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where ff = [z‘:w‘],rER” and S = i2$<', F=A22-SA12, G = A2,-
SAU, Ai=[An:A}2\, ~,,ERmXm. Other matrices are compatibly di-
mensioned. Again it should be noted that the dimension of the partitions
in the matrices are not the same as in (1). Equation @I) represents an
underdetermined set of (n — m) equations in n unknowns, and thus m
entries in each eigenvector corresponding to z-vector can be arbitrarily
chosen provided h does not coincide with spectrum of F [3]. Examina-
tion of 1732) reveals r eigenvalues can be assigned by feedback law

(B3)

where Ar is the diagonal matrix of r eigenvalues and the notation
rw = [tl :rz. . . t,] is used. An existing algorithm [4] can be adapted to
guarantee the nonsingularity of [cU(r)l.
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Aggregation Matrix for the Reduced-Order Continued
Fraction Expansion Model of Chen and Shieh

S. S. LAMBA AND S. VITTAL RAO

Absimcr—-A relationship between the states of a high-order system, and
its redoeed-order continued fraction expansion model of Chen and Shieh,
has been derived ’zhis relationship, in the form of an aggregation matrix,
has been used for s6udying the dynamic rrsponse of a high-order system
from a simulation of its reduced-order model. An example is induded to
illushte that considerable improvement r e s & by ntilizing the aggrega-
tion matrix concept.

IWIRODUC~ON

In the last decade or so considerable attention has been devoted to the
problem of deriving reduced-order models for complex systems. The
problem is clearly of great interest to those working in the applications
area [I], [2], [3]. Reduced-order models are invariably derived for the
following uses.

1) To achieve a simpler simulation of the process for better and
amenable understanding of its dynamics.

2) To reduce the computational effort of obtaining optimal and adap-
tive controllers by deriving suboptimal strategies based on reduced order
models. This is particularly applicable for on-line computer control
applications [4], [SI.

3) To obtain a lower dimensional "control law" for simplifying the
structure of the feedback controller [6].

For many of the applications of reduced order models stated above,
one needs a relationship between the state variables of the original
process and those of the reduced order model. Such a relationship was
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originally conceived by Aolu [7] in the form of "aggregation matrix"
concept. As an example, consider the lower dimensional simulation of a
complex higher dimensional system through a reduced-order model of
the system. If system response to certain initial conditions is to be
studied, it is not clear as to how to simulate the effect of initial
conditions on the reduced-order simulated model, except through the
aggregation matrix concept. Similar considerations show that the availa-
bility of the "aggregation matrix" of a reduced order model is useful
from the point of view of applications.

In spite of the appearance of a very large number of techniques for
obtaining reduced order models the most commonly used procedures are
based on the following principles:

a) Dominant eigenvalue concept [8] and its variations [9], [IO];
b) Continued fraction expansion technique [111 and its variations [121,

[13].
A derivation for obtaining the aggregation matrix for the dominant
eigenvalue model has already been presented [4]. This technical note
presents a derivation for obtaining the aggregation matrix for a reduced
order model obtained via continued fraction expansion (CFE) technique
of Chen and Shieh [I11.

EVALUATION OF AGGREGATION MATRIX FOR CFE MODEL

Consider a system represented by

x = AX+Bu (1)

y=DX (2)

where x is an n-vector, u is scalar input, y is scalar output, and the
matrices A, B, and D are of appropriate dimensions. Without any loss of
generality it can be assumed that the system representation in (1) and (2)
is in phase variable form, Le., let

a2n].

The corresponding transfer function is given by:

X + a,,s+-..+u2=sn

U(s)
(3)

Chen and Shieh [I41 have shown that a transformation matrix P exists
which transforms the phase variable form of (1) and (2) to a realization
corresponding to the system's continued fraction expansion form, which
is assumed to be

(4)

(5)= Dpu

and

PX. (6)

The matrix P can be extracted from the modified Routh table as shown
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Modified Rdh Table C=TP. (19)

a2l

a31

y
azn-1.I

1

a I 2

O-22

a32

a42

1

0

a 1 3 • • •

"23 • • •

%} • • •

"in

a2n

1

0

1
0

(7)

The first and second rows of (7) are written by copying the coefficients
of denominator and numerator of (3) respectively. The subsequent rows
are developed by using the Routh algorithm [14].

From (7) the transformation matrix P is extracted as

(8)p=

"31

0

•

0
0

From (I) and (6)

t

Comparison of (4) and (9)

H

a32 fl33
a51 a52

0 <)••• a2n_ul

0 0 0

b = PAP-~U+PBU.

yields

' = PAP-’, L = PB.

1
1

1
1

(9)

(10)

The equivalent of CFE simplification in the time domain representation
of (1) and (2) is achieved by considering the first r state variables of (4)
and discarding the remaing ones. Let the r-dimensional state vector of
the simplified model be represented by z. Then

z = To

where

T=[I,:01; I, is rXr identity matrix.

From (4) and (11)

i=THO+TLU.

Let the reduced order model be represented by:

(11)

Comparing (12) and (13) we get

FT=TH, G=TL=TPB.

From (6) and (11)

z=TPx = Cx

where C is the aggregation matrix. Equating y=ym yields:

D = D,C.

The following example illustrates the use of aggregation matrix in system
simulation and dynamic response studies via reduced order models.

N~~ER~CAL EXAMPLE

Consider a third-order linear time invariant system represented in its
phase canonical form as

0

(20)

(12)

(13)

(14)

(15)

(16)

(17)

Utilizing the concept of matrix pseudo-inverse one obtains from (15) and
(17)

(18)

Equation (18) yields the matrices for the reduced order model. The
aggregation matrix "C" becomes available as part of the model reduc-
tion procedure and is simply

* 2

x3

=

0

0

-0.5

1

0

-5.6

0

1

-6.1

y=[l 0 0]
* ,

A reduced order state variable model of the system (20) derived by the
CFE technique of the last section is given by

i l l F 0.089 -0.105 ] + [
]=- [0.089 0.974 z2 [l

0.18 -0.21 .21

The aggregation matrix relating the states of (20) and (21) is obtained
from (19) as

C=77>= 0 Q 5.6 6.1

Consider the problem of studying the transient output response of
system (20), under autonomous mode, for x(o) = ( 1 0.5 0)' from its
reduced-order model simulation based on (21). Two approaches can be
used for determining the equivalent set of initial conditions for the
vector z(o).

Approach 1: This approach is based on the assumption that y(t) =
y,,,(t) and is very commonly used in the application of reduced-order
models. For system (20)

0.5.

For system (21)

Since we assumedy,(t)=y(t) we can take

Solving (22) we obtain z l(o) = (8.09 2.17)'. This represents the ini-
tial condition vector for the reduced-order model corresponding to the
initial condition vector

x(o) = ( l 0.5 0)'.

Approach 2: This approach utilizes the aggregation matrix concept.
Since z = Cx

z2(o)=cx(o) 2.592)'.

Transient responses of simulated system (20) with x(o) as the initial
conditions and those of system (21) with zl(o) and z2(o) as the initial
conditions are plotted in Fig. 1. Similar responses for
x(o) = ( 1 0.5 1)' and the corresponding responses from the reduced
order model are plotted in Fig. 2.
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Fig. 1. Initial condition response from system and reduced order model
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Fig. 2. Initial condition response from system and reduced order model

The simulated responses of Figs. 1 and 2 clearly indicate that excellent
results are obtained when initial conditions for the model are obtained
through the aggregation matrix concept. The intuitive Approach 1 gives
responses which are grossly in error.

CONCLUSIONS

This paper gives more insight into the CFE model reduction technique
of Chen and Shieh by showing that one can evaluate the aggregation
matrix relating the states of the model with those of the system. Such
relationships help in an intelligent utilization of the reduced order
models for simulation and suboptimal control of large systems.

It is particularly felt that the aggregation matrix relationship can be
exploited to considerable advantage in studying the dynamic stability of
large interconnected systems by studying interconnections of reduced-
order models of its various partitioned subsystems.
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A Note on the RouthHurwik Criterion

VIMAL SINGH

Abstmcl— An example belonging to the category where the f i i entry m
a certain row of the Rauth array vanishes is presented. The well-known
e-method ceases to be applicable in this example.

The simplest way to determine whether a given linear system is stable
or unstable is to use the Routl-Hurwitz criterion. In certain cases,
however, the first entry in a certain row of the Routh array may become
zero. One method to resolve this difficulty is to replace this resulting zero
by an arbitrarily small number e. The Routh array is thus completed and
the correct information on stability obtained irrespective of the sign of e.
In cases involving roots on imaginary axis or roots symmetrically placed
with reference to the imaginary axis in the left-half and the right-half
planes, these roots are eliminated and the above method is applied to the
remaining polynomial, thus obtaining the correct root distribution
[11-[61.

However, the cases where some of the system parameters may be
assumed to be of the order of e have apparently been overlooked in the
literature. Here we discuss one such case where the above method fails.

Consider

s4 — (1)

where e' = /el, that is, e' is positive and has a magnitude equal to that of E.
For (I), the Routh array becomes
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I 2
- 1 - 2

(2)

Let us consider two cases separately.
Case A: This case corresponds to replacing the first entry in the s2

row in (2) by a positive e, i.e., e = e'. This gives
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