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Abstract: The paper presents multistage decom-
position of a high-gain feedback system as applied
to a multimachine power system. Multitime scale
decomposition is carried out by performing two
time scale decomposition repetitively, in several
stages. The decomposition leads to one slow
system and several fast systems of different time
scales. From the separate slow and fast system
controllers, a composite stabilising controller is
constructed by backward recursion and is imple-
mented on the multimachine power system.

1 Introduction

List of symbols

A = system matrix
B = control matrix
x = state vector
J = performance index
Q, R = weighting matrices for the state variables and

control signal
u = input vector
M = transformation matrix
Gs, Gf = slow and fast system gains
vTej- = reference input voltage
v, = terminal voltage
vo = infinite busbar voltage
eFD = equivalent excitation voltage
e'q = q-axis component of voltage behind transient

reactance
vp = stabilising transformer voltage
vs = stabiliser output
5 = torque angle
(o = angular velocity
A<51; A<52, A<53 = deviation of torque angle (rad) of

machines 1, 2 and 3, respectively
Acoj, Aa>2, A<o3 = deviation of angular velocity (p.u.) of

machines 1, 2 and 3, respectively
Ae'ql, Ae'q2, Ae'q3 = deviation of q-axis component of

voltage behind transient reactance of machines
1, 2 and 3

AerD1, AePD2, AeFD3 = deviation of equivalent excitation
voltage of machines 1, 2 and 3
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A multimachine power system shows the singularly per-
turbed structure by virtue of large inertia masses and
small time constants. As a consequence, several applica-
tions of singularly perturbed techniques have found a
place in multimachine power system literature, as report-
ed in the survey paper [1]. These applications include
reduced order modelling [2]; evaluation of alternative
models for dynamic stability studies [3]; area decomposi-
tion of electromechanical models [4]; coherency based
decomposition and aggregation [5]; and multimachine
analysis of power systems [6].

In the case of multimachine power systems with many
poorly damped mechanical modes it is necessary to
connect stabilisers for all the machines or a few selected
machines. Most of the methods in the literature are based
on eigenvalue assignment (pole placement techniques).
The use of excitation control for improved steady-state or
dynamic stability of multimachine power systems has
received the attention of many researchers and is more
significant now, due to the complexity of power systems.
The poorly damped mechanical modes of oscillation
result when the rotors of all generators swing with
respect to one another, using the electrical network
between them, and exchange energy. Therefore to
improve the overall damping modes, stabilisers are
required. Hence, the system mechanical mode eigenvalues
are to be assigned to desired locations in the complex
plane. Three reputed approaches are available in the lit-
erature to provide the damping torque required for
improving the dynamic stability. The first is the use of a
conventional power system stabiliser (a lead-lag network
using the speed or power as input) to generate a supple-
mentary signal, and the second approach is to use a
linear optimal stabiliser using an optimal regulator. A
third is the variable structure stabiliser [7].

In this paper, the theory of multitime scale decomposi-
tion of high-gain methodology is applied for the design of
high-gain stabilisers for a multimachine power system,
and is presented as a fourth approach. As mentioned
above, some results on the stabilisation of multimachine
power systems are already available, using variable struc-
ture systems that are equivalent to high-gain feedback
systems, except that in the former a sliding mode gain is
used instead of an equivalent high-gain in the latter [7].
This is because the slow motions of high-gain systems, as
g -> oo, are the same as the sliding motions in a variable
structure system, and they possess the same robustness
properties of the sliding motions. In the case of variable
structure methods, the selection of sliding gains is a diffi-
cult proposition for successful implementation. High-gain
methodology is now used for the purpose of showing its
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usefulness in the stabilisation of a multimachine power
system by an appropriate choice of the high-gain factors.

2 Multitime scale decomposition

We now briefly summarise two time scale decomposition
results [9].

Given a linear time invariant high gain feedback
system

x = Ax + Bu (1)

u = gCx = gy (2)

we convert it into slow and fast systems, as follows:

x, = AuXt + A12x2 (3)

x2 = Allxl + A22x2 + B2u (4)

with the choice of transformation matrix M such that

MB = (5)

If Gs and G/ are slow and fast system gains, then we have

AiG4u -A12GS) = p, i = 1, 2, ..., n ~m (6)

X£B2Gf) = qj j=l,2,...,m (7)

where p, and gqj are the prescribed location of slow and
fast system eigenvalues, respectively. The use of compos-
ite high-gain feedback system gives

u = -gGx
= -glGfGsxl + Gfx2] (8)

which enables placing the eigenvalues of the systems
given in eqns. 3 and 4 at pt + 0(1/3) and g(qj) + 0(1/0),
respectively.

The above results of the two time scale decomposition
are put in a more convenient form for obtaining multi-
time scale decomposition

x\=A\lX\ + A\2x2 (9)

*2 = ^21*1 + ^22 A + B\ Ul (10)

ul = -gi(G
l
fG\x\ + G1

fx\) (11)

with

x1 = MlX (12)

G' and Gj. are the slow and fast system gains obtained
from separate regulator design problems. The superscript
1 indicates the first stage of the system decomposition
that results in two time scale separation.

At the second stage of the decomposition, the reduced
order system represented by eqn. 9 may be considered as
a separate entity so that its fast modes can be realised
from the nonzero rows of A\2 .

To separate these fast modes, we apply a second trans-
formation such that

(13)

Now, the system represented by eqn. 9 is split up into

(14)

B\x\ (15)

Similar decomposition can be performed on the system
represented by eqn. 14, leading to the next pair of slow
and fast systems. Thus, the decomposition procedure can
be continued until the deduced input matrix A\2 nol-
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onger has the specified structure consisting of m nonzero
rows. If there are d such decomposition stages, then at
the end of the dth stage of decomposition we obtain, by
deduction,

x\=A\yx\+A\2x
d
2 (16)

x\ = Ad
2ixi + Ad

22 xd
2 + B\ xd

2
 l (17)

where

and MA is chosen such that

(18)

Utilising the fact that each pair of slow and fast systems
is the result of the decomposition of a previous slow
system leads to an overall system composed of one last
slow system and several fast systems, given by

x\ = A\lx\+A\2xi + B\u (19)

(20)

(21)

i-d —Ad v d _i_ Ad d ey)\

Let G}, Gj, ..., Gd
f be the gains of the fast systems, and

Gf be the gain of the lone slow system. The gains of the
eliminated intermediary slow systems are constructed
using the reverse of the preceding decomposition pro-
cedure.

Considering eqns. 21 and 22, we have

and

1 = -gJLG'f &.:<%]{

r1] (23)
(24)

where G*~l is the d — lth-stage slow system gain, which
has been calculated using dth-stage slow and fast system
gains. Hence,

x2 — us X\ \*-J)

with

rp-l Tfi r j . ci~\\A ' // 9 ijf\\

The backward recursion from eqn. 25 finally gives the
gain of the first stage slow system Gs\ and, by combining
this with the gain of the first stage fast system G} using
the transformation M1; an overall composite controller is
obtained in terms of the original state variable. That is

= -Gx (27)

The design of the cheap controllers and the associated
eigenvalue assignment are given in Reference 8.

3 Multimachine example

We now present the application of high-gain feedback
design for the stabilisation of a multimachine power
system. For the system configuration and system data
refer to Reference 7.
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The state equation of the system is x = Ax + Bu,
where x = [A<515 Aa^, Ae?1, AerD1, Ac>2, A«2 , Ae?2,
AefD2, A<53, Aa>3, Aeq3, AeFDi] is the state vector, and
u = [uj, u2, u 3 ] r is the input vector.

The system matrix and the input matrix are given in
Reference 7.

The slow and fast system regulators are designed by
decomposing the system using the first transformation
matrix Mt (aimed at separating the nonzero rows of B
matrix), which has as its elements

"in = m22 = m33 = m55 = m66 = m77 = m99

= m i = m 8 , 1

All others are zero. As a result, we have

with B\ = Diag [800.0, 900.0, 1000.0].

2 2 j

The nonzero rows of A {2 are of interest to construct the
second transformation M2. (A\2)

T is given by

To o o o o o o o

[ 0 0 0 0 0 0 0 1 0

The second transformation M2 is obtained by looking at
nonzero rows of A\2 as M2 = M\ M2, where M"2 is given
by

= fft-j q = •• mi% = mi\ =

and all others are zero, and M2 is given by

m\\ = m\b
2 = mil = m\\ = mf6 = mf8

= m99 = mf-, = m?% = 1

Thus, the elements of M2 are

»?- = •

and the rest are zeros.
This decomposes A\t into the form

A2 =

with

0 -0.013 0 -0.003 0 -0.09
(A\2)

T = 0 0 0 0 0 -0.01
0 0.003 0 -0.009 0 0.0

m2A[2 =

where B^ = Diag [1, 1, 1].
Although the structure

decomposition is possible, we restrict our study to two
stages of decomposition fo ease of illustration.

Keeping in view that the elements of the weighting
matrices Q\2 and g 2 2 must be positive definite, the ele-

ments of Q matrix are selected as

Q = Diag (1.0 1.0 1.0 0.001 4.0 10.0

10.0 0.001 10.0 10.0 10.0 0.001)

We then perform similar decompositions of Q as were
done on A. Thus, the modified Q matrix, after the first
transformation, is

Q\t = Diag [1 1 1 10 4 10 10 10 10]

g 2 2 = Diag [0.001 0.001 0.001]

Similarly, we obtain Q2 from Qjj using M2 . We choose
the following:

R = Diag [1000 1000 1000]

0.001 0.0 0.0
0.0 0.001 0.0
0.0 0.0 0.001

G} =

Gj =
0.141 0.0 0.0

0.0 0.447 0.0

0.0 0.0 0.447J

and compute G2 by solving a Riccati equation of order 6.

f 0.418 -38.075 0.205
G2\ 0.006 0.556 -0.998

[-0 .03 4.408 -0.064

-200.09 -1.674 -103.6741
-1.53 -0.014 —1.181 I

-29.007 -0.048 - 1.544 J

The eigenvalues of the first and second fast systems and
the slow system are, respectively, —1.131, —1.273,
-1.444, -0.141, -0.447, -0..447, -3.7639+;8.4497,
-0.1665 ±;7.5482, -1.4397 ±;4.8549, we then compute
G' as

where we choose g2 = 8. The eigenvalues for this choice
are -0.1988 +J7.7485, -0.1225, ±/7.2545, -0.4566
±j2.871.

Now, the overall gain is computed as G =
g[G)Gl : G}], where we choose g = 175. The eigenvalues
for this choice are: -263.92, -216.6196, -239.3148,
-0.1635 + J7.779, -0.119+77.2742, -0.1466+72.9772,
-3.7558, -3.49689, -1.60876.

Using the same Q, the optimal gain is calculated, with
the resulting eigenvalues as follows: -0.81267 +78.88OI,
-0.19185 ±77.47656, -0.81867 ±74.41151, -17.5553,
-15.60653 - 12.13958 ±j2.83712, -7.69009, -7.04318
The responses of the optimal and high-gain feedback
controls are compared for a step load disturbance of 0.06
in the firs state (A<5j) of a multimachine system.

Figs. 1-6 show the responses of the various states of a
three-machine/infinite busbar power system, given in Ref-
erence 7. The responses of A<5t of machine 1 with optimal
and high-gain control show that they follow each other
closely when there is a disturbance thereby ensuring the
dynamic stability of the system. The introduction of high
gain can be considered as introducing supplementary sta-
bilising signals to increase the dynamic stability of the
synchronous machine.
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4 Conclusions

The use of the high-gain feedback controller is found to
be advantageous in that we could solve a Riccati equa-
tion of order 6 for the slow system, instead of order 12
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for the optimal system. The fast system does not require
the solution of the Riccati equation as it is simple to
obtain. Illconditioning, which might occur as a result of
different time scales of slow and fast systems present in
the original system, can be alleviated by separating them

time.s

Fig. 5 Machine torque angle deviation {rod)

optimal
high gain

Fig. 4 Machine 2 angular velocity deviation (p.u)

optimal
high gain

time.s

Fig. 6 Machine angular velocity deviation (p.u)
optimal
high gain

so as to design the separate controllers. Other important
achievements of the high gain feedback design are:

(a) The deviations in the response of the torque angle
of the first machine, where disturbance was introduced,
are almost negligible with respect to the optimal, thus
showing the effectiveness of the high gain in ensuring
dynamic stability; for other machines, the responses of
the state variables with optimal and high-gain feedback
are not so close. This, however, will not affect the stabil-
ity of the three-machine system, as can be seen from the
closed-loop eigenvalues.

(b) The high-gain feedback systems have been proved
to be insensitive to plant parameters and disturbances, as
in Reference 8, and these results are equally applicable
for the multimachine system as well.

(c) The results are better in the sense that practical
implementation is easy.

(d) The use of high-gain control can be constructed as
an additional stabilising signal to the optimal control.
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8 Appendix

The linearised model used in the example of Section 3 is
derived from the three-plant/infinite busbar system
described in detail in Reference 7. For reference, the data
from Reference 7 pertaining to this model is reproduced
in Fig. 7 and Table 1. Fig. 7 shows the three-plant/infinite

Table 1: Machine data

Table 2: Terminal conditions

Plant

1
2
3
4

X'd

0.32
0.33
0.20
0.001

*«

1.68
0.88
1.02
—

x«

1.66
0.53
0.57
—

x"

0.19
0.22
0.14
—

T'do

4.0
8.0
7.76
—

1.9
0.02
0.04
—

^ o

1.9
0.04
0.09
—

H

2.31
3.4
4.63
60

busbar system (Plant 4 effectively represents an infinite
busbar). Each plant is represented by a single equivalent
machine with machines 1, 2 and 3 rated 360 MVA,
503 MVA and 1673 MVA, respectively. These ratings are
used as base values for the per unit data given for the
equivalent machine in Table 2. Each machine was pro-
vided with a static exciter.

Plant PO(MW) ao(MVA) l/,0(p.u.) '(degrees)

26.5 37.0
518.0 -31.5

1582.0 -49.9
410.0 49.1

1.03
1.025
1.03
1.06

10.0
32.52
45.92
20.69

Plant No 1
(Thermal)

(Admittances in p.u. on
1000MVA)

" = f 0- 2363 + j i - 714

Fig. 7 Three-machine/infinite busbar system
Admittances in p.u. on 1000 MVA

The details of the linearisation of the system equations
are given in References 7 and 10. For the purpose of the
study, the linearised equations were reordered into the
form x = Ax + Bu, where x is the state vector comprising
A<5,, Aco;, Aeqi and AefDj, for each machine, and u is the
input vector comprising of Aelri of each machine. The
12 x 12 matrix A and the 3 x 12 matrix BT are given
below.

A =

0
- 0 . 1 4 7

-0 .266

30.100

0

0.004

0.121

-18.480

0

0.001

0.083

-10.100

377

- 0 . 0 3 9

- 0 . 3 9 3

-309 .14

0

- 0 . 0 3 4

1.131

-64 .470

0

-0 .017

0

-33 .930

0

- 0 . 0 1 3

-0 .922

-60 .943

0

-0 .087

0.021

-12 .550

0

- 0 . 0 0 3

-0 .002

-6 .780

0

0

1

- 2 0

0

0

0

0

0

0

0

0

0
0.022

-0 .087

24.599

0

-0 .149

- 1 . 6 0 0

106.090

0

0.017

0.220

1.700

0
0.004

0.754

-91 .990

377.000

0.032

- 1 . 8 8 5

-516 .11

0

- 0 . 0 1 0

0

- 4 6 . 3 7

0

0

0.024

- 3 . 5 0 1

0

- 0 . 0 0 8

- 0 . 2 1 0

- 2 1 . 6 7

0

0

0.011

- 2 . 1 0 0

0

0

0

0

0

0

1

- 2 0

0

0

0

0

0
0.046

-0 .0250

62.051

0

0.079

0.460

16.990

0

-0 .056

- 1 . 2 0 0

70.100

0
0.02

1.131

- 1 6 7 5

0

- 0 . 0 2 8

0.754

-171 .91

377.0

-0 .017

- 1 . 1 3 1

-893 .49

0
0.003

0.072

-10 .194

0

0

0.060

-11 .41

0

-0 .009

- 0 . 1 9 0

- 54.40

0
0

0

0

0

0

0

0

0

0

1

- 2 0

0 0 0 800 0 0 0 0 0 0 0 0

B r = 0 0 0 0 0 0 0 900 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 1000
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