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Vector Modes of an Optical Fiber in the Weakly
Guiding Approximation

K. THYAGARAJAN, AJOY K. GHATAK, AND ANURAG SHARMA

Abstract—There exist no analyses which identify the appropriate
linear combinations of LP modes with the corresponding weakly guid-
ing hybrid modes without reference to the rigorous vector modes. In
this paper we show that this can simply be done by applying Snitzer's
criterion [4] to the fields corresponding to the appropriate linear com-
bination of LP modes.

I. INTRODUCTION

THE LP-MODES of a given fiber are much easier to
obtain in comparison to its vector modes. However,

the latter are required to study the effects for which po-
larization properties of the fields are important. As such,
techniques have been developed to obtain, to a good ap-
proximation, the polarization properties of the vector
modes from the LP-modes. These techniques are based
on the first-order perturbation theory [l]-[3] for which the
unperturbed fields are generated through linear combina-
tions of the LP-modes.

In general, the LP/m-modes have a four-fold degeneracy
(2-fold for / = 0 modes) and one obtains four degenerate
zero-order vector modes (weakly guiding vector modes)
which correspond to even and odd HE and EH modes.
The identification of these modes with the corresponding
linear combinations has generally been done [l]-[3] on
the basis of similarity of field patterns with the rigorous
vector modes in step-index fibers for which the nomen-
clature criterion was proposed by Snitzer [4]. Later Kurtz
[5], [6] used this criterion for modes in graded-index
waveguides. However, in both these cases the starting
point has been the rigorous vector modes. To the best of
our knowledge, there exist no analyses which identify the
linear combinations of LP-modes with the corresponding
weakly guiding hybrid modes directly without reference
to the rigorous vector modes. In this paper, we show that
this can be simply done by applying Snitzer's criterion to
the fields corresponding to the appropriate linear combi-
nations of the LP-modes.

In Section II, we briefly describe, following Sharma [7],
how to arrive at the correct linear combinations of LP-
modes and in Section III, we show how Snitzer's criterion
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[4] can be applied to these linear combinations to identify
various zero-order vector modes.

II. LINEAR COMBINATIONS OF LP-MODES

Although, the LP-modes are the solutions of the zeroth
order vector wave equation, they are not the true zeroth
order vector modes since they do not satisfy the boundary
conditions. This can be seen immediately if we consider
an ^-polarized LP-mode, then the x-component of the
electric field Ex must be continuous at r = a (where a is
the core radius and the fiber axis is along the z-axis).
However, since Ex is a tangential component only at y =
±a, rigorously speaking it would not be continuous at r
= a for all values of the azimuthal coordinate 4>. Hence
the LP-modes cannot represent the polarization of the ac-
tual vector modes even in the weakly guiding approxi-
mation. Since the LP-modes are degenerate (i.e., they can
be x or y polarized) one can choose the appropriate linear
combination of these (LP) modes which satisfy the nec-
essary continuity conditions; these are the zeroth order
vector modes referred to above. We follow the analysis
given by Sharma [7] which is essentially based on the fact
that for cylindrically symmetric systems (i.e., n2(r, </>)
= n2(r)) the boundary conditions that must be rigorously
satisfied are the continuity of Ez and £0 (which represent
tangential components) and n2Er at each refractive index
discontinuity. Thus to obtain the vector modes it is the 0-
dependence of the fields Er, E^ (not Ex, Ey) and Ez that
must be of the form cos l(j> and sin l<j>. Hence the zeroth
order vector modes can be obtained from the LP-modes
by choosing such combinations that give the <£-depen-
dence of Er or E^ to be of the form cos /</> or sin l<j>. This
leads to the following linear combinations [7] that repre-
sent zeroth order vector modes (for each value of / and
m):

Ex = (x cos l(j> + y sin l<j>) \l/im(r), mode 1

E2 = (i cos l(j) - y sin l(p) \plm(r), mode 2

E3 = (x sin l<j> + y cos /</>) i/%,(r), mode 3

EA = (~x sin /</> + y cos /</>) \p[m(r), mode 4 (1)

where i/<ta(r) is the radial distribution of the LP,m mode.
Notice from the above equations that for / = 0 modes,
the zeroth order vector modes are also linearly polarized.
If we now use
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x = r cos 0 — 0 sin 0

y = r sin 0 + 0 cos 0 (2)

then for mode 1, we have

£, = [rcos (/ - 1 )0 + 0 sin (/ - 1 )0 ] i/%,(r). (3)

The above equation implies

E\r = tlm(r) COS (/ - 1)

- 1)0
mode 1. (4a)

Similarly we can obtain the r and 0 components of £2,
£3, and £4; the final results are

E2r = \j/[m cos (/ + 1)0
mode 2 (4b)

+ 1)0

+ 1 ) 0
mode 3 (4c)

= -^/m sin
E44, =

- 1)0
(/ - 1)0

mode 4. (4d)

The above equations show that the linear combinations in
(1) have the appropriate 0-dependences for Er and E^ and
the four degenerate modes in (1) represent the zeroth or-
der approximations to the hybrid vector modes which are
termed as HE and EH-modes. In the next section we show
how these four modes are identified as the corresponding
HE or EH modes.

III. IDENTIFICATION OF ZEROTH ORDER VECTOR
MODES

The nomenclature of the hybrid modes in fibers was
proposed by Snitzer [4] and it is based on the ratio of the
longitudinal electric and magnetic fields. Thus, we define
a quantity

P ( 5 )

The derivative in the denominator with respect to 0 is
included to make P independent of 0, since Hz and Ez

have mutually orthogonal 0-dependences. The sign of P
decides whether a particular linear combination corre-
sponds to a HE or a EH mode.

In order to obtain the z-components of the zeroth-order
vector modes, we make use of Maxwell's curl equation

V X 8 = -/co/iO3C

components of which can be written as

1 dE,
-icoixoHr = - —f + i(3E<, * z/

r a0

(6)

or
ftp 1 dF

dr r dd>

- i /3£ r

(7)

where

3C = Hexp [i(ut - j8z)]

8 = .Eexp [i(wt - 0z)].

Further, we have assumed the fields to be nearly trans-
verse which is valid in the weakly guiding approximation
(i.e., ri\ — n2) and have neglected Ez and Hz in compar-
ison to the transverse field components. Similarly from
the equation

we have

V X JC =

« -ifiHT

. _ dH+ 1 3 / / r
iwe£z = — —.

or r 90

(8)

(9)

Equations (8) and (9) can be simply manipulated to obtain

E =--*
nz 2

and

; r a p 1 a r l
(11)

^ + I ^ | (10)
dr r 30

3F\ 1 o£ 1
~dr ~~ r 3 0 J'

We can now calculate the z-component of each mode.
Modes 1:

i/3,= - - ^ - c o s [ ( / - 1)0] F(r)

- 1)0] F(r). (12)

Modes 2:

E2z = ^ - c o s [(/ + 1 ) 0 ] G(r)

H2z= - ^ - s i n [ ( / + 1 )0 ] G(r). (13)

Modes 3:

E3z= — ^ - S i n [ ( / + 1 )0 ] G(r)

"Mo
1)0] (14)

Modes 4:

£4, = - ^ - sin [(/ - 1 )0 ] F(r)

HAz = — cos [ ( / - 1 )0 ] F(r). (15)
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where

and

W i n , ( I - 1 )

G(r) =
dr

From above we see that for / = 1, mode 1 has Hz = 0
and therefore it corresponds to transverse magnetic (TM)
mode and mode 4 has Ez = 0 and therefore it corresponds
to transverse electric (TE) mode. In order to classify the
hybrid modes, we calculate P for modes 1-4. Simple cal-
culations show that

P =

P = -

- 1) '

1) '

for modes 1 and 4

for modes 2 and 3. (16)

Now, for / = 0, P is negative for all modes. In fact modes
1 and 2 and modes 3 and 4 are identical. Further, LPOi is
the lowest mode and hence, corresponds to the lowest
vector mode —HEU mode. Thus, we can classify modes
using the following criterion [4]:

P = -ve, for HE-modes

= +ve, for EH-modes.

In this manner, we see that the four linear combinations
represented by modes 1-4 are identified as the hybrid
modes as follows:

Mode 1: even EHt_x m, P = +ve

Mode 2: even HE, + hm, P = -ve

Mode 3: odd HEl + hm, P = -ve

Mode 4: odd £#,_,,„,, P = +ve

where the first quantum number on hybrid modes / - 1
or / + 1 comes from the </>-dependence of Ez and the mode
is termed as even or odd according to cosine or sine factor
in Ez.

IV. SUMMARY

In this paper, using Snitzer's criterion, we have shown
that starting from the appropriate linear combinations of
LP modes, the weakly guiding approximation of the hy-
brid modes can be easily obtained without any reference
to the rigorous vector modes.

REFERENCES

[1] D. L. A. Tjaden, "First-order correction to 'weak-guidance' approx-
imation in fiber optics theory," Philips J. Res., vol. 33, pp. 103-112,
1978.

[2] A. W. Synder and W. R. Young, "Modes in optical waveguides," J.
Opt. Soc. Amer., vol. 68, pp. 297-309, 1978.

[3] R. A. Sammut, C. D. Hussey, J. D. Love, and A. W. Synder, "Modal
analysis of polarization effects in weakly-guiding fibers," Proc. Inst.
Elec. Eng., vol. 128, pt. H, pp. 173-187, 1981.

[4] E. Snitzer, "Cylindrical dielectric waveguide modes," J. Opt. Soc.
Amer., vol. 51, pp. 491-498, 1961.

[5] C. N. Kurtz, "Scalar and vector mode relations in gradient-index light
guides,"/ . Opt. Soc. Amer., vol. 65, pp. 1235-1240, 1975.

[6] M. J. Adams, An Introduction to Optical Waveguides. Chichester,
England: Wiley, 1981.

[7] A. Sharma, "On constructing linear combinations of LP-modes to ob-
tain zeroth order vector modes of optical fibers," Appl. Opt., to be
published.

K. Thyagarajan was born in Vishakapatanam,
India, on March 29, 1952. He received the B.Sc.
and M.Sc. degrees from the University of Delhi,
India, and the Ph.D. degree from the Indian In-
stitute of Technology, Delhi, India, in 1971, 1973,
and 1976, respectively.

In 1976, he joined the Department of Physics,
Indian Institute of Technology, Delhi, where he
is currently an Assistant Professor. During 1977-

^ •* 1978, he worked at the Ecole Normale Supe-
rieure, Paris, France, and Central Research Lab-

oratories (LCR), Thomson-CSF, Orsay. During 1983-1984, he was on
sabbatical leave at LCR, Thomson-CSF, Orsay, France. His current inter-
ests are in the fields of fiber and integrated optics, fiber optics devices,
fiber optics sensors, and applied optics. He has published over 50 research
papers, and is also the co-author (with A. K. Ghatak) of two books: Con-
temporary Optics (New York: Plenum, 1978, reprinted Macmillan India,
1984) and Lasers: Theory and Applications (New York: Plenum, 1981,
reprinted Macmillan India, 1984) and one review.

Dr. Thyagarajan is currently an awardee of the Indian National Science
Academy (INSA) Research Fellowship. He is also on the Editorial Board
of the Journal of the Institution of Electronics and Telecommunication En-
gineers (India).

Ajoy K. Ghatak was born in Lucknow, India, on
November 9, 1939. He received the B.Sc. degree
from Agra University, Agra, India, the M.Sc. de-
gree in physics from Delhi University, Delhi, In-
dia, and the Ph.D. degree from Cornell Univer-
sity, Ithaca, NY, in 1957, 1959, and 1963,
respectively.

In 1962, he worked for five months in the Re-
actor Physics Group at General Atomics, San
Diego, CA, and from 1963 to 1964, he worked as
Research Associate in the Department of Nuclear

Engineering at Brookhaven National Laboratory, Upton, NY. From 1964
to 1966, he was in the Department of Physics, Delhi University, and since
1966, he has been at the Indian Institute of Technology, New Delhi, where
he is currently Professor of Physics. From 1973 to 1974, he was Visiting
Scientist in the Department of Electrical Engineering, Drexel University,
Philadelphia, PA, and from 1977 to 1978, he was Visiting Fellow in the
Department of Applied Mathematics and Engineering Physics, Institute of
Advanced Studies, Australian National University, Canberra. He was Vis-
iting Professor at the University of New South Wales, Sydney, Australia,
and at the National University of Singapore, during 1983-1984 and 1984-
1985, respectively. During the summer of 1987, he was Visiting Professor
at the Institut fur Hochfrequenztechnik und Quantenelectronik, Universitat
Karlsruhe, West Germany.

Dr. Ghatak is a recipient of the 1979 Bhatnagar Award (Instituted by
CSIR, India). His current interests are in the theory of optical waveguides
and propagation of electromagnetic waves. He has published over 130 re-
search papers and several books including Contemporary Optics (coau-
thored with K. Thyagarajan, New York: Plenum), Inhomogeneous Optical
Waveguides (coauthored with M. S. Sodha, New York: Plenum), Self Fo-
cusing of Laser Beams (coauthored with M. S. Sodha and V. K. Tripathi,
New Delhi, India: Tata McGraw-Hill), Optics (New Delhi: Tata McGraw-
Hill), and Lasers: Theory and Applications (coauthored with K. Thyaga-
rajan, New York: Plenum). Inhomogeneous Optical Waveguides has been
translated into Russian and Chinese.



54 JOURNAL OF LIGHTWAVE TECHNOLOGY, VOL. 7. NO. 1. JANUARY 1989

Anurag Sharma was born in Bareilly, India, on May 7, 1955. He received
the B.Sc. degree from Agra University, Agra, India, in 1972 and the M.Sc.
degree in physics, the M. Tech. degree in applied optics, and the Ph.D.
degree in optical waveguides from Indian Institute of Technology, Delhi,
India, in 1974, 1976, and 1979, respectively.

In 1978 he joined the Department of Physics, Indian Institute of Tech-
nology, Delhi, where he is currently an Assistant Professor of Physics.
During 1982-1983. he visited the Institut fur Hochfrequenztechnik und
Quantenelectronik, Universitat Karlsruhe, Karlsruhe, West Germany, as an
Alexander von Humboldt Fellow.

Dr. Sharma is a recipient of the Indian National
Science Academy's Medal for Young Scientists
(1986) for his contributions in the gradient index
optics. He is also an Associate Member of the In-
ternational Center for Theoretical Physics. Trieste
(Italy). His current research interests are in fiber
and integrated optics, gradient-index optics, and
optics of visual photoreceptors.


