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Decay Instability in a Plasma Channel
K. Ramachandran and Vipin K. Tripathi

Abstract—Near the critical layer, a large-amplitude laser beam
creates a transverse plasma channel due to the ponderomotive
force. The axis of the channel is normal to the ambient density
gradient. Inside the channel, the laser beam decays into counter-
propagating ion acoustic and Langmuir waves. A nonlocal theory
of the process is developed for a parabolic density profile. The
growth rate of the instability is significantly reduced due to the
nonlocal effects.

Index Terms—Laser plasma interaction, parametric instabili-
ties, short-pulse lasers.

I. INTRODUCTION

THERE is significant interest in the propagation and guid-
ing of laser beams in self-formed or preformed plasma

channels [1]-[7]. The studies are relevant to wake field charged
particle accelerators and laser-driven fusion [2], [8]-[10]. In
the case of the latter, the density of the plasma varies from
subcritical to supercritical. Near the critical layer, the laser
beam acquires a large amplitude with half width \cm ~
{^Ln/ujl)1/3 where Ln is the density scale length, ui0 is
the frequency of the laser, and c is the velocity of light in
vacuum. The laser would cause density depression in the high-
amplitude region over a time scale ~ACTO/cs [11] where cs is
the sound velocity. The axis of this channel is transverse to
the ambient density gradient.

The depressed density plasma channel supports Langmuir
and ion acoustic eigenmodes. The laser pump can parametri-
cally excite a pair of these modes via a resonant three-wave
process. The process could have serious implications for the
fusion scheme as it could produce hot electrons. Earlier studies
of this decay process have been carried out either in the local
approximation or in the presence of a linear density profile.

In this paper, we develop a nonlocal theory of decay
instability in a plasma channel with a parabolic density profile.
Since the mode structure of the three interacting waves are
different, the nonlinear coupling coefficient is significantly
modified by the geometrical effects.

In Section II, we derive an expression for the growth rate of
decay instability by solving the fluid equations and Maxwell's
equations and applying a first-order perturbation approach. We
neglect the pump depletion effect. Section III concludes with
the discussion of the results.

II. INSTABILITY ANALYSIS

Consider the propagation of a laser pump through a weakly
inhomogeneous plasma along the density gradient Vn{]p.
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Near the critical layer, the laser field can be written as

£0 - xEo{z)e-^\ (1)

If the initial density profile is linear ui2 = Wg(l + (z -
zo)/Ln) (where uip is the plasma frequency, z0 is the location
of the critical layer, Ln is the density scale length) and laser
field amplitude is small, the wave equation governing Eo can
be written as

(2)

where £ = (ui2/c2Ln)
1/3 (z - z0). Equation (2) has an Airy

function solution

Eo = (3)

Eo has a peak at £ = —1, i.e., at (c2Ln/w^)1/ /3 distance away
from the critical layer in the underdense region. When laser
intensity is strong, the laser around the peak region exerts
a ponderomotive force on the electrons and creates a density
depletion. Following [12] the modified density could be written

as

n0 = n0 1 - (4)

where vth = {Te/m)ll2, —e,m,Te are electron charge, mass,
and temperature, and nj] is the equilibrium electron density.
We neglect the z dependence of nj]. However, z dependence
of n0 and Eo are to be self-consistently determined by (4) and
the wave equation

dz2 (5)

where

and

~ w 0^2 \ 1/2

2 2

The above equation is a hard spring case of Duffing's
equation [13], whose solution is given by [14]

o = Ao sech(o;o^ (6)

where Ao = ao{2/(i)1/2 is the amplitude of the pump wave.
The field profile of (6) is valid only approximately. The laser
field would connect to the field in the underdense region. We
assume the field peak in the cavity to be comparable to the
Airy peak before the density depletion is caused.
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Using (6), the density profile in the limit of aoz < 1 can where
be written as ^ (^2 ^ , _ , „ x 1/2

12 , z' =

where W2 fc

2 A

0' or-, 2 / 2 \ 2 e ^
m^Wg

The linear density perturbations nf at the sideband (uii, k\)
a n " can be written as

- J_ ( 2 / 2 _ -A 1/2 e v2 noea ~ n, l^th/^oo J-J nf ~ ^ V • (n0V</>i) % V4</>1 -̂. (16)0 muif uif muif

is the width of the plasma density channel. T h e n o n l i n e a r density perturbations can be obtained from the
Inside the channel, the pump wave decays into an ion- c o n t i n u i t y equation retaining the nv*0 term

acoustic mode and a Langmuir wave

# = « * - * — . (S, n ™ ^ Z ^ ^ |
Sx =(h1(z)e~l(-OJlt~klo:X^ (9)

From the Poisson's equation V2</> = -4ne(ni — n) on using
where u0 = u - ui,klx = kx. (12) and (13), one obtains

The pump and the Langmuir waves produce oscillatory V2
velocities of electrons <t> + 4>P — -jt i1 +

vo = ^k- nfL * ̂ ^ i i + ^ 1 V2^ (18)
eV</>i

vi = -— (10) where \i — -^jril^ is the susceptibility of plasma ions.
1 From (16) and (18) and the Poisson's equation V2</>i =

and exert a low frequency ponderomotive force Fp = eV<f>p 47re(nf + n?L), one obtains
on the electrons at (ui, k) with ji _ ji ^

(11)
The above equation reduces to the Hermite differential

The ponderomotive force and the serf-consistent field of the ecluation
acoustic wave drive low-frequency density perturbations n at d2d>i o o

(W) jfc) - ^ 2 " + ( A i - 4 )</>i = A2z(v*0xct> (20)) jfc)

g' w h e r e
_̂

The ion density perturbations n^, ignoring the weak pon- ^ 1 ' Zl ~ \ u>' j
deromotive force, can be written as \ P /

ku>

, ,2 , ,/2 1.2 „,!
\ __ __± P± Lx t t l 2

where uipi is the ion plasma frequency. 1 ~ v
2, "l

Using (12) and (13) in the Poisson's equation V2</> =
-4yre(ni - n), one obtains an

c2 ^ 1 pi) ~ C2 2?^! Equations (15) and (20) are coupled nonlinearly. When
nonlinear coupling is ignored, the solutions of (15) and (20)

where cs = (Te/mi)1/2, rrii is the mass of the ion, and we a r e written as
have assumed to2 < copi. 2 /2

For a plasma channel with density profile of (7), the above 4> =4>n = Nne
 A ' A Hn(z/z')

equation reduces to the Hermite differential equation (j>1=(j>n = Nn e~z2^2z^Hn {zlzA (21)

+ (A - i2)^ = A^vo^i (15) w h e r e A = 2n + 1, Ai = 2m + 1, n, nx = 0,1,2, • • •,
and Nn and Nni are normalization constants given by Nn =
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(l/2"n!v^F)1/2 and Nni = ( l / 2 n i n i ! V i ) 1 / 2 . Here, the A's
refer to the eigenvalues and n's are the mode numbers.

In the presence of nonlinear coupling, we express <f> in terms
of orthogonal sets of wave functions </>„, and <f>i in terms of

0.75

Bn<t>n, (22)

where Bn and Bni are constants.
By substituting for <f> and <f>i in (15) and (20), multiplying

the resulting equations by 4>n and
integrating over dz, one obtains

'u2-k2
xc

2
s

respectively, and

(23a)

(23b)

These equations give a dispersion relation in the form of
a determinant of a matrix of infinite dimension. We consider
the nth root of acoustic mode in resonance interaction with
nith root of the sideband, hence we ignore all the terms in the
summations in (23a) and (23b), except nth and nith terms.
Then (23a) and (23b) yield the nonlinear dispersion relation

c2(2n +
-klc2-

r '2

,'2

(24)

where v0 = v00 sech(o;o^) and

/ 4>n sech(aoz)<t>ni dz
J — oo

n — ',

Equation (24) is valid when eigenfrequencies of these modes
differ from each other by more than a growth rate. The two
factors on the left-hand side, when equated to zero, provide
ion acoustic and Langmuir modes. When nonlinear coupling
is finite, the maximum growth of instability 7 occurs near the
simultaneous zeros of the two expressions on the left-hand side
of (24). Expressing to = ui + 27 and UJI=UJI+ n (24) yields

-J /„ . (25)
Equation (23) is valid when the growth rate is smaller than

the frequency separation between eigenmodes

7 <
y t h

0.50-
o

3

0.25 -

Fig. 1. Normalized growth rate 7/u;' .!(J
helium plasma with n = n i , o t h / c ~ 1
and ioo ~ ^'po - 2 X 1015 rad • s—1.

for different mode numbers for a
^ 2 , VQO/V'^ ~ 0.3, a ~ 10 ,um,

as we have assumed all the modes, except one, as off resonant.

Fig. 1 shows the normalized growth rate "i/uj'pi0 for different
mode numbers for a helium plasma with n = n\, vth/c ~
10~2, VQ0/v

2
Yi ~ 0.3, a ~ 10 /nm, and ui0 ~ uip0 ~

2xlO15 rad -s"1.

III. CONCLUSION

Decay instability of a laser near the critical layer occurs
on a time scale slower than the ion plasma period, and hence
would be important in long pulse experiments. When the pulse
duration r > \em/cs, a depleted density channel is created at
the critical layer. The channel localizes the ion acoustic and
Langmuir decay waves, diminishing convection losses.

The growth rate of the decay instability is reduced by a
factor In that depends on the extent of overlap of wave
functions of the pump and decay waves. The extent of the
ion acoustic and Langmuir waves in the channel are z' ~
(acu^Cs/cu2)1/2 and zx ~ {avtijuj'^)1/2. The extent of the
pump is considerably bigger than z' ,z\. For typical parameters
z\ > z', one obtains /„ ~ [z'/zi)1/2. Furthermore, the growth
rate scales linearly with the amplitude of the laser pump. The
axial extent of the channel L is the same as the width of the
pump laser.

The convective threshold for the instability is given by
{lL_\_/\Jvgvgi) > 1 where vg and vgi are the group velocities
of the decay waves along the length of the channel. For typical
parameters cop0 ~ co0 ~ 2xlO15 rad • s"1 and j_ ~ 100 /nm,
one obtains the instability threshold at (voo/i>th) — 4 xlO~2.
The growth rate decreases with the mode number and stops
at higher mode numbers.

The decay instability may saturate when Langmuir wave
acquires large amplitude, perturbing the density profile and
introducing a frequency mismatch Awp ~ 7. The instability
would produce energetic electrons propagating perpendicular
to the ambient density gradient. The ion acoustic turbulence
may cause anomalous resistivity.
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