial condi-
tions are as in Section 11.

It should be noted that for DPS with polynomial product type nonlin-
earities the above algorithms can be written [3] in terms of the first two
moments, under the sole assumption that the estimator errors are Gaus-
sian. For other types of nonlinearities, the terms involving infinite
dimensional expectations need to be further approximated using the
Taylor's series expansion.

Many estimation problems with or without timedelays, in linear,
nonlinear, distributed lumped parameter systems can be obtained as
special cases of the above results.

IV. CONCLUSION

New estimation algorithms for a general class of nonlinear DPS have
been directly derived, assuming linearity in innovations and using the
matrix minimum principle. The continuous-time algorithm is formal due
to the application of Kalman's limiting procedure.
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Identification of Stochastic Time-Delay Systems

K. K. BISWAS AND G U M SINGH

Abstract—-A methad is presented to identify time lags present in sys-
tems described by linear, stochastic dynamical models nsuaUy enconntered
in process control. 'zhe model equation is fii disaetized and converted
into a non-time-delayed form: a two-stage estimator is then proposed to
identify the model parameten.
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INTRODUCTION

Time lags are generally encountered in industrial processes; e.g.,
thermal lags or transportation lags. An effective process-control setup is
possible only when various process lags have been identified in addition
to other system parameters. Recently, Rao and Sivakumar [I] indicated a
technique for identification of deterministic time-lag systems, using
moment functionals. However, because of the random disturbances
present in the processes as well as in the associated instrumentation, it is
preferable to use a stochastic model in such situations. The aim of this
note is to present a method for identification of time lags in such models.

IDENTIFICATION OF S Y ~ TIME LAGS

Consider a stochastic dynamical system described by

x(t) = F,x(r) + F2x(t-T) + Bu(t) + w(t) (1)

where x is n X 1 state vector, T is scalar time lag, Fl and F2 are n X n
unknown/known matrices, B is n Xp known input matrix, u is p X1
known input vector, and w is n x 1 disturbance vector. The system
output is assumed to have a model

y(t) = Hx(t) + o(r) (2)

wherey is mX 1 output vector, H is mXn known output matrix, and o is
m X 1 measurement noise vector. w(r) and o(r) can be assumed to be
white-Gaussian zero-mean noise processes with known covariance.

The idenuication of the unknown time lag T and the associated
matrices Fl and F2 can be carried out as follows. The first step is to
descretize the system equations (1) and (2) with a sampling interval of
Ar, to yield model equations of the form

,(k) (3)

(4)

where k = r/Ar and L = T/ &. The matrices A,, A,, and B, are obtained
through first-order Euler's integration process. The next step is to con-
struct an augmented state vector which contains the state x(k) and some
delayed states. We define

X (k) = [x'(k)x\k -1), • • •, x\k - N )]'

where N is chosen slightly higher than the unknown value L. Adjoining
equations of the type

to (3), a higher dimensional state model can be constructed as

X(k+\) = AX(k) + Bu

y(k) = HX(k) + v(

where

(5)

(6)

(7)

0

B' = [B

D' = [I

H=[H

0

0

0

0 I

01

01

01

and I is an identity matrix.
The basic time-lag estimation problem can now be reformulated as

that of identifying the parameters of system described by (6)-(7), which
apparently does not involve any time delay. This can be very con-
veniently carried out using a two-stage estimator.
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Fig. 1. Two-stage estimator for time-lag systems.

Consider the output equation (7) at (k + 1)th instant

y(k+l) = HX(k+I) + u(k+l) (8)

substituting for x(k+ 1) from (6) in the right-hand side of the previous
equation

y(k+ I) = l). (9)

Since it is not known as yet which other matrix among A,,,
Au,- • • ,A,,v besides A,, is nonzero, for the present an attempt will be
made to identify parameters of all the matrices. Let the unknown
parameters of A be clubbed to form a vector 0. If a nominal value X’ of
augmented state X(k) is known, (9) may be rewritten as

y(k+l) = ~[~~~~ + ~~~(k) + ~(k + ~) (10)

where M[.] is linear in X° and P(k + 1) represents another zero-mean
white-Gaussian noise sequence. The output equation (IO), in fact, corre-
sponds to a state equation

e(k+l) = e(k). (11)

Assuming that an estimate i is available at the ktb instant, M[-] can be
evaluated, and linear Kalman filtering theory can be employed to obtain
the estimate B(k+I/k+ 1) as follows:

(12)

(13)

(14)

where S and V are covariance matrices of /3 and (B — i), respectively.
The estimate of 0 so obtained can be used to evaluate the matrix A in
(6). Using the same measurementy(k+ I), the estimate X(k+ I/k+ 1)
can be computed in a similar fashion making use of (6) and (7). The
computations involved in deahg with such large-sized sparse matrices
can be drastically reduced if the various filter equations are partitioned
into component forms. Specifically, it is found that it suffices to solve the
following set of equations [2]:

'(k+ ~)[y(k+ ~)-Hi(k+ ~/k)J

(15)

(16)

G(k+I)=V(k/k)lM'[MV(k/k)M'

= P(k-i+l,k+l/k)H'[HP(k,k/k-l)H'

« = O,l

X M
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* SMOOTHED STATE (AFTER PAR~UETER IDENTIFICATION)

Fig. 2. Plot of actual and estimated states.

= E{x(Jk-i/k)x'(k-j/k)}

and

The other relevant equations are detailed in [2]. Th-us, as each
measurement becomes available, based on X, an estimate 0 is obtained
in the first stage, which is utilized in computing the next estimate of X in
the second stage. This process is continued until estimates of 0 converge.
It will be found that elements of B corresponding to matrices other than
A,, and A,, tend to zero after some time. Thus simultaneous estimation
of the lag T (= L. Ar) and the associated coefficient matrix are obtained.
Fig. 1 presents the block diagram of a two-stage estimator for a system
involving time lags.

NUMERICAL EXAMPLE

A scalar numerical example was chosen to flustrate the algorithm
developed in this note. The system simulated on a digital computer had
the structure

.l~(k-2)+0.03~(k-4) +

The noisy measurement y (k) was generated assuming the variances of w
and c to be 0.5.

In order to identify the time lags and the corresponding coefficients,
the two-stage estimation algorithms were run for the following model:

+ a5x(k-4) +

where

The coefficients were found to converge to the following values at

k = 20

(i, = O.699975 (i2 = 0.00600 (i3 = 0.124460

aA = 0.002200 a5 = 0.037770.

The state x(k) and the estimate i(k/k) and i(k/k + 4) are plotted in
Fig. 2. i(k/k + 4) represents the estimate obtained after the parameters
have been identified. The improvement in this estimate points to the
correctness of the computed parameter values. Neglecting a, and u4 as
being too small, it is found that original system has been identified
COlTectly.
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