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depends on the shape of Vo. A computer (and often the problem
solver) is incapable of discovering an integral's principal value.
Since A , , diverges as Vo + 0, and C,, is constant. B,, must
balance the singularity. To meet the second requirement stated at
the end of Section 11, it must be that

lim B,,+O.
vQ~*o

(26)

This is contrary to a statement in [3]. In [3], some comparisons
between analytical and numerical results are given. Unfortun-
ately, they seem to have chosen a case for which A , , does not
grow as the excluded region shrinks. Constancy ofI,,, and agree-
ment with analysis are demonstrated, but not the behavior for a
divergent case.

Although it seems reasonable that B, n should vanish with Vo,
[3] 's appeal to a Holder condition on J is not satisfying. A de-
tailed study, analytical or numerical, for a case in which A , ,
grows as Vo shrinks should be done.

The situation for the surface current has turned out quite dif-
ferently. From Section 111, it is seen that C,,(S) depends not
only on the shape cf So, but grows as So shrinks. From the ex-
ample this appears to be necessary to balance A,&), while

limB,,(S) = (27)

Although not a proof of general validity, the example of a con-
stant current density appears to be a worst-case test for (11)-
(14). A variation in the current density can be represented by a
joint Taylor's series about the observation point. The terms be-
yond the constant would multiply the singular function by mul-
tiple zeros, improving the convergence situation. The same can be
said for the higher order terms of the series for the propagation
delay exponential.

The results given here hold great promise for development. At
the very least they should improve the accuracy and efficiency of
moment-method antenna calculations. A revision and extension
of space harmonic solutions should be undertaken. A generalized,
operator-based reformulation of Pocklington's equation may
be found. Since the unknown current density appears as a func-
tion of the source point and a function of the field point within
three different integrals in the same equation, a more com-
plex but more stable integral equation is the result.
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Performance Degradation in Fast Frequency-Scanned
Circular Arrays

RAJENDRA K. ARORA, SENIOR MEMBER, IEEE, AND M. R. PATEL

Abstract—The performance deterioration that sets is when a circular
array is scanned fast using the method of frequency scanning is con-
sidered. The high-speed effects are a loss in the main-beam amplitnde and
a change in sidelobe Level. However, in contrast with the case of a linear
array, the circular array is relatively free from variations in the beam-
width or generation of spurious frequencies. Specific examples in radar
and sonar are discussed.

I. INTRODUCTION

Compared with a uniform linear array, a uniform circular
array offers the advantage that the radiated (or received) beam
can be pointed in different azimuthal directions by simply shift-
ing the element excitations around the circle. With a linear
array, the shape of the beam becomes degraded if it is pointed
at angles larger than about 45” from the normal to the array.
However, a circular array, by virture of its symmetry, permits
the beam to be deflected over a cone of arbitrary angle, with its
axis coincident with the normal to the array, without any pattern
deterioration.

The basic theory of circular arrays is well documented [ l ] -
[4]. Thus the element excitations necessary to produce a main
beam in a specified direction can be readily determined. Once
the requisite element excitations have been generated, azimuthal
rotation is accomplished electronically with facility by applica-
tion of a sinusoidal frequency-modulated carrier to each element
of the circular array with appropriate delay [SI, [6]. In this
communication, the dynamic radiation pattern of such a cir-
cular array is studied with a view to examining the effects pro-
duced at high scanning rates. It is found that at high scanning
speeds the array pattern gets distorted with an accompanying fall
in the amplitude of the main beam and change in sidelobe level. A
comparison with a linear array in respect of high-speed perforrn-
ance shows that the performance of a circular array is: in general,
superior. Jllustrative examples from radar and sonar are briefly
considered.

11. THE CIRCULAR ARRAY DYNAMC PATTERN

Consider a circular array of N isotropic elements disposed
along a circle of radius a at uniform intervals as shown in Fig. 1.
The position vector of the nth element is given by

r , = a x a c o s vn + ay° s i n v,, (1)

where v, = 2mlN and a, and a,, are, respectively, unit vectors
in the x and y directions.

When the array is excited in such a way as to form a main
beam in the direction Bo, r$o, the individual element excitations
are given by [ 1 ]

a,=A exp(--6n) (2)
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Radiating element

Fig. 1. A circular array.

where A is an amplitude coefficient and

6,= koa sin Bo cos (Qo - v,). (3)

Here ko = 2a/ho, X. being the free-space wavelength, and a time
factor exp (jut) is implicit in (2). The array factor then becomes

N
f(6. (f>) = V y 4 e - #

n = l

A radiation pattern like this may be electronically rotated
continuously through 360” in Q while keeping 8, fured by the
application of a sinusoidally varying 6 , :

= k oa sinBo cosn(0 - vn). (5)

Continuous scanning may be accomplished by using a sinusoidal
FM and a tapped delay line (Fig. 2).

Let the signal at the array input be represented in complex
notation by

(6)g(t) = exp — koa s i n 0 , cos w ,t)]

where wo is the angular frequency of the carrier. The total delay
produced in the delay line is determined by the modulating signal
period, 2 a / u s . Therefore, the feed delay to the nth element is
given by

2tm
4= — - (7)

In general, the delays introduced in the carrier and modulat-
ing components are different because the two travel with dif-
ferent velocities in a dispersive line. The modulation component
is responsible for scanning; hence the tap delays are selected
as given by (7). The carrier delay is then given by

2m vg

Wj/V vp

where vg and up denote, respectively, the group and phase veloc-
ities in the line—the carrier propagates with the phase velocity
and the modulation with the group velocity. Therefore, the
signal at the nth element is

p. ff\ _ ei[cJo(t-t'nc)-k0asine0cosios(t-t'n)] Q\

Then analogously to the case of a linear array [7], [8], the
field at a remote point (Ro, 8, @), apart from a constant multi-
plier, is given by

E(R~,8,At)

N

Fig. 2. A frequency-scanned circular array.

effect," given by

t, = (u/c) sin 0 cos (@ — vn) (11)

where t* = t — R/c is the retarded time, and c is the velocity of
electromagnetic waves in free space, c = w/ko.

Assume that at t = 0 the array is intended to form a beam in
the direction (00 , O) at slow scanning speeds. This requires that

<x>0t'nc=2imp (12)

where p is an integer. Therefore from (12) and (8),

w0 = Npwsvplvg. (13)

On substituting the values of t; and t, from (7) and (11) in
(10) and using (12), we obtain

N

= exp (/co0**) 2 exp \jkoa sin 6 cos ((•> — vn) — koa sin 80
«=i LI

X cos w, f* +
a sin© cos(0 — vn)

• (14)

111. DYNAMIC PATTERN AT SLOW SCANNING RATES

The array input signal given in (6) is designed to rotate the
antenna beam in azimuth on a conical surface defined by 8 =Bo.
It is apparent from (6) that the cone angle may be changed sim-
ply by changing the modulation index of the signal. At slow
seaming speeds which conform to the criterion I w,a sin 0 cos (4 —
v,)/cI< 1,(14) reduces to

E(R0,e,<t>,f) = exp e x P

where

b = [(sin e cos @ — sin e o cos ~ , t * ) ~

+ (sin 6 sin 0 - sin 0O sin w / * ) 2 ] 1 / 2

and

sin B sin 0 — sin Bo sin w,P
(3 = tan * •

sin 0 cos Q — sin Bo cos w,t*

cos (|3 - vn)] (15)

(16)

(17)

On expressing the exponential term in the summation in (15)
in an infinite series of Bessel functions [9] and simplifying, we
obtain [l]

E(R0.8,<i>,t)

where t, denotes the time shift on account of the "aperture
Jo(koab) + 2 ^iNpJNp(kQab) cos(Npfi
L p=i

(18)
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where JAip is the Bessel function of the first kind of order Np.
The expression in (18) represents an array pattern rotating uni-
formly in Q with a rate of rotation equal to w, rad/s. The infinite
series is fast converging and, in practice, only a few terms need
be computed.

IV. EFFECTS OF HIGH-SPEED SCANNING

At high scanning speeds, the phase term (a/c) sin 8 cos (9 —
u,) in (14) is no longer negligible. It follows from (14) that,
at a given scanning speed, a higher pattern distortion occurs for
a larger value of Bo. Thus the permissible scan rate is the lowest
in the plane of the array, Bo = a/2. The array factor in (14)
can be evaluated using a digital computer. However, some use-
ful information may be gleaned analytically.

For simplicity, we consider the main beam which is obtained
by setting 0 = eo and 4 = w,t* in (14). Then,

sin 0 cos (9 — un) — sin Bo COS [wst* — u, + -kup sin e

• cos ($J - u,)/cl

sin2 e0/2c) sin 2(w,t* — u,) (19)

under the assumption that w,a sin 8 cos ($ — un)/c is suffici-
ently small that its cosine may be replaced by unity and its sine
by itself. Substituting in (14), we obtain

E(R~,e,@.t)
N

N

(JO(X)

,t* -u,)

sin a, + ~~(x) sin 3an + ...I

+ 2[J,(x) cos 2an + J4(x) cos 4a, + -1 1 (20)

where x = koo,a2 sin2 Bo/2c and a, = 2(0,t* — v,). When
summed over all the elements of a circular array, all other terms
except the first vanish, and we have

E(R~.e, 4, r>=~~~(k~og~ sin~ 0~ /2c)e i ~o~*. (21)

Equation (21) shows that, within the approximation made, the
amplitude of the main beam falls with increasing scan rate. This
effect is quite analogous to that observed in the case of a linear
array [7]~ [ l o ] . However, it is interesting to note that, at
least within the aforementioned approximation, there is no
frequency spread of the kind observed in a linear array [8].

A physical explanation of the effects discussed above analyt-
ically is provided by considering the analogy with a mechanically
rotating circular array. The instantaneous frequency o,(t)
emitted by the nth element of the frequency-scanned array is
obtained by differentiating the instantaneous phase w0t
koa sin 6, cos (o,f — u,) with respect to time:

wn(t) = wo [ 1 + wg sin Bo sin ( a y - U,~)/C]. (22)

This is just the Doppler-shifted instantaneous frequency of the
signal which would be emitted in the direction (eo, wsf) by the
nth element if a circular array with elements excited at a fixed
frequency OO were set in physical rotation at an angular speed
of w, rads/s. If the elements of the mechanically rotating array
were fed in the cophasal manner so as to form a beam in the
direction (eo, 0) at time t = 0, the two array patterns would
be identical.

The criterion Iw,a sin 8 cos (4 — U,)/CI < I for slow scan-

ning speeds implies that the phase errors arising from the "Dop-
pler" frequency shift are negligible so the radiation pattern of
the electronically scanned array is identical with that of the
unscanned array, except for the fact that the former is swept
in azimuth. At high scanning speeds, the "Doppler" frequency
shift can no longer be neglected. This frequency shift results
in a phase incoherence among the signals emitted by the dif-
ferent elements of the array, thus causing a fall in amplitude of
the main beam. However, on account of a cancellation effect
of positive and negative frequency shifts, associated with dif-
ferent elements of the array for any beam pointing direction:

the frequency spread which occurs in the case of a linear array
(except in the broadside direction) is absent in the case of a cir-
cular array.

V. CALCULATIONS AKD EXAMPLES

The foregoing results are of course valid for both radar and
sonar arrays. As an example in radar, consider an array of radius
5 ho having 32 isotropic elements, scanning in its own plane
(e = 7i/2). On account of the circular symmetry, the effects
observed at fast scanning speeds do not have a significant varia-
tion with the azimuthal angle. However, there is a small ripple of
variations in azimuth because of the discrete nature of the array.
The array pattern is not a strong function of the number of ele-
ments M as is apparent from (18): where the Jo(koab) term is
the principal term and the terms in the summation are the resid-
uals. Thus it will suffice to evaluate the radiation pattern for a
specified beam-pointing direction—say at the instant t* = 0—in
the plane of the array, 0 = n/2. For this case, from (16), b =
2 sin 9/2. The partial radiation pattern is shown in Fig. 3 as a
function of 2k0a sin 9/2 with os /w o as a parameter. The array
gain drops rather rapidly after w,/wo exceeds about 0.001.
The first sidelobe is seen to decrease with increase in w,/wo, but
the second sidelobe is negligibly affected and soon becomes the
highest sidelobe of the pattern. It is worth noting that the 3 dB
bandwidth remains virtually constant. The deterioration in peak
amplitude relative to its value at slow scanning rates is plotted
against the product (a/ho)(w,/oo) sin Bo in Fig. 4. In Fig. 5
is shown the sidelobe variation, and Fig. 6 depicts the change
in array pattern half-power beamwidth, Bh.

A circular array of radius equal to 5 ho and operating at a
carrier frequency of 200 illHz will allow a scan rate of 270
kHz (1.70 X IO6 rad/s if the loss of peak amplitude in the array
pattern is limited to 1 dB. The loss will be 2.25 dB if the array
is scanned at 400 kHz (2.51 X IO6 rad/s). For comparison? a
linear array with an aperture of extent 10 h, will scan at a max-
imum rate of IO6 radis for the same permissible beam distortion.

Next. considcr an example in sonar. Let the array again have
a radius equal to 5 ho and let the carrier frequency be 50 kHz.
which corresponds to a sea-Ivater wavelength of 3 cm. For a I
dB fall in main beam amplitude. the permissible scan rate limit
using the technique discussed about is 68 Hz.

VI. CONCLUSION

Attention has been focused in this communication on the
effects of high-speed scanning in frequency-scanned circular
arrays. At high scanning rates, the performance deteriorates in
that both a loss of main beam amplitude and an increase in side-
lobe level occur. In this respect. the circular array is similar in
performance to a linear array. although the deterioration ob-
served in the case of a circular array is less than that observed
in the case of a linear arra)’ having a length equal to the diameter
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Fig. 4. Loss of peak amplitude with scanning rate.
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Fig. 5. Variation of sidelobe level with scanning rate.
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of the circular array. However, unlike the linear array, the circu-
lar array does not exhibit any significant change in the 3 dB
bandwidth, nor does it show a frequency spread associated with
a fast scanning linear array. Examples from both radar and sonar
have been considered.
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Fig. 6. Array beamwidth versus scanning rate.

Tracking Antenna Arrays for Near-Millimeter Waves

PETER P. TONG, DEAN P. NEIKIRK, DEMETRI PSALTIS, MEMBER,
IEEE, DAVID B. RUTLEDGE, MEMBER, IEEE, KELVIN WAGNER,

AND PETER E. YOUNG

Absmacr—A two-dimensional monolithic array has been developed that
gives the elevation and azimuth of point source targets. The array is an
arrangement of rows and columns of antennas and bismuth bolometer
detectors on a fused quartz substrate. Energy is focused onto the array
through a lens placed on the back side of the substrate. At 1.38 mm with a
50 mm diameter objective lens, the array has demonstrated a positioning
accuracy of 26 arcmin. In a differential mode this precision improves to 9
arcsec, limited by the mechanics of the rotating stage. This tracking could
be automated to a fast two-step procedure where a source is fust located
to the nearest row and column, and then precisely located by scanning.
With signal processing the array should be able to track multiple sources.

FAR-INFRARED AND MILLIMETER-WAVE IMAGING
Recently, imaging antenna arrays have been developed that

make one-dimensional line images at far-infrared and millimeter
wavelengths [1] - [3] . The idea is that an image is focused on a
line array of antennas with individual detectors. The power re-
ceived by each antenna is plotted to form a one-dimensional
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