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ABSTRACT: Multichannel or multi-input multi-output multirate filtering
is discussed in this paper. Vector multirate systems are defined, and the
issues of aliasing cancellation and perfect reconstruction are addressed in
the vector context. The conditions for a vector linear periodically
time-variant system to become time-invariant are derived. The idea of
doubly complementary filters is generalized to the vector context, and one
method for constructing doubly complementary filters is outlined. The
construction of a vector perfect reconstruction system is briefly described.

1. INTRODUCTION:

A subject in multirate digital signal processing on which hardly any
results are available is multichannel or vector or multi-input multi-output
(MIMO) multirate filtering. In this paper.we discuss MIMO multirate
filtering, i.e. the extension of multirate filtering concepts to a vector
signal.By a vector signal, we mean a composite of numerous signals treated
as a unit.

In this paper, our objective is to present the vector multirate filtering
problem as a system theoretic problem, and to treat it as such, addressing
questions similar to the scalar case.

We first describe a vector multirate processing system.In the system
considered in this paper, the components of the vector signal are all
downsampled and upsampled by the same factor, and processed along M
vector channels.We address the issues of aliasing cancellation and perfect
reconstruction in this system.This immediately establishes conditions for
a vector linear periodically time varying system to become time invariant[l].

The importance of the notion of doubly complementary filters in
multirate digital signal processing has been well demonstrated^]. In this
paper,we also address the question : is it possible to extend this concept
to matrices? That is, can we define and construct a class of matrix transfer
functions which are doubly complementary in some sense? We show that
this is possible, and also detail the construction technique.

Using this construct of doubly complementary filter matrices, we
describe the construction of a tree structured matrix filter bank in which
perfect reconstruction is achieved.

There are some inherent difficulties in addressing this problem, which
we outline towards the end. We conclude by suggesting some possible
applications of vector multirate systems.

2. A VECTOR MULTIRATE SYSTEM :

In this paper, we shall use boldface small letters to denote vector
signals and boldface capital letters to denote matrices, unless otherwise
stated in the context of their usage.

An "M-band" vector multirate filter bank is shown in Fig.l.In this
system, a dxl vector signal x(z) is processed simultaneously by M "analysis"
filter matrices and downsampled oy a factor of M at one end of the system
and upsampled by M and processed by M "synthesis" filter matrices at the
other end to obtain the reconstructed signal y(z). In this paper,
downsampling (resp. upsampling) a vector signal by M means
downsampling (resp. upsampling) each of its component signals by M.

The system in which each component of the vector signal is treated
separately and processed by using single channel multirate techniques is
a special case of Fig.1, in which all the matrices are diagonal.

This is not, of course, the most general vector multirate system. Just
as in the scalar multirate case, variations are possible in which:

(i) the number of parallel channels is not equal to the down- and up-
sampling factor, which essentially means that the system is not critically
sampled.
(ii) one employs different sub- and up- sampling factors along the various
channels, which amounts to non-uniform sampling of the vector signal.

We shall not consider case(ii) in this paper at all. As for case(i), it is
not difficult to convince oneself that it can be handled in a manner very
similar to the critically sampled case, and we indicate this towards the end
of Section 3.

3. THE SYSTEM MATRIX P(z) :

To obtain the polyphase components of a matrix transfer function,
we simply take the corresponding polyphase components of each entry
in the matrix.We can thus decompose each of the matrices { Hj(z); i =

(1)

Hi(z) = I z-JHij(zM)

and each of the matrices { G;(z) ; i = 0 to M-l } as

Gi(z)= T 'Z - (M-l- j )G i j ( zM)

The "noble identities" described in [2,pg.59] extend naturally to the
vector case. Therefore the polyphase components of the matrix transfer
functions can be made to move past the decimators and the interpolators
in a manner similar to that described in [2] .It is thus possible to move the
blocked matrix of polyphase components corresponding to the transfer
functions { H;(z); i: 0 to M-l } past the decimator; and the blocked matrix
of the polyphase components corresponding to the transfer functions {
Gj(z); i: 0 to M-l } past the interpolators . Let these blocked matrices be
H(z) and G(z) respectively - each of them is dM x dM.To wit,

f » oo (*") H ~
H(zM) =

(3)
and similarly for G(z).The system of Fig. 1 is then equivalent to that of
Fig.2. It is possible, then to combine the blocked matrices G(z) and H(z)
into one composite matrix Pfz) = G(z) H(z). The matrix P(z) which will
also be dM x dM is termed the system matrix.

The non-critically sampled case (i) of the previous section can be
handled in an exactly similar manner. The decimators and interpolators
can be moved past the analysis and synthesis matrices in the same way
after decomposition into polyphase components. In this case, the only
difference is the size of the matrices G(z) and H(z). Given the
downsampling and upsampling factor to be M, and the number of channels
to be P, they would respectively be dM X dP and dP X dM. The system
matrix V(z) would still be dM X dM. In the case when P < M, the system
matrix P(z) cannot possibly be of full rank since,
rank(P(z) ) < min ( rank(G(z)), rank(H(z)) ) < dP < dM.

( 4 )
This is also otherwise clear, since we are in fact deleting some samples of
the signal in this case.
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4. NECESSARY AND SUFFICIENT CONDITIONS FOR ALIASING
CANCELLATION:

Let the system matrix P(z) be partitioned into MxM blocks each of size
dxd to yield:

P 00 (2) P 0 . A . - I (2)"| (S)

/>(2)=

_P JI-I.O (2) P A.-1.M-I (2)J

Theorem : The above system is free from aliasing if and only if the
system matrix P(z) is BLOCK pseudocirculant.
i.e.P(z) =

«„ (2) * „-! (2)

z -' R „ . , (2)

( i i )
In the sequel, < = > denotes " if and only if'.

There is no aliasing in the system
< = >For some R(z) , y(z) = R(z) x(z) where R(z) is a d x d matrix
independent of the vector signal x(z).
< = >

(12)

M- 1

Ii'O
M- 1

I; - 0

2 "'

2 "'

y,(*"

R ;(2*

) =

' )
U- 1

I*.o

for all x(z).

( 6 )

for some dxd matrix R(z) where

R(z)= I z - /e,(2
M)

andy(z) = R(z)x(z)
(7)

(8)

Y Y 2 -«"" «,(*">*.(*")
/ •o **o

(13)
< = ->
( Noting hat the polyphase decomposition is unique, we can compare the
polyphase components on the two sides and obtain :)

( 2 )

( 2 )

foraUx(z).
< = >
From (10) ,

P A.- .

( 2 )

(2) ,

(2)

(2) , Ro (2) ,

( 2 )

. P 0.M-1 ( 2 ) T ^ M-l (2)

( 2 ) ( 2 )

M- ]

(2) ,

(2)

M-t (2)

Ro (2)J

-1

-1

R
Ro

U-i

R

(2)

(2)

( 2 )

Ro (2) ,

... , 2 "' R 11-1 ( 2 ) .

R u-i

R «-2

Ro

(2)

(2)

(2)_

^ M - l

^ 0

( 2 )

( 2 )

( 2 )

(2)

(14)

( IS)

Proof : To prove tLw theorem, we proceed through a series of
EQUIVALENCE statements (if and only if statements) beginning with
the assumption of no aliasing and ending with the statement that P(z) must
have the form above.

We refer to the system of Fig.2. We have already indicated that the
system matrix will be dM X dM whether or not the system is critically
sampled. Consider then, such a vector multirate system with system matrix
P(z) of dimension dM X dM.

From the figure, it is clear that:

y(2)= "t 2 - y,(2M)

(2)

(2)

(2) ( 2 )

P l l - l . o (2) /" ll-l.«-l (2)_

(9).

( 2 )

(2)J
(10)

for every x(z) . The P's and R's are independent of x. Clearly, then, this is
true
< = >
P(z) =

"' R, (2) Z "' « 11-1 (2) • *0

for some

*(2)= Y 2
o

(16)

(17)

P(z) is block pseudocirculant. [Q-p-D.]
Thus the necessary and sufficient condition for the system of Fig.l to be
free of aliasing is that P(z) be a BLOCK pseudocirculant matrix.
It may also be observed that the polyphase components of the overall
transfer function matrix R(z) occur as circulating entries in the block
pseudocirculant system matrix.

5. PERFECT RECONSTRUCTION:

For perfect reconstruction, we require that the overall transfer
function R(z) be a diagonal matrix of delays.

For example, if we consider a vector multirate system in which the
down- and up- sampling factors are 2,( i.e. M = 2) and the number of
components per vector is d = 2; we may have perfect reconstruction with:
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R(z) = diag [z-V];

and then the system matrix P(z) becomes:
0 , 0 , z "'
0 , 0 , 0
"2 , 0 , 0
0 , z ~3 0

( 1 8 )

P(z) =

(19)
which is a row ( or equivalently column ) permuted form of the diagonal
matrix:
P'(z)= diag [ r t W ]

(20)

6. TREE STRUCTURED BANKS AND DOUBLY COMPLEMENTARY

MATRICES :

In [3] tree-structured complementary filter banks are described for
recursively decomposing a signal along 2n channels,where n is the depth
of the tree. The notion of doubly complementary filters is central to this
construction,and a basis of all-pass filters is used to construct such doubly
complementary filters.

In this section, we discuss the extension of this and related concepts
to filter matrices.

6-A) DOUBLY COMPLEMENTARY FILTER MATRICES

Let S be a set of M square matrices:{//,(z);i = l loM}
The paraconjugate transpose (PT) of the matrix Hj(z) , denoted H;+(z),is
the matrix H;(z) transposed,with every constant conjugated, and z replaced
by z " U paraunitary (PU) square matrix is one whose PT is its inverse.

We define the set S to be doubly complementary iff:

M

21-(i)Thesum/!(z)- Y. #<(z) is a paraunitary matrix.

Here, and in the sequel, I denotes an identity matrix of dimension
appropriate to the context.

We now describe one method for the construction of doubly
complementary filter matrices from a basis of paraunitary matrices.

Let U be a square (M X M) unitary matrix with one column comprising
of ones, in the following sense : U U + =U + U = Ml.Without loss of
generality, let that column be Uo, where U has M columns Uo through
UM-1-
For example,

U = (22)

Let the entries of U be denoted UJJ. Let B= { Bj(z); i: 0 to M-l } be a set
of paraunitary square matrices . It immediately follows that:
B;*(z) B; (z) = B;(z) Bi + (z) = I.

(23)

Consider now the set S = { H;(z) ; i: 0 to M-l } defined by :

"f u „ By(z)

(24)
To simplify notation, we now use the Einstein convention for summations,
i.e. whenever an index is repeated more than once in an expression, a
summation with respect to that index is implied, over all values of that
index.
Then,
H;(z)Hi+(z) = M-2uijBj(z)uik*Bk + (z) = ujjuik*Bj(z)Bk + (z)

= M"2MBj(z)Bj + (z) = M " 2 M 2 I = I; since , from the unitarity of U,

"ij ujk = 1 if j = k and zero otherwise.
(25)

Similarly, H} + (z)Hj(z) = I
(26)

Moreover, [ H , ( z ) = ( l / M ) £ £ u „ Bt(z) = B0(z)

(27)

from the unitarity of U. These observations indicate that both the
properties of doubly complementary matrices are satisfied by the set S so
defined, and the set S is thus doubly complementary in the manner
described above.

6-B) AN INTERESTING PROPERTY OF DOUBLY
COMPLEMENTARY FILTER MATRICES:

A complex signal may be regarded as a real 2-D vector in the
2-dimensional Argand plane, to the extent that the one-dimensional space
of complex numbers may be regarded as being of dimension 2 over the
real field. In this section we take that view of a complex number, and a
complex N-dimensional vector x is therefore regarded as a 2N-dimensional
real vector x* by writing the real and imaginary parts of x as separate
components of x# .Consider then a complex N X 1 vector signal with
z-transform x(z) being passed through a pair of doubly complementary
filter matrices Ho(z) and Hi(z) , both N X N , to produce vector signals
xi(z) and X2(z). We observe, from the first property of doubly
complementary filter matrices, that the sum signal xi(z)+X2(z) has the

same energy as the signal x(z), and must therefore be related to x(z)
through a lossless transformation.

LeX, now, <,> denote the standard inner product and let us replace
z by elw. From the second property of doubly complementary filter
matrices, it is clear that:
< JJ v> ;= <X1 X1 > + <CXO XO >

(28)
and that
<x#,x#> = <X]f:,X]&> + <X2*,X2*>

(29)
The energy of the signal x(z), or equivalently the sum signal
x s( z ) = x l ( z ) + X 2( z ) 's ' n u s distributed between the signals x\(z) and X2(z).x s ( z ) = x l ( z ) + X 2( z ) ' s '
Also, from the relation

and since , it must be true that

[ 2#,xi#>

(30)

0.
(31)

The 2N-dimensional vectors xj# and X2* are thus orthogonal.

This.does not, of course necessarily mean that the N-dimensional vectors
xifeJW) and X2(eJw) are orthogonal. With N=l , the complex numbers
x l ( e ' w ) a n d X2(e 'w) could be in phase quadrature[3].

6-C) A TWO-CHANNEL FIR PERFECT RECONSTRUCTION
VECTOR PROCESSING BANK

We now apply the above formulation to describe an FIR vector
processing bank which permits perfect reconstruction after
downsampling.We begin with a pair of paraunitary FIR matrices B^(z)
and B_2(z) of dimensions dxd each[4]. The PT of a PU matrix is its inverse,
and ifit is FIR in addition, then its PT is also FIR and can be made causal
by delaying it suitably.
Now let:
HUz) = (1/2} { Bifz2} + z-lB2(z2) }
H ( 3 M { B ( 2 $ l B ( 2 ) }

(32)
The matrices Hj(z) and H2(z) are doubly complementary in the manner
described above.
Further, construct:

(33)
where the delay D is sufficient to make Hi + (z) and H2+(z) causal.

For this choice, the scheme shown in Fig.3 allows perfect
reconstruction of the input vector signal x[n] (here M=2).

By writing out the equations for obtaining y(z) in terms of x(z),it can
be shown that y(z) is a delayed version of x(z).Each component is delayed
by the same amount.Thus
y(z ) = z -° x(z) (34)

It can be seen, that adding an equal amount of delay, say DQ at a and
a' in the system does not affect the overall system except adding some
more delay.That is.the perfect reconstruction property is not lost.

This suggests the possibility of recursive extension, by adding a perfect
reconstruction system of the above kind with delay DQ at a and a'.Thus
the system may be extended to M channels,with M equal to a power of 2.
A tree structure will thus be achieved .
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7.C0NCL0SION: INHERENT DIFFICULTIES, POSSIBLE
APPLICATIONS AND INTERPRETATIONS:

In this paper, we have explored the necessary and sufficient conditions
for aliasing cancellation and perfect reconstruction in a vector multirate
filter bank. The system matrix P(z) was defined, and the conditions were
based on this system matrix.

It is interesting to note that the proof employed in obtaining these
necessary and sufficient conditions holds good over ANY field. That is,
the signals do not need to belong to the complex field.The proof given in
this paper does not take recourse to using the N"1 root of unity in the given
field. This would also help in generalising multirate concepts to a finite
field.

Doubly complementary filter matrices were defined, and were
constructed in the context of a 2- channel FIR perfect reconstruction vector
processing bank.This was an extension of the ideas in [3] to a vector case.

There are some inherent difficulties in generalising multirate concepts
to a vector case. For one, the absence of a well defined notion of spectrum
in the multichannel case makes the spectral domain interpretation
difficult.Secondly, the vector multirate filtering problem is useful only in
situations where it would not suffice to consider each channel separately.

Vector multirate filtering can be interpreted in the context of
multichannel sampling theorems in the same manner as single channel
multirate techniques were used to reinterpret sampling theorems in [6].

A possible application of vector multirate filtering is in analog voice
privacy systems for secure communication[5J. Consider a situation where
a number of signals need to be transmitted from one point to another. In
multirate filtenng on a vector signal, we are automatically introducing
intermixing between the signals and in a perfect reconstruction system, we
are assured that the signals will be recovered. The inherent intermixing of
signals in vector multirate filtering may prove to be of advantage in
enhancing security.
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