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Fig. 3. Generated signal y(n).

IV. EXAMPLE

The synthetic generated signal y(n) shown in Fig. 3 has the

following data:

.Y = 1500

HAz) = l

To = 1
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Q(1500) =

Using the fixed values

for 501 < n < 1000

otherwise Conditions for Third-Order Stationarity and Ergodicity
of a Harmonic Random Process
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and the initial guess

ai = 0

(TO = 2

it took six iterations to find

o, =0.0100 ± 0.0004

a0 = 0.9918 ± 0.0514

for 501 < n < 1000. The values after ± are the estimated standard

deviations. The spectral-difference approach [3], [4] resulted in

QI = 0.0089 ± 0.0006

using the two nonoverlapping segments 501 < n < 750 and

751 < n < 1000.

V. CONCLUSION

The information utilized by the maximum likelihood attenuation

estimator is essentially the same information utilized by a short-

time Fourier-transform-based method like the spectral-difference ap-

proach. However, because the received signal is nonstationary, even

in the case of constant attenuation, the spectral-difference approach

has to use overlapping and small segments if the spectral-difference

approach is to perform as well as the maximum likelihood approach.

Abstract—The finite data estimates of the complex third-order moments
of a signal consisting of random harmonics are analysed. Conditions for
the third-order stationarity and ergodicity are obtained. Explicit formulas
for the estimation error and its variance, as well as their limiting large
sample values are derived. A special case relevant to quadratic phase
coupling is considered, and these results are stated for this case. The
variance is shown to comprise an ergodic and a nonergodic part.

I. INTRODUCTION

The bispectrum has been shown to be a very useful tool in

signal processing in the recent past, especially in nongaussian signal

processing, gaussian noise cancellation, detecting phase relations

among the harmonic components of a signal and in the study and

identification of nonlinear and nonminimum phase systems [ l ] - [4] .

One of the issues that arises in the practical implementation of

any algorithm that uses the bispectrum or alternately the third-order

moments is whether their estimates based on a finite observation

interval of the signal are consistent or not. Brillinger or Rosenblatt

[5], [6] have obtained fairly general results on the asymptotic statistics

of the fcth-order spectral estimates. However, a formal treatment of

the exact statistics of the bispectral estimates of a harmonic random
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process has not been dealt with by them. Chandran and Elgar1 [7]
have recently derived expressions for the mean and variance of the
bispectral estimates of a harmonic random process and have also
analysed leakage effects. They derive expressions for the variance
of the bispectrum estimates which are obtained directly from the
windowed FFT of the data. The bispectral estimates which they
have considered come under the direct class [2]. A different class
of bispectrum estimators is the so called indirect class [2], where
estimates of the third-order moment sequence are computed first
and then a bivariate FFT of this moment sequence is performed
after appropriate windowing. To obtain the statistics of the indirect
class bispectral estimates, it thus suffices to obtain the statistics of
the third-order moment sequence. This correspondence presents an
analysis of the mean and variance of the estimates of the third-order
moment sequence of a harmonic signal. Raghuveer and Nikias [1],
have shown that a process consisting of three harmonically related
sinusoids with random independent phases, uniformly distributed in
[—TT.TT) is not third-order ergodic. This result has been extended
here to give necessary and sufficient conditions for the third-order
ergodicity of a general harmonic signal. In addition, a result giving
the contribution to the estimation error due to nonergodicity has also
been obtained. Finally, an application of these results to a special case
which is relevant to the situation of quadratically coupled harmonics
is also taken up.

II. PROBLEM FORMULATION AND SOLUTION

Consider the signal

Q,n) (1)

where A, = D, exp (jv,•). the amplitudes B, being random variables
with values in [0. ac) with E{B,} > 0. and the phases v, being
random variables in [—TT.TT). It is assumed that the frequencies il,
are all distinct.

The following definitions of third-order stationarity and ergodicity
shall be used in the paper:

Definition 1: A complex signal z(n) is said to be third-order
stationary if

E{z*(n)z(u + r)z(u + p ) \ = E{z* (0)z(r)z(p)} V » . r . p

i.e., if E{z*(n )z(n + T)Z{U + p)} is a function of r and p only.
Definition 2: a) A complex signal z(n) that is third-order station-

ary is said to be third-order ergodic (w.p.l) if

lim (l/ .V z*{n)z(n + p)

= E{z*(n)z(n + r)z(n + p)} ( w . p . l ) V ; i . r . p .

b) A complex signal z{n) that is third-order stationary is said to be
third-order ergodic in the mean square sense

lim Var{(l/_Y)

= lim
.V — oc

p ) \

z*(it)z(n + r)z(ti + p)

z * ( n ) z ( n + T)Z:

. Y - l

n = 0

- E{z*{n)z(n + T)Z(II + p)}\2 - 0 V H . r . p .

With these definitions, we shall begin the discussion of the problem.

'The results obtained here were obtained independently of |7], which had
not appeared at the time of our original submission.

Define the sets 5] and S2 consisting of ordered triples as follows:

Si = {(j.k.i)\l < i.j.k <pMj+i1k -Q, =0(mod27r )}(2a)

S-2 = {(j. k. i)\l< i,j. k < p. E{A*AjAk} # 0}. (2b)

Then, we have the following:

E{y*(n)y(n + T)y(n + p)}

• exp - ii, ) exp

+ llkp)}} (3)

where the defintion (2b) has been used.
From (3), it follows that a necessary and sufficient condition for

third-order stationarity of y(n) is that Qj + Qk - f2, = 0(mod27r)
whenever (j.k.i) G S2. in other words,

(4)

E{A*,AjAk} exp {j

In this case,

E{y*(n)y(n

(5)

Now, assuming that this condition is satisified, namely S2 C Si.
we shall derive necessary and sufficient conditions for the third-order
ergidicity of y(n).

We observe that

= (l/.Y)

.v-i

Yexp

Sin {N(
" NT Sin {(S2j + £Jfc - S2« )/2> J'

From (5) and (6), it follows that

. Y - l

Y y'(»)y(n + T)y(r> + p) - C,,(T,p)

(7)

where ,1jki(N) = exp {j(N - l)(Qj + Qk - Qi)/2}(Sm{N(i1j +
Qk - a ) / 2 } / N S i n { ( Q j + Qk - Qi)/2}). for (j,k%i) £ Si and
:)jk,{N) = 1 for (j.k.i) G S i . In (7), S i \ S 2 denotes the set of all
those members of Si that are not in S2.
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Since 3jki{N) -+ 0 as .V —+ oc for (j.k.i) £ S i . it follows when .V —> oc. In particular, we get

from (7) that

lim VarjC'1 -V)(r.p)}
A.\'-i

Jim \ (1/N) Y y*(n)y{n + r)y(n + p) - CV(T.P)

(},k,i)es2

Cov k. A*ArnAn}

This is precisely the variance of — (_,^:u)£s1 A*AjAk exp {j(QjT +{
1 A ) ((j.t,O€S l\.s2 SJi-p)}. which from (5) and (8) is the same as lim.v—oo C y ' v '(T. p)

(g) (w.p. 1). This result shows that third-order ergodicity with probability
1 is equivalent to third-order ergodicity in the mean square sense.

Let us now assume that (9) is satisfied, so that y(n) is third-order
Equation (8) gives an exact expression for the limiting estimation ergodic. The first two terms on the RHS of (7) are then zero and we
error. It thus follows that a necessary and sufficient condition for y(n)
to be third-order ergodic (w.p.l) is that the following hold good: ,v_i

A* Aj Ak is nonrandom (w.p.l) for all (j. k. i) £ S2 (9a)

and Si = (9b)

Equation (9a) is required for the first term in (8) to be zero, while

(9b) is required for the second term to vanish. Equation (9a) is

equivalent to saying that if the r.v .4.*.-ij.4jt is not deterministic

w.p.l, then it has zero expectation or equivalently, either the r.v

A*AjAk has zero expectation, or it is nonrandom w.p.l. In view of

(9b), it is worth noting that (9a) may be replaced by the equivalent

condition that the triple product A*AjAk is nonrandom for all

ordered triplets {j.k.i) £ S i . i.e., for ordered triplets {j.k.i) that

satisfy r2 j+J2 f c -Qi = 0(mod2?r). Now, let </,(»). / = I . - - - . A" be

A" independent realizations of (/(?))• Define the estimate Cy
N \r.p)

of Cy(r.p) based on A" independent realizations of y(n). each

realization consisting of .V time samples are:

(10)
Then, it is clear that

and Var{C<A'-vV.p)}

(11)

Noting, that (6) may be written as Cy (r. p) =

^.i<i.j.k<PA:AJAk,ijk,(.\)exp{j{QJT + ihp)}. it follows
that

Var{C<1V)(r.p)}

• exp

the summat ion being over all indexes 1 < i.j.k.l.m.n < p.

The above summat ion may be split into 3 parts: 1) {j.k.i) £ Si

and [l.m.n) £ Si . 2 ) ( ( j . k . i) £ Si and (l.m.n) £ S , ) or

({j.k.i) £ Si and {l.m.n) £ S i ) and 3) {j.k.i) & S{ and

(/. m, n) ^ Si. Term 2) goes to zero as l/.V while term 3) as l/.V2

(12)

From (12), it follows that for .V to have a significant effect on the

reduction in the estimation error, we must choose it large enough so

that |,^i-,-(.V)| <C 1. or all {j.k.i) & S i . This will be so if

\{i1j + ilk ~ n,)mod2Tz\ > l/.V (13)

is satisfied. It may be noted that this is similar to the condition in

power spectral analysis, where .V must be chosen large enough so that

l/.V is much less than the minimum separation between uncorrelated

modes in order to achieve accurate estimation of the second-order

moments, or alternately for reducing leakage in the frequency domain.

III. A SPECIALCASE

We now introduce the following restrictions on the amplitudes

and phases of y{n). In particular, these assumptions are valid for

harmonics which have phase interactions of the quadratic phase

coupling type [1], [2].

A s s u m p t i o n 1 : F o r a n y i . j . k = 1 . • • • . } > . e i t h e r ( 4 ' j + O t - —

i ' , )mod27r = 0 w.p.l or ( r ; + i't - V,)mod27r is uniformly

distributed in [—TT.TT).

Assumption 2: W h e n e v e r the ordered triple {j.k.i) differs f rom

both the ordered triples {m.n.l) and (n.m.l) and, in addition,

( I ' j + t'A• — r , ) i n o d 2 i r and ( i ' , n + 11,, — L'I) m o d 2 7 r are nonzero r .v ' s ,

the r.v {{Vj + vk — v,) — (<.',„ 4- c, - i ' , / ) ) m o d 2 7 r is uniformly

distributed in [-n. -).

Assumption 3: The B , ' s are nonrandom.

From Assumption 1, it follows that

S-2 = {(j. k. i)\l < j . k. i < p. Vj + vk - v ,

= 0(mod27r)\v.p.l}.

Equation (8) for the limiting random error becomes

f
liui < (l/.V) -Cy(r.p)

Since (9a) trivially holds good, it can be deduced from (9b) (or
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alternately from the above expression) that y(n) is third-order ergodic
iff Si = 5-2. This is a slight generalization of the result given in
[1], Moreover, by making use of Assumption 2, a straightforward
computation shows that the variance of the estimate is given by

= 2

E {B,B'}\

|5] R. Brillinger and M. Rosenblatt, "Asymptotic theory of estimates of Ath
order spectra," in B. Harris, Ed., Spectral Analysis of Time Series. New
York: Wiley, 1967, pp. 153-188.

[6] , "Computation and interpretation of fcth order spectra," in B.
Harris, Ed., Spectral Analysis of Time Series. New York: Wiley, 1967,
pp. 189-232.

[7] V. Chandran and S. L. Elgar, "Mean and variance of estimates of
the bispectrum of a harmonic random process—An analysis including
leakage effects," IEEE Trans. Signal Processing, vol. 39, pp. 2640-2651,
Dec. 1991.

+ 2 -nk)(T-P)})(BlBJBkf

E
nt-a)/2]J
, 2 , 2 Sin2 [.V(2«, - :

(15)

from which we get the limiting variance as

- .(1. .Y)Urn Var{Cy (r.p)}

• E (
(j.j.')eSi\s2

(16)

From (15) and (16), we can infer the following. The limiting variance
given by (16) is the "nonergodic part" of the variance of the finite
sample estimate C^'"N)(r. p). This limiting variance comprises the
first two terms in (15). It does not vary with JY and vanishes iff.
Si — S-2- i.e., iff y(n) is third-order ergodic. The other two terms in
(15) vary as l/.V2 and thus do not contribute to the limiting variance.
They comprise the "ergodic part" of the variance. As mentioned
in [1], in case y(n) is not third-order ergodic, an averaging over
independent realizations (records) in addition to time averaging is
required to obtain consistent estimates of Cy{r.p). In other words,
we deal with the estimates C(

g
h' "x' (r. p). The nonergodic part of the

variance then decreases as I/A" while the ergodic part as 1/KX2.
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A Method for Time-Frequency Analysis

Ljubisa Stankovic

Abstract—A method for time-frequency signal analysis is presented. The
proposed method belongs to the general class of smoothed pseudo Wigner
distributions. It is derived from the analysis of the Wigner distribution
defined in the frequency domain. This method provides some substantial
advantages over the Wigner distribution. The well-known cross term
effects are reduced or completely removed. The oversampling of signal
is not necessary. In addition, the computation time can be significantly
shorter. The results are demonstrated on two numerical examples with
frequency modulated signals.

I. INTRODUCTION

Time-frequency analysis of signals and systems is an intensively
studied area, especially in the last decade. Many papers concerning
the theory and application of this analysis have been published.
Here, we will mention three excellent review papers [l]-[3]. The
oldest technique for time-frequency analysis is the spectrogram via
short time Fourier transform. Recently, the most popular techniques
are based on the Wigner distribution (WD) or its variation—the
generalized Wigner distribution [4]. Some of the important topics
from this literature, which will be addressed in this paper, include
the following:

1) efficient algorithms for the WD calculation or implementation
[5H8]

2) aliasing problems [9], [10]
3) suppressing cross terms [3].

The third problem was very effectively resolved by the
Choi-Williams method [11] with perservation of marginal properties,
but in a computationally very intensive way.

In this note, a computationally efficient method for approximative
time-frequency analysis, without need for oversampling, with cross
term reduction (or removal), is proposed. It is based on the WD
definition in the frequency domain and its relation to the spectrogram.

The method is illustrated by two numerical examples: one with
two linear frequency modulated signals and the other with linear and
sinusoidal frequecy modulated signals.
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