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Calculation of Cutoff Frequencies in Optical Fibers
for Arbitrary Profiles Using the Matrix Method

ENAKSHI K. SHARMA, I. C. GOYAL, AND AJOY K. GHATAK

Abstract—We here propose a simple numerical procedure to calculate
the cutoff frequencies in optical fibers with any arbitrary refractive
index profile including discrete numerical data from profile measure-
ment. The cutoff problem is transformed into a matrix eigenvalue
problem and the cutoff frequencies can be obtained by determining
the eigenvalues of a matrix with elements given by simple expressions.

INTRODUCTION

THE CUTOFF frequency for single-mode operation is an
important parameter since it defines an upper limit on the

diameter of the fiber for single-mode operation. In general,
except for a few refractive index profiles (like the step and the
parabolic profile), (analytical conditions defining the cutoff
frequencies cannot be obtained and one has to use approxi-
mate techniques or direct numerical methods [11. The ap-
proximate techniques are,, however, restricted in their appli-
cability; for example, the variation technique gives an accuracy
of two percent only 121 while the perturbation methods give
accurate results only for profiles which deviate slightly from
the unperturbed profiles for which analytical solutions can be
obtained [3]- [5]. Recently, approximate formulas for calcu-
lating the cutoff frequency of the TE,, mode have been re-
ported by Kokubun et al. [6]; these have been shown to give
good accuracy, but involve successive approximations which
require the evaluation of double and triple integrals at 'each
stage. The numerical methods reported for directly solving the
wave equation either involve extensive computations [7], [8]
or are limited to specific functional forms of the profiles, e.g.,
the power series method [9] is limited to profiles which can
be expressed as a finite power series.

In this paper we propose a simple numerical method for
evaluation of the cutoff frequencies of modes in an optical
fiber; the method is applicable to any arbitrary index profile
including numerical data from index profile measurements.
The cutoff problem is transformed into a matrix eigenvalue
problem and the cutoff frequencies are evaluated as the eigen-
values of a matrix with elements given by simple expressions.
The method has been primarily developed and tested for ob-
taining the single-mode limit, i.e., the cutoff frequency of the
TEol mode. However, it is in general applicable to any mode,
but can be used efficiently only for a few low-order modes;
for higher order modes one has to work with large matrices to
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attain the required accuracies. Further, as an example the
method has been used to determine the effect of an axial
Gaussian refractive index dip on the single-mode limit of both
step index and graded index optical fibers.

THEORY

The refractive index profile of a graded index optical fiber,
in general, can be written in the form

= n: (1)

where R=r/a,a being the radius of the fiber, n, is the maxi-
mum refractive index in the core, and n2 is the cladding refrac-
tive index;f(1) = 1 and 6 defines the index discontinuity at
the core cladding interface (6 = 1 for a continuous profile).
The scalar wave equation describing the field pattern in the
core (R < 1) is given by

dR2 R R2

where u and u are the usual dimensionless parameters defined
as

u=a(k$nf- (3)

] is the propagation constant, ko is the free space wavenumber,
and the @-dependence of the field is of the form exp (kik)), I =
0, 1, 2 • . -. We will restrict our analysis to the TE modes'
(I= 1) since we are mainly interested in the TEol mode. For
the TE modes, the field in the cladding is described in terms of
the modified Bessel functions as

# - kl (wR) (4)

where w2 = u2 - u2. The boundary conditions are given by

= 0

and

de
Rml

Kt(w)

(54

(5b)

At the cutoff value of u, p2 + k i n ; or u -+ u and w+ 0; (3)
then reduces to (we have put I=1)

'The method can be easily extended to other modes also.
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and the boundary conditions reduce to2

and

g)R

(6)

(7a)

( 7 b )

Pu = 0

Rml

The above differential equation and boundary conditions can
be converted into the following integral equation [lo] (see
Appendix):

Rr
J

id4 /-JV (12)

+ RI" (81

where y(R) = d2$/d,R2. Next, we replace the integrals in the
above equation by a sum at discrete points chosen so as to
divide the total domain (0 to 1) into N intervals. We have
made use of the trapezoidal rule to evaluate the integrals3 , Le., Q^ \ _
the integrand is approximated to a linear function in the inter-
val'0 to l/N. Doing so, we obtain N equations of the type

and [y] is a column matrix with elements yi. Hence, u," can
be evaluated by evaluation of the eigenvalues of the matrix
[P-IQ], the largest eigenvalue corresponding to the
mode; the other values correspond to higher TE modes.

It may be mentioned that the following integral equation

with

O<t<s<l (13)

1

+ | ( 9 )

, , £ , 2 / AT 4iV J W

where Ri = i/N, yi = y(RJ a n d i varies from 1 to N. The above
equations can be put in the matrix form as

or

1
(10)

where
by

and [Q] are NX N matrices with elements defined

2For I > 1, the boundary condition at R = 1 becomes

3Using the trapezoidal rule, one can write

obtained in [6] can also be transformed. into a matrix equa-
tion by replacing the integrd by a sum at discrete points.
However, numerical calculations show that the convergence
with respect to N is slower; this is expected since the integral
(which we approximate by a linear function in any interval)
contains $ instead of $".

RESULTS AND DISCUSSION

To show the accuracy and convergence of the method, we
carried out calculations for refractive index profiles for which
the exact results are available. Various standard procedures
are available for determining the matrix eigenvalues [ l l ] .
However, since we ,were mainly interested in the TE,, mode
and few low-order TE modes only, we used the power method
for determining the eigenvalue largest in magnitude, and the
"Wielandt's deflation" procedure to deflate the matrix for the
second and third eigenvalue [ l l ] . The results are shown in
Table I. As can be seen, sufficient accuracy is attained for the
first three modes in the parabolic index core profile for N 7 30;
the convergence is slower for the step profile. The cutoff
value of the TEol mode, however, converges to the required
accuricy for even smaller values of N. The calculations were
carried out on an ICL 2960 system; the time taken for the
calculation of the first three eigenvalues even for the N = 30
case is less than 10 s.

Further, to illustrate the applicability of the method to any
functional form of the profile we carried out calculations to
show the effect of the central Gaussian refractive index dip on
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1,m

1,1
1,2
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1, 1
1,2
1,3

1,1

1,1

1,1

1,1
1,1

1,1

TABLE 1
PROFILE FUNCT~ON :f(R)

Exact4

2.405
5.520
8.654

3.518
7.451

11.42

4.381

3.1B1

3.000

2.886

2.649

2.327

JV = 5

2.411
5.431
8.200

3.516
7.170
9.762

4.366

3.188

3.015

2.910

2.710

2.645

= R<"

uc from the matrix

W=10

2.407
5.544
9.041

3.518
7.412

11.28

4.378

3.183

3.004

2.893

2.665

2.561

JV= 15

2.405
5.527
8.844

3.518
7.438

11.39

4.380

3.182

3.002

2.893

2.656

2.561

eigenvalue equation

iV = 20

2.405
5.528
8.808

3.518
7.445

11.41

4.381

3.181

3.001

2.885

2.6S3

2.536

.AT = 2 5

2.405
5.524
8.748

3.518
7.448

11.42

4.381

3.181

3.000

2.887

2.651

2.561

JV = 40

2.405
5.521
8.690

3.518
7.450

11.42

4.381

3.181

3.000

2.886

2.650

2.529

4The exact results for the step profile (a = -) correspond to thezeros of the Bessel func-
tion of zeroth order [ JoMl ' for the parabolic profile (a = 2) the results are taken from
[141. For all other values of a the results are taken from [5] which are based on the method
in 191.

1.0

Fig. 1. The continuous curve shows the refractive index profile of a
parabolic graded index fiber in the presence of a Gaussian axial index
dip given by (14). The dashed curve shows the profile in the absence
of the dip.

the single-mode limit of a step index and a parabolic index
fiber. Earlier, such studies were reported on step index fiber
only and most considered the central dip to be expressed by
an inverse a-power law function [12J; recently, a Lorentzian
dip on a step index fiber has also been considered [6] . It may
be mentioned that the refractive index dip profile in practical
fibers can be well represented by a Gaussian function [13]. In
the presence of the dip the index profile of the fiber can be
written as (the profile is shown in Fig. 1)

n \J\) ~Tl(\\t\.) ~ \fli ~ tl2r)P\& ~ e ) ii *-*. 1

= i1; R>1 (14)

where n$(R) is the profile in the absence of the dip and is
given by

= «i - (nf - ni)R2 for the parabolic fiber

for the step fiber (15)

and p and d are parameters defining the dip depth and dip
width, respectively. The dashed and continuous curves in Fig.
2 show the change in the single-mode limit of the radius ad in
the presence of the dip as compared to the limiting radius a,,
in the absence of the dip for the step fiber and parabolic index
fiber, respectively, for various values of p and d. The effect is
significant only for large dip widths; this is expected since the
field of the TE,, mode falls to zero around the axis. Further,
the effect is much more significant in the graded index fiber
than in the step index fiber.

SUMMARY

In summary, we have developed a simple matrix method for
calculating the cutoff frequencies of modes in an optical fiber
with an arbitrary refractive index profile. The method is also
applicable to discrete numerical data obtained from index pro-
file measurements.

APPENDIX

To convert (6) into an integral equation we follow the pro-
cedure in [IO], i.e., we define

Hence,

= «J

(A.I)

(A.2)

(A3)

where C, and C2 are constants determined by the boundary

or
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I.;

— Step

Fig. 2. The variation of the limiting radius for singlemode operation,
ad, in the presence of the axial Gaussian refractive index dip;ao is the
limiting radius in the absence of the dip. The dashed and continuous
curves correspond to the step and parabolic index fibers, respectively.

conditions (7a) and (7b). Equation (7a) implies C2 =0 and
substituting $' and $ from (A.2) and (A.3) into (7b) we get

- c,f * t ) <$ + ̂  = - f
Jo Jo

or

y-^F __

Thus,

* - i>i)

(A.5)

(A.6)

= (f - ) /
Equation (6) can be written as

(-4.8)

From (A.2) and (A.3) (with C2 = 0) we can write

Substituting
equation

(A.9) and (A.7) into (A.8) we get the integral

+ R
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Three-Waveguide Couplers for Improved Sampling
and Filtering

HERMANN A. HAUS, FELLOW, IEEE, AND CLIFTON G. FONSTAD,JR., MEMBER, IEEE

Ai~stmct—Coupling between two uncoupled waveguides in proximity
can be affected by introducing a third waveguide between them. One
advantage of this scheme is that it can eliminate the need for bends.
Another advantage is the resulting improvement in the shape of the
transfer characteristic. Improved sampling and tunable filter operation
of this new structure are also shown. An analysis of a uniform filter
structure is presented. The "sidelobe" analysis of Alfemess is adapted
to the present case and tapers are investigated for further sidelobe
suppression.

I. INTRODUCTION

IN the design of planar guided wave optical systems incor-
porating conventional waveguide couplers [I]-[6] it is

desirable to have relatively loosely confining waveguides in
order to increase the width of single-mode guides, thereby
simplifying their fabrication, and more importantly, in order
to reduce the coupling length between coupled guides, thereby
reducing system size. The waveguides in systems that use
conventional two-guide couplers need to have bends. The
bends impose the conflicting requirement for waveguides with
relatively tight wave confinement so that bend radii can be
small, and so that waveguides can be brought into proximity
and separated over short distances, again in order to minimize
system size. This conflict can be resolved by coupling the two
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waveguides by introducing a third waveguide between them.
This three-guide coupler eliminates the need for bends in many
systems, is compatible with loosely confining waveguides and
short coupling lengths, and has a transfer characteristic that is
in many respects superior to that of a two-guide coupler.

Coupled three-waveguide systems have been analyzed by
Iwasaki et al. [7] and discussed further by Gauthier and
Nurmikko [8]. The analysis is rather complicated and no gen-
eral conclusions have been drawn by the mentioned authors.
They also did not point out the improved transfer character-
istics that can be achieved with properly designed three-
waveguide couplers. In this paper, we analyze the three-
waveguide coupler under certain symmetry conditions that
greatly simplify the analysis and also lead to very desirable
performance characteristics. We study a design for a sampler
and show sampling characteristics that are improved versions
of the two-waveguide coupler.

Alferness and Schmidt [9] have proposed and tested a de-
sign of a tunable two-waveguide optical filter. The design
utilizes two unequal waveguides with dispersion curves (of
the uncoupled waveguides) that cross at a frequency 0 0 .
The frequency wo can be controlled by an applied voltage.
At A, , , maximum power is transferred from one waveguide
to the other; the power transfer versus frequency dependence
determines the filter characteristic. Coupled waveguides with
distance-in dependent coupling over a fixed length 1have filter
characteristics with "sidelobes." The sidelobes can be partially
suppressed by tapering the coupling (i.e,, the distance between
the two waveguides).


