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ABSTRACT

In this paper an "Augmented Binary Tree"
architecture is proposed with a view to provide fault-
tolerance. This architecture is an augmentation of an
n-level full binary tree with n redundant nodes and
2n+3n-6 redundant links. The AB-tree can be configured
into a full binary tree even when one node is faulty
at each level. While functionally equivalent to the
RAE-tree [13], the proposed AB-tree has a regular
topology, reduced number of maximum input-output
channels per processor, and fewer number of wire
crossovers in VLSI layout.

A reconfiguration algorithm, which constructs an n-
level full binary tree from an n-level faulty AB-
tree, is given. A distributed fault diagnosis
algorithm, that runs concurrently on each nonfaulty
processor, enables each nonfaulty processor to
identify all faulty processors, is also given.

1. INTRODUCTION

With the advent of VLSI and WSI (wafer scale
integration), it is now practical to solve problems
using parallel processing systems. In parallel
processing any problem (task) can be divided into
subtasks that run concurrently on separate processors.
The result of these subtasks are aggregated so as to
obtain a solution to the main problem (task). To
ensure maximum parallelism, the problem, once
decomposed, is mapped onto an architecture whose
interconnection scheme matches the communication
pattern required by the decomposition. Various
parallel processing architectures have been proposed
in the literature [1-5].

As the number of processors in the system
increases, the probability of failures of one or more
processors becomes quite significant [14]. In the
presence of one or more faulty processors in a
processor network, the topology of available (or
nonfaulty) processor network changes. In that case, it
may not be possible to efficiently map the original
decomposition onto the network of available
processors. To handle these failures, two different
approaches are normally employed. The first approach
uses redundant processors and links to replace faulty
processors (nodes) and links [6-8]. It, thereby,
permits reconfiguration of the network to its original
form in spite of a limited number of faulty
processors.

In the second approach the network has no redundant
nodes and links. Hence, in the presence of a failure
the problem is again mapped onto a largest subnetwork
consisting of nonfaulty processors. However, the price
of not providing redundant processors is paid in terms
of the size of the network and, as a consequence,
reduced computing speed of the parallel algorithm
[18].

The present paper deals with the first approach of
fault tolerance for an architecture whose
interconnection structure is a full binary tree.
Several researchers have studied fault tolerance of

binary tree architecture [6-12, 15]. In [9], Hayes has
proposed an 'optimal' 1-fault tolerant1 binary tree.
Kwan and Toida [8] have studied design of k-fault
tolerant binary tree architectures. In [6]
Raghavendra, Avizienis and Ercegovac (RAE) have
proposed a fault tolerant binary tree architecture
which can tolerate a single failure at each level of
the binary tree. The RAE scheme uses one redundant
node and many redundant links at each level of binary
tree architecture. In this architecture each node has
atmost eight I/O ports. The structure of RAE tree
architecture is not symmetrical/uniform as the degree
of each node is not the same.

In this paper we propose a regular augmented binary
tree architecture, which can tolerate one faulty node
at each level of the tree as in RAE tree architecture.
The maximum degree of a node (number of links or I/O
channels) is six, which is two less than the maximum
degree of a node in RAE architecture. Further, the
VLSI layout of the proposed architecture is more
uniform and has lesser number of wire crossovers than
for RAE architecture.

The proposed augmented binary (AB)-tree
architecture is presented in Section 2. Section 3
gives the required conditions for obtaining an n-level
nonfaulty full binary tree from an n-level faulty AB-
tree. The centralized and distributed reconfiguration
algorithms are given in Section 4. In Section 5, the
distributed fault diagnosis procedure is presented.
Comments on a VLSI layout for the proposed AB-tree
architecture are given in Section 6.

2. THE AUGMENTED BINARY TREE ARCHITECTURE

An n-level Augmented Binary (AB)-tree is obtained
by augmenting an n level full binary tree with n
redundant (red) nodes and 2n+3n-6 redundant (red)
links. Clearly, a full binary tree is a graph BT =
G(V, E) with vertex (node) set V - (1, 2, ..., 2n-l)
and edge (link) set E = {(j, 2j), (j, 2j+l) for j = 1 ,
2, ..., 2 n - 1-l). Here, (x, y) represents an undirected
edge between nodes x and y. Vertices in V and edges in
E are said to be non_redundant nodes or links,
respectively. The AB-tree is a graph ABT = G(AV, AE)
with node set AV = V 0 (1#, 2', ..., n') and edge set
AE = E U (redundant edges) to be defined shortly.

Plfl.<r?»cnfc °f redundant: nodes and linXs

Each redundant node i' is placed at level i, 1 < i <
n. Each non_redundant node j at level i, for
2 < i < n, is connected to a node x at level i-1
through a redundant link (j, x), where

j/2 -1 if j is even and j f 2 i - 1

(i-1)' if j = 2 i - 1

(j+l)/2 +1 if j is odd and j ft 2 1-!

(i-1)' if j - 21-!.

(2.1)

Each redundant node i' at level i, for 2 5 i < n, is
connected through redundant links to three nodes yl,
y2, and y3, where

see [9] for definition.
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y2 = (2

y3 = (21
i-2,

(2-2)
l-l).

Thus, (redundant edges) = ((j, x) for each
non_redundant node j at level i, 2 < i < n ) U <(i'
yl), (i\ y2), (i\ y3), for 2 < i < n), where x and y
are given by (2.1) and (2.2), respectively. An AB-tree
of height five is illustrated in Figure 1. For
clarity, redundant node i' is shown in both sides of
the tree. Note that in Eguation 2.2 for i=2, node y2
is sane as node y3.

Definition 1: A node k is said to be son of a node j
at level i if node k is at level i+l and there exist a
link between j and k.

Each non_redundant node j at level i, for 1 < i <
n-1, has four sons, namely SONl(j), S0N2(j), S0N3(iT
and SON4(j). They are: l]l

SONl(j)

SON2(j)
SON3(j)
SON4(j)

J2J-1
1 (i+D'
2j
2j + l
2j+2
(i+D'

if j > 2 i~ 1

otherwise

if j < 2i-l
otherwise.

Note that for root node 1, SON1(1) = SON4(j) = 2'.
Sons of a non_redundant (also non_leaf) node j are
illustrated in Figure 2. Further, each redundant node
i' at level i, 1 < i < n-1, has three sons, defined as
(see Figure 3)

SONl(i') = 2 i + 1 -1,

SON2(i') - (i+l)', and

SON3(i') = 21.

Definition 2: For a given node j at level i, 1 < i <
n-1, nodes 2j and 2j+l are said to be actual sons of
node j. For a redundant node i' at level i, 1 < i < n-
1, node (i+l)' is said to be the actual son of node
i'.

Definition 3: A node k is said to be father of node j
at level i if node k is at level i-1 and there exist a
link between nodes j and k.

Each non_redundant node j at level i, 2
has two fathers, defined as

FATHERl(j)

FATHER2(j)

i < n,

(i-1)'

r [_(j+i)/2j

1 (i-D '

i f

i f

i f

i f

j t
j -

j t

j =

Each redundant node i' at level i, for 2 < i < n, has
three fathers. They are defined as

FATHERl(i') = 2i"1-l

FATHER2(i') = (i-1)'

FATHER3(i') = 2 1- 2.

Note that FATHER1(2') = FATHER2(2') = node 1. Fathers
of a non_redundant node j and a redundant node i' are
shown in Figures 2 and 3, respectively.

Definition 4: For any given non_redundant node j at
level i, node [_j/2j at level i-1 is said to be the
actual father of node j and is represented by
act_father(j) .

Since, the probability of a link failure is negligibly
small as compared to that of a node [6], we consider
node failures alone2. Thus, the relevant question is
whether it is possible to identify a substructure of
the original multiprocessor system, which logically
resembles a full binary tree. Obviously, this subtree
does not include any faulty nodes and links.

From the definition of the AB-tree, it is clear
that the subgraph BT = G(V, E) is a full binary tree.
Therefore, if faults, if any, in the AB-tree are
present outside this BT, the original algorithm will
continue to run on the BT. The more difficult
question, however, is whether an n-level full binary
tree can be identified in case the faults are randomly
distributed. Since, the number of redundant nodes at
any level in the AB-tree is one, it is clear that if
the number of faulty nodes at any level is greater
than one then an n-level full binary tree cannot be
identified. Below, we discuss the problem of
identifying a full binary tree in the presence of
atmost one faulty node at each level of the AB-tree.

The problem of constructing an n-level nonfaulty
full binary tree from an n-level faulty AB-tree is
called reconfiguration. Reconfiguration procedure for
an AB-tree, consists of assigning two sons to each of
the selected nonfaulty nodes. Before, we discuss
reconfiguration algorithms for the AB-tree, we discuss
preliminaries leading to results on conditions for
assignments of sons to all 2 1" 1 nonfaulty nodes at
level i.

Assignments of Sons

In a given AB-tree architecture with redundant nodes
and links, a full binary tree can be pbtained by
assigning two of its sons to each of the 2 1" 1 nodes at
level i, (1 < i < n-1) . The assigned left and right
sons of a node j are denoted as Left_Assigned(j) and
Right_Assigned(j), respectively. In an AB-tree each
non_redundant node (which also is a nonleaf node) may
assign any two of its four sons. Thus,
left_assigned(j) and right_assigned(j) may be SONl(j),
SON2(j), SON3(j), or SON4(j). However, of these only
the following six assignments are considered:

[ SONl(j), SON2(j) ]ASSIGNMENT]^ 2(J):

ASSIGNMENT13(j)i

ASSIGNMENT1/4(j)i

ASSIGNMENT23(j);

ASSIGNMENT2/4(j) i

ASSIGNMENT3j4(j)i

[ SONl(j),

[ SONl(j) ,

[ SON2(j) ,

[ SON2(j),

[ SON3(j),

SON3(j)

SON4(j)

SON3(j)

SON4(j)

SON4(j)

In the above, the ordered pair [SONa(j), SONb(j)] is
used to denote the assignment of the a t n son as the
left son and b t h son as the right son of node j.
Without loss of generality, we assume a < b.

Definition 5: Let j and k be two nodes at a given
level. The assignment of sons ASSIGNNMENTa<b(j) = [jl,
j2] and ASSIGNMENTC d(k) = [kl, k2 ] are said to be
valid provided jl, j2'are sons of node j, and kl, k2
are sons of node k, and jl, j2, kl, and k2 are all
distinct.

Definition 6; Two nodes x and y in level i are said to
be neighbors if an actual son of node x is also a son
of node y, or vice-versa.

Figure 4 illustrates neighborhood relationship
between all nodes in level i of an AB-tree. Here,
double dashed line (==) between a pair of nodes shows
that the nodes of the pair are neighbors.

3.OBTAINING FULL BINARY TREE FROM AB-TREE

There exist many algorithms which assume the
availability of a full binary tree, all nodes and
links of which are nonfaulty [18-20]. However, in a
multiprocessor system the probability of failure of
one or more nodes/links may be significant, because of
the large number of nodes/links in the system [14].

In any case, a link failure can be viewed as a
failure of one of the two nodes associated with the
link.

525



I consider an AB-tree architecture of height n.

Let j and j+1 be two neighboring non_redundant nodes

at level i, where 1 < i < n-1 and 21"1 < j < 21-!.

Then, the son assignments ASSIGNMENT^ k( j) and

ASSIGNMENTp^fj+l) , where h < k and p < m, are valid

if (i) k-2 f p, (ii) k-2 f m, and (iii) h-2 + p.

Proof (by contradiction) : Let assignment of sons to
nodes j and j+1 be invalid. This is possible only if a
node, z, is assigned to nodes j and j+1. Node z at
level i+1 can be assigned to node j and j+1 provided
Case 1. z - Right_Assigned(j) - Left_Assigned(j+1), or
Case 2. z - Right_Assigned(j) - Right_Assigned(j+l),or
Case 3. z - Left_Assigned(j) = Left_Assigned(j+l).

Case l: The two (possible) son assignments to node j
and j+1 are

Al: ASSIGNMENTn#3(j) and ASSIGNMENT/In( j+1) ,

where 1 < h < 2, and 2 < m < 4, and
A2: ASSIGNMENT!,^ (j) and ASSIGNMENT2,m(j + 1) ,

where 1 < h < 3, and 3 < m < 4. These assignments are
shown in Figure 5(a) and 5(b), respectively. (Here a
thick line represents an assignment of node z to a
node in level i.) Clearly, for each assignment Al or
A2, k-2=l=p which contradicts condition (i) above.
Case 2: This is possible if assignment j and j+1 is

A3: ASSIGNMENT^ (j) and ASSIGNMENT^2 (j+1) •
where 1 < h < 3. With this assignment k-2=2=m, which
contradicts condition (ii) above.

Case 3: This is possible only if assignment to nodes j
and j+1 is

A4: ASSIGNMENT3<4(j) and ASSIGNMENT #B(j + 1) ,
where 2 < m < 4. Here, h-2=p, which contradicts
condition (iii) above. I

Lemma 2: Let the son assignments to nodes 2i-l, i' and

21"1 be ASSIGNMENTe(f(2
1-!), ASSIGNMENTa#b(i'), and

ASSIGNMENT^a^1""1) , respectively. This assignment is

valid if
(ii) f-a ? 2, (iii) f-b f 2,
(v) b-c f 1, (vi) a-c f 1, and

(i) e-a * 2,
(iv) b-d f 1,
(vii) f-c f 3.

Proof; The assignment is valid, provided it is valid
for each pair of nodes namely PI: (21—1, i'), P2:
(i'^i"1) and P3: (21—1, 2i-1) . The rest of the proof
is by contradiction. Let the son assignment to a pair
of nodes be invalid. This is possible only when a node
is commonly assigned to the nodes of that pair (see
Figure 6). Assuming that node z is a commonly assigned
son. The following three cases are considered.

Case l: A node z is assigned to nodes 2^—1 and i'.

Case 2: A node z is assigned to nodes i' and 2 i - 1.

Case 3: A node z is assigned to nodes 2^-\ and 21"1.

In each case, it is shown that one (or more) of the
above conditions (i) to (vii) is violated. The proof
technique is similar to that of Lemma 1. ]

Definition 7; Son assignments to all 2 i - 1 nonfaulty
nodes at level i are valid if each of these nodes at
level i are assigned two nonfaulty son nodes at level
i+1 in such a way that each son at level i+i is
assigned to only one nonfaulty node at level i.

Definition %: Two nodes x and y at levels i and i+1,
respectively, are said to be adjacent if there exist a
redundant or non_redundant link between them.

Theorem l; Given level i, l < i < n-1, let atmost one

node be faulty. Then the assignments of sons to the

remaining 2 i - 1 nonfaulty nodes at level i are valid if

the son assignments to all pairs of neighboring

nonfaulty nodes at level i are valid and nodes 2i-l

and 21"1, if nonfaulty, do not assign node (i+1)' as

their common son.

Proof (by contradiction): In proving the above, we
consider the worst case3 where there is exactly one
faulty node at each level.

Let the son assignment to the 2 i - 1 nonfaulty nodes
»t level i (taken as a whole) be invalid. Then, there
is at least one node, say z, at level i+1 that is
assigned to more than one node at level i. The two
resultant cases are considered.

Case 1: Node z is a non_redundant node. Note that node
z is linked only to two nodes at level i. Here there
exists three possibilities. Node z is assigned to
nodes
(i) j and j+1, 21"1 < j < 2i-2, or (ii) 2*-l and i',

or (iii) i' and 21"1. In each of these cases they form
a pair of neighboring nodes, which contradicts the
hypothesis of the theorem.

Case 2: Node z is a redundant node i.e. z - (i+1)'.
Since node z is linked to three nodes at level i, it
can be assigned to a collection of either two or three
nodes at level i (see Figure 6) in four possible ways.

These collection of nodes are (i) 2*-l and i', (ii) i'

and 21"1, (iii) 2^1 and 2 i - 1 and (iv) 21-!, i' and

2 i - 1. Clearly, node z can be assigned to the three
nodes of (iv) provided it is assigned to nodes in each
of the three pairs of nodes (i), (ii) and (iii). But,
nodes in each of (i) and (ii) are neighbors which
contradict the hypothesis of the theorem. Possibility
(iii) directly contradicts the last part of the
hypothesis. ]

4. RECONFIGURATION ALGORITHMS

The fault tolerance procedure in a multiprocessor
architecture can be either centralized or distributed
[14]. In a centralized procedure, reconfiguration of
multiprocessor is performed by a central entity such
as a host computer. However, this central entity may
itself be unreliable. In a distributed approach,
reconfiguration is performed by each processor (or
node) in the architecture. A centralized
reconfiguration procedure is first discussed.

The reconfiguration algorithm for an AB-tree
assumes that one faulty node is present at each level
of the tree. If no node at level i, 1 < i < n, is
faulty then the redundant node i' at the same Tevel is
considered to be faulty, or simply ignored.

Centralized Reconfiguration Algorithm

The centralized reconfiguration algorithm is
executed on an external host computer connected to
each processor of the tree. The host computer performs
fault diagnosis, maintains a list of faulty processors
in the architecture, and executes the reconfiguration
algorithm only if the number of faulty processors at
each level of the tree is atmost one.

Let nodes x and y at level i and i+1, respectively,
be faulty. The reconfiguration algorithm assigns two
sons to each nonfaulty node j at level i, 1 < i < n-l
(see also Section 3). This depends upon the location
of node j relative to nodes x at levels i and y at
level i+l. The centralized reconfiguration algorithm
for an AB-tree is now given.

3 If there is no fault at level i, assume i' to be
faulty.
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Centralized Reconfiguration Algorithn

For i := 1 to n-1 do {for each level except level n)
Begin
Case 1. Node x is redundant node and node y is

redundant node:

for j := 2 i - 1 to 21-! do ASSIGNMENT2 3(j);
(assign actual sons to each node) '

Case 2. Node x is redundant node and node y is
non_redundant node:
if y is even then {y is left son)

begin
for j := act_father(y) to 21-! do

ASSIGNMENT3j4(j);

(for all non_redundant nodes in the
right4 of act_father(y)}

for j := 2i~1 to act_father(y)-1 do
ASSIGNMENT2/3(j) ;

(for all nodes to the left of
act_father(y)}

end;
if y is odd then

begin
for j := 21"1 to act_father(y) do

ASSIGNMENTlj2(J)t
(for all nodes to the left of
act_father(y))

for j := act_father(y)+l to 2i-1 do
ASSIGNMENT2 3(j);

end; '

Case 3. Node x is non_redundant node and node y is
redundant node:

if x > 2 i - 1 then (x is not the leftmost node)

for j := 2i~1 to x-1 do ASSIGNMENT^ ;4(j);

if x < 21-1 then (x is not the rightmost
node)

for j := x+1 to 21-! do ASSIGNMENT! 2(j);
ASSIGNMENT! 3(i')> '

Case 4. Node x is non_redundant node and node y is
non_redundant node:

4.1 if y < 2x then (y is to left of x)
begin

if x < 21-! then

for j := x+1 to 21-! do
ASSIGNMENT1(2(j);

if act_father(y) > 2i~1 then

for j := 21"1 to act_father(y)-l do
ASSIGNMENT23(j);

if act_father(y) < x-1 then

for j := act_father(y)+l to x-1 do
ASSIGNMENT3/4(j);

if x f act_father(y) then

if y is odd then

ASSIGNMENT24(act_father(y));

else ASSIGNMENT3;4(act_father(y));
ASSIGNMENT! 2(i');

end; (end of part 4.1)

4.2 if y > 2x then
begin
(procedure is similar to 4.1)
end;

end; (end of centralized reconfiguration algorithm)

Son assignment to each node can be done in constant
time, 0(1) . Hence, the time taken by a host computer
to run the reconfiguration algorithm is 0(N), where N
= 2n-l, the number of nodes in a full binary tree of
height n.

4 A non_red node y in level i+1 is said to be in the
left (or right) of non_red node x in level i if y < 2x
(or y >x).

Example 1

Consider a five level AB-tree architecture. Let the
faulty nodes be 1, 2', 5, 10, 28, as in Figure 7 (a).
The reconfiguration algorithm for this set of faulty
nodes, covers Case 2, 3, and 4. The nonfaulty full
binary tree, obtained after reconfiguration of the
faulty AB-tree, is illustrated in Figure 7(b).

Distributed Reconfiguration Algorithm

The centralized reconfiguration algorithm is
executed on an external processor. The distributed
reconfiguration algorithm, on the other hand, is
executed concurrently on all nonfaulty processors in
the architecture. A distributed reconfiguration
algorithm for the AB-tree assumes that each nonfaulty
processor j at level i, 1 < i < n-1, knows (i) its
index, (ii) the level at which it lies, (iii) the
indices of its sons and (iv) indices of faulty nodes x

and y at level i and i+1, respectively. (In Section 4,
we propose a distributed fault diagnosis algorithm
which identifies all faulty nodes.) Essentially, the
distributed reconfiguration algorithm requires that
each nonfaulty node, at level i, l < i < n-l, assigns
to itself two out of its four (in some cases three)
sons. Again, the assignment of sons depends on the
location of node j relative to the faulty nodes x and
y. Further, the assignment to node j is identical to
the assignment in centralized reconfiguration
algorithm, discussed earlier. In fact, the assignment
can be carried out by each nonfaulty node
independently of other nonfaulty nodes. As a
consequence, a distributed reconfiguration algorithm
can be obtained from the centralized algorithm, given
earlier (see also [21]). It can also be shown that the
distributed reconfiguration algorithm executes in
constant time. Thus, a faulty AB-tree can be
reconfigured in 0(1) time, provided each nonfaulty
node j at level i, 1 < i < n-1, has indices of the
faulty nodes x and y at level i and i+1, respectively.

Theorem 2: If only one node at each level of an AB-
tree of height n is faulty then it can be reconfigured
into a complete binary tree of height n using (i)
Centralized reconfiguration algorithm, or using (ii)
Distributed reconfiguration algorithm.

Proof: Consider the worst case when one node at each
level of the AB-tree is faulty. The number of
nonfaulty nodes at level i of the architecture is

2^"1. It is obvious that the faulty AB-tree can be
configured into a nonfaulty full binary tree of height

n if each of the 21"1 nonfaulty nodes at level i, 1 <
i < n-1, assigns two distinct nonfaulty sons at level
i+1. In other words, the faulty AB-tree can be

reconfigured if son assignments to all 2X-1 nonfaulty
nodes at level i, for 1 < i £ n-1, are valid. From
Theorem 1, assignments of sons at level i are valid if
son assignments to all pairs of neighboring nonfaulty

nodes at level i are valid and node 2^-1 and 2^-1 do
not assign a common son. The conditions for valid son
assignments for a pair of nonfaulty neighboring nodes
are given in Lemma 1 and 2. The centralized (and
similarly distributed) reconfiguration algorithm
determines a set of specific son assignments to each
nonfaulty node in the faulty AB-tree. It can be shown
that these satisfy the conditions given in Lemma 1 and
Lemma 2. I

5. DISTRIBUTED FAULT DIAGNOSIS

In a VLSI multiprocessor architecture, testing can
be done either externally or internally. Testing by an
external testing facility, is often time consuming and
incomplete [16]. This necessitates an internal or
distributed testing, in which each processor is tested
by some or all of its adjacent processors. Using a
distributed fault diagnosis algorithm, each nonfaulty
processor in a multiprocessor architecture must be
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able to know the conditions (faulty or nonfaulty) of
other processors. To accomplish this, a distributed
fault diagnosis algorithm uses status broadcasting
procedure in addition to distributed testing. This
enables diagnostic messages concerning a node to reach
all nonfaulty nodes. The model for fault diagnosis of
the AB-tree architecture is similar to that given in
[14]. According to this model, it is assumed that (i)
each node is capable of testing its adjacent nodes,
(ii) all nonfaulty nodes are capable of performing
tests correctly and to make correct decisions, and
(iii) faults are permanent, and hence a faulty node
may destroy or alter information flowing through it.

Each node tests its adjacent nodes by applying test
stimuli and evaluating the response. It, thereby,
determines whether an adjacent node is faulty or
nonfaulty. Subsequently, all nonfaulty nodes exchange
test results with each other and thereby identify the
faulty nodes. Exchange of diagnostic messages between
nonfaulty nodes is based on "mutual distrust" among
all nodes. That is, each nonfaulty node accepts
diagnostic messages only from those adjacent nodes
that are diagnosed to be nonfaulty by it.

In those cases where the number of links are large,
it may not be necessary for a node to test all its
adjacent nodes. The notion of a test graph, therefore,
becomes relevant [14,15].

Definition 9 [14]: For a given undirected system graph
S = G(V, E) of a distributed system, the testing graph
is defined as a directed graph Ts - G (TV, TE), where
TV = V and edge set TE = (<i, j>}, provided (i, j) £ E
and node i is assigned to test node j.

Since, the interconnection in the AB-tree is not dense
and connectivity of the system graph is only two, it
turns out5 that Ts = S.

T.«w«m 3; consider a multiprocessor system whose
testing graph is similar to its system graph. Each
nonfaulty node, employing some diagnosis algorithm,
can correctly identify all faulty nodes in the system
if (i) each faulty node is tested by at least one
nonfaulty node (ii) all nonfaulty nodes are strongly
connected, and (iii) each nonfaulty node receives
diagnostic information from every adjacent nonfaulty
node.

Proof: Since, each faulty node is tested by atleast
one nonfaulty node, the condition of each faulty node
is known to atleast one nonfaulty node and since, all
nonfaulty nodes are strongly connected, there exists
atleast one nonfaulty path between every pair of
nonfaulty nodes. Hence, using appropriate routing
algorithms, diagnostic information about all faulty
nodes can reach every nonfaulty node. |

Fault Diagnosis of the AB-Tree Architecture

For the AB-tree we consider Ts - S. Thus, each node
in the architecture tests its fathers and sons. Each
node j in the architecture maintains two fault-
vectors namely Fj and Gj. Vector Fj contains the
results of tests performed by node j on its adjacent
nodes and is defined as

Fj = [ fj(FATHERl(j)), ., fj(FATHERp(j)),

where

and f j (k)

..., fj(SONm(j)) ],

\2 if j is a non_redundant node
I3 otherwise
J 4 if j is non_redundant node
13 otherwise,
(o if node j finds node k to
•I fault free
1,1 oi

Vector Gj has n elements, one for each level. The i t h

element, G-t(i), is a set of indices of faulty nodes at
level i. J

The diagnostic procedure for the AB-tree is
performed in two phases. The first is a testing phase
consisting of n-1 cycles. Each node j at level i, 1 <
i £ n-l, performs the following operations in cycle k
(- n-i):

1.1 Initialize each element of Gj as null set.

1.2 Test adjacent nodes (fathers and sons) and
compute vector Fj.

for each w, w «. (FATHER(j)) and f j (w) - 1 do

Modify Gj as Gj(i-l) — Gj(i-l) U w ;

for each y, y s (SON(j)) and fj(y) = 1 do

Modify Gj as Gj(i+l) «- Gj(i+l) U y;

for each w, w 6 (father(j)) do Send Gj to w;

1.3 if j is not at level (n-l) then

for each y, y « (SON(j)) and fj(y) - 0 do

begin Accept Gy from y;

for each v, n-k < v < n do

Modify Gj as Gj(v) *- Gj(v) 0 G y(v);

end;

At the end of the first phase, a nonfaulty6 node x
(i.e. x=l or 1') at level 1 has vector Gx, where,
Gx(i) if nonempty is a collection of indices of faulty
nodes at level i. The second phase (broadcast phase)
consists of n-l cycles. Each node j at level i, 2 < i
< n, performs the following operations in cycle i-l~:

2.1 for each w, w e (FATHER(j)) and fj(w)=O do

copy Gj as Gj •• Gw;

The popy function is performed by transmit-receive
operation. At the end of the phase, the complete
fault-vector is available with every nonfaulty node of
the AB-tree.

Theorem 3: Consider an n level AB-tree architecture,
whose Ts i S. If atmost one node at each level of the
AB-tree is faulty then each nonfaulty node can
correctly identify all faulty nodes using the
distributed fault diagnosis algorithm, given above.

be

-- In view of Lemma 3, we simply need to establish
that each node is being tested by atleast one
nonfaulty node, and (ii) all nonfaulty nodes are
strongly connected. These can be simply proved since
no more than one node is faulty at each level. I

6. VLSI IMPLEMENTATION OF THE AB-TREE ARCHITECTURE

The VLSI layout of a three level AB-tree
architecture is given in Figure 8. The circuit pattern
for the proposed architecture is regular and can be
extended to larger trees as well. When compared to the
layout of RAE tree architecture [13], it can be shown
that the VLSI layout for AB-tree architecture is not
only more regular, but that it has fewer number of
wire crossovers. The area of layout is O(NlogN), where

N - 2n-l (i.e. the number of nodes in full binary tree
of height n ) .

otherwise.

5 A directed graph X is similar to an undirected
graph V, or X = Y, if the vertex set of Y is same as
that of X, and there exist two directed edges <i, j>
and <j, i> in V for each edge (i, j) in X.

6 In the view of the earlier discussion on
reconfiguration of a faulty AB-tree, we assume that
atmost one node at each level is faulty. In
particular, we assume that either node 1 or 1' is nonfaulty.
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7. SUMMARY AND CONCLUSION

In this paper, an Augmented Binary (AB)-tree
architecture, which can tolerate one faulty processor
at each level, has been proposed. Advantages of the
proposed tree architecture over RAEs tree architecture
are its regular topology, reduced number of maximum
input-output channels per processor, and fewer number
of wire crossovers in VLSI implementation.

The fault diagnosis and reconfiguration in a
faulty multiprocessor system can be performed either
sequentially by an external central entity, or by each
nonfaulty processor in the system in a distributed
manner. A centralized reconfiguration algorithm is
given in Section 4, which takes 0(N) time to execute
on a uniprocessor system. A corresponding distributed
fault-diagnosis algorithm, which runs concurrently on
all nonfaulty nodes of an AB-tree, is given in Section
5. A simple VLSI layout of AB-tree architecture is
suggested in Section 6. The circuit pattern for AB-
tree is very regular and can be extended easily for
larger size trees.
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