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Abstract -The dispersion modelling in tow wind speeds assumes importance because of the high frequency 
of occurrence and episodic nature of these poor diffusion conditions. A steady-state mathematical model 
has been proposed for the dispersion of air pollutants in low winds by taking into account the diffusion in 
the three coordinate directions and advection along the mean wind. The apparent eddy diffusivities have 
been parameterized in terms of downwind distance for near-source dispersion (Arya, 1995, J. appL Met. 3,1, 
I112 1122), The constants involved in the parameterization are essentially the squares of intensities of 
turbulence. An analytical solution for the resulting advection diffusion equation with the physically 
relevant boundary conditions has been obtained. The solution has been used to simulate the tield tracer 
data collected at lIT Delhi in low wind convective conditions. Various particular cases of the present study 
have been discussed and the results have been compared with the Gaussian plume solution and Arya's 
fi995, J. appl. Met. 34, 11t2 1122) solution. 

Ke) word index: Analytical  model ,  dispersion, low wind speeds. 

INTRODUCTION 

Air pollutants emitted from ground-level sources into 
the atmosphere are advected by the mean flow and 
dispersed by turbulent fluctuations. Under  moderate 
to strong winds, the continuously emitted pollutants 
form a cone-shaped plume in the downwind direction 
of the source. In this case, advection in the mean wind 
direction dominates over diffusion and dispersion in 
the crosswind and vertical directions is assumed to be 
nearly Gaussian. However, under weak wind condi- 
tions~ this assumption appears to be a crude one as 
not only the downwind diffusion could play an im- 
portant  role in the concentration distribution but also 
pollutants downwind of the source may no longer 
form a cone-shaped plume. Along-wind diffusion is 
particularly important  near the leading edge of the 
plume, where uncontaminated fluid from upwind 
mixes with the mass initially released (Wilson, 1981). 

Weak wind conditions occur frequently in almost 
all parts of the world and more specifically in tropical 
regions. The low wind speeds ( < 2 m s  -1) coupled 
with inversion conditions can be expected to occur 
30 45% of the time at most sites (Anon, 1974, 19751. 
These conditions appear to be the most critical and 
sensitive for pollution episodes, as under these the 
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highest ground-level concentrations are often experi- 
enced. Moreover,  under these conditions the slate of 
the lower atmosphere is often least well-defined and 
unpredictable. The conventional models have their 
own limitations arising out of their accepted assump- 
tions when the wind speed goes below 2 m s t. These 
are, probably, the primary reasons for generating inter- 
est for research in this particular area in recent years. 

Generally, weak and variable winds have signifi- 
cant impact on horizontal as well as vertical spread 
(growth) of the plume. Although horizontal meander- 
ing of the plume is a dominant  feature under light 
wind stable conditions, vertical fluctuations charac- 
terize the convective conditions. 

Most commonly used dispersion model,; are the 
Gaussian models, whether puff or plume. The Gaus- 
sian concentration distributions result frora several 
approaches such as gradient-transfer theory, random- 
walk and other statistical models. Each approach has 
its own merits and limitations for application pur- 
poses. The most serious limitation of the Gaussian 
puff models is that the puff growth is assumed to be 
the same as that of the plume, whereas actually puff 
dispersion and plume dispersion theories are quite 
different (Hanna et al., 19821. On the other hand, two 
significant deficiencies of the Gaussian plume models 
arising out of their accepted assumptions are: 

(i) From the modelling point of view: the turbu- 
lent diffusion in the direction of the mean flow is 
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neglected relative to the transport due to advec- 
tion, which implies that the model should be ap- 
plied for average wind speeds of more than I m s-  1 
(U > 1 ms 1) (Juda-Rezler, 1989). 

(ii) From the mathematical point of view: initially 
eddy diffusivities are assumed to be constant (i.e. 
independent of x, y, or z) for solving the diffusion 
equation. But later on for practical application of 
the solution so obtained, the diffusivities are ex- 
pressed as functions of x through dispersion para- 
meters (as) as 

U da~ 
K i = - - - -  (i = x, y , z ) .  (1) 

2x d x  

This approach is widely accepted from an applica- 
tion point of view, however, mathematically it is 
inconsistent (Llewelyn, 1983). 

In the context of light winds, another limitation in 
using Gaussian dispersion parameters based on Pas- 
quill's turbulence categories is that the estimates of 
plume spread are intended to be applied specifically 
to U > 2 m s - ' .  Hence, the Gaussian models in 
their primitive form do not perform well in weak 
wind conditions. They produce an unreasonable 
overestimation in low wind conditions (Bass et al., 
1979; Zannetti, 1986). Calculation errors become 
especially serious during unsteady meteorological 
conditions which are characterized by weak winds. 
One of the possible reasons for overestimation of 
concentration by a Gaussian plume model in low 
wind conditions is that the effect of along-wind diffu- 
sion is neglected in it. However, to overcome the 
problem of overprediction, various modifications in 
estimating dispersion coefficients have been suggested 
[e.g, split sigma and segmented plume methods 
(Sagendorf and Dickson, 1974), split sigma theta and 
short term averaging methods (Sharan et al., 1995a), 
Umi, approach (Zannetti, 1981)1. Various aspects of 
atmospheric dispersion in low winds have recently 
been reviewed by Yadav et al. (1995) and Yadav 
(1995). 

Here, we investigate the problem of modelling dis- 
persion in weak wind situations by removing the 
condition of constant eddy diffusivities and including 
the downwind diffusion term in the basic atmospheric 
diffusion equation. In general, eddy diffusivity coeffi- 
cients vary in space and time. However, as a simple 
case, we have assumed these to be linear functions of 
downwind distance. There is enough evidence in the 
literature (Bartzis, 1989; Tirabassi et al., 1987; Berko- 
wicz and Prahm, 1979; Arya, 1995a) to support our 
assumption. Theoretical justification for this has been 
provided by Arya (1995a) from Taylor's (1921) statist- 
ical theory. In general, and especially for horizontal 
diffusion from point sources, the gradient transfer 
theory with constant diffusivity yields erroneous re- 
suits for dispersion close to the source where the size 
of the dispersed material is smaller than the most 
energetic turbulent eddies. 

In this study, we have formulated a mathematical 
model for dispersion of air pollutants in low winds by 
taking into account the diffusion in all directions and 
advection along the mean wind. The eddy diffusivities 
are assumed to be linear functions of downwind dis- 
tance. An analytical solution has been obtained for the 
resulting advection-diffusion equation with the phys- 
ically relevant boundary conditions. The low wind data 
collected during the convective conditions, from the 
series of field experiments (in tropical conditions) con- 
ducted at l iT Delhi sports ground (Singh et al., 19911, 
have been simulated by the solution obtained. 

MODEL FORMULATION 

The dispersion of pollutants in the atmosphere is 
governed by the basic atmospheric diffusion equation. 
Under the assumption of incompressible flow, atmo- 
spheric diffusion equation based on the Gradient- 
transport theory can be written in the rectangular 
coordinate system as 

c~C ~C c~C ~3C 

0( + = -  K~ + S + R  (2) 
uz az/ 

where C is the mean concentration of a pollutant; 
S and R are the source and removal terms, respect- 
ively; (u, v, w) and (Kx, K r, K~) are the components of 
wind and diffusivity vectors in x, y and z directions, 
respectively, in an Eulerian frame of reference. 

The following assumptions are made in order to 
simplify equation (2): 

(a) Steady-state conditions are considered, i.e. 
OC/~t  : O. 

(b) As the vertical velocity is much smaller than the 
horizontal one, the term w(OC/Oz) is neglected. 

(c) x-axis is oriented in the direction of mean wind 
(u = U and v = 0). 

(d) Removal (physical/chemical) of pollutants is ig- 
nored so that R = 0. 

With the above assumptions, equation (2) reduces 
to 

u~=~< y~/+~ 

+ ~  K ~ -  z + S .  (3) 

This equation forms the basis for most of the air- 
quality models. The nature of the solution to equation 
(3) depends on the specification of U, Ks and S. U is 
either assumed constant for the averaging period 
considered or, more realistically, taken to be a power- 
law function of z (Pasquill and Smith, 1983). In a 
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similar fashion, the eddy diffusivities (Ks) are either 
assumed constants (Roberts, 1923; Sharan et al., 
1995a, b) or taken to be functions of space coordinates 
(Berkowicz and Prahm, 1979; Tirabassi et al., 1987; 
Bartzis, 1989). Based on the location of the source 
with respect to the coordinate system used, one can 
specify an explicit form for S. 

Here U is taken to be a non-zero constant  and Ks, 
the apparent diffusivities, are specified as linear func- 
tions of downwind distance based on Taylor's (1921) 
statistical theory of diffusion for smaller travel times. 
That  is, 

K ~ = aUx.  K,. = f lUx,  K~ = 7Ux  (4) 

where a, fl and 7 represent turbulence parameters and 
vary with the atmospheric stability. With this para- 
meterization of diffusivities, equation (3) becomes 

{o r - - -  

(?X . . 

/ a c \  
+ Tz ). (51 

The source term S is intended to be introduced 
through one of the following boundary  conditions: 

(i) A continuous point source with strength Q is as- 
sumed to be located at the point (0,0,0), i.e. 

UC = Q6(y)6(z)  at x = 0 (6) 

where 6(.) is Dirac's delta function. 
(ii) Far away from the source, the concentration de- 

creases to zero, i.e. 

C~0;  x, l y l , z - ,oc .  (7) 

(iii) Ground  surface is assumed impermeable to the 
pollutants, i.e. 

~C 
- - = 0  a t z = 0 .  (8) 
?~z 

Notice that equation (5) is a linear three-dimensional 
elliptic partial differential equation. This equation 
with boundary conditions (6)-(8) has been solved ana- 
lytically using the method of integral transforms (see 
Appendix) to obtain 

C(x.y, 2) - U n % / ~ x  I 1 +~k--ff~ fY2 + ~ 2 ) ]  ((1/2~(,+ 1) 

(9) 

This solution depends upon the parameters ~,/3 and 
3, which can be identified as squares of turbulence 
intensities using Taylor's statistical theory of diffusion 
(Arya, 1995a). For  practical applications, these turbu- 
lence parameters should be specified on the basis of 
direct measurements of turbulence intensities or from 
suitable empirical relations based on similarity 
(Hanna et al., 1982; Arya, 1995b). 

SLENDER PLUME APPROXIMATION 

C 

where 

The slender plume approximation can be invoked 
by taking ~ = 0, i.e. Kx = 0 (equivalent to neglecting 
the downwind diffusion term). The solution given by 
equation (9) can be rewritten as 

Q 
(1 + ~p) a(l + :~p),<e= (10) 

1 (  y2 z2) 

T + T  " 

Rewriting (1 + ~p) 1/2~ as [(1 + ~p)l.:tp] p,2 and 
taking the limit as ~ - 0, we get (1 + z~p) ~ -~ 1 and 
[(1 +o~p) 1lap] p/2 ___)e-V;2 since (1 + x )  1 ~ - . e  if 
X --+ 0 ,  

Therefore, 

r t x . v f ~  x, 7 ~  x exp L - ~ X  

(II)  

e in the above Replacement of fix 2 by a 2 and yx  2 by a~ 
equation yields the Gaussian plume solution 

C =  ; - -exp - exp - . 112) 
~ U O'yO" z 

The solution given by equation (11) is analogous to 
the Gaussian plume solution (12) and thus. there is 
a consistency of the Gaussian plume solution with the 
solution of the advection-diffusion equation even in 
the case of linearly varying eddy diffusivities. It may 
be recalled that the Gaussian plume solution is ob- 
tained by ignoring the longitudinal diffusion term in 
the advection-diffusion equation. This gives us con- 
fidence in using solution (9) for weak wind and 
near-source dispersion. 

It may be noted that the parameterization ,of dif- 
fusivities [equation (4)] in terms of mean windspeed 
and downwind distance is valid for non-zero wind- 
speed. For U = 0 (i.e. calm condition), U is, replaced 
by ~r, in the K-parameterization as illustrated by Arya 
(1995a) for the case of isotropic eddy diffusivity, i.e. 
K~ = K~ = K~ = K = ~'a,r  where r is the radial dis- 
tance and x' is an empirical constant. The steady-state 
concentration distribution for U = 0 is giw.'n by 
(Arya, 1995a) 

Q 
C - 87tx,a,r 2 . (l 3) 

The value of ~' is suggested to be x / n / 2  in the case of 
homogeneous turbulence. 

PARAMETERIZAT1ON 

For practical application of solution (9), one needs 
to specify the turbulence parameters :t./3 and 7. These 
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parameters can been identified as squares of turbu- 
lence intensities using Taylor's statistical theory of 
diffusion (Arya, 1995a), i.e. 

2 /~ r \ - 6 - /  -; (14) 

When the measurements of intensities of turbulence 
are available, the turbulence parameters should be 
computed directly from the above relations. However, 
in the absence of direct measurements ofa~, a,: and aw, 
they can be parameterized through the use of empiri- 
cal similarity relations for the planetary boundary 
layer (PBL)(Hanna,  1982; Randerson 1984; Panofsky 
and Dutton, 1984; Stull, 1988; Sorbjan, 1989; Arya, 
1984, 1995b). 

For  the convective boundary layer (CBL), mixed- 
layer similarity scaling and empirical turbulence data 
suggest that au = a,, -~ aw, (a -~ 0.56) (Kaimal et al., 
1976) and aw = bw, ,  where w, is the convective velo- 
city scale. The constant b can take values from 0.4 to 
0.6, depending on the dimensionless height z/z~, 
where z~ is the convective mixing height. As a good 
approximation, one can take b-~ 0.4 for modelling 
dispersion in the surface layer and b -~ 0.6 for disper- 
sion in the mixed layer. With the above parameteriz- 
ation of turbulence in the surface layer in convective 
conditions, equation (14) can be expressed as 

9~ = f l = O . 3 1 ( w , / U ) 2 ;  7 =O. 16(w, /U)  2. (15) 

The relations (15), for convective conditions, have 
been used in solution (9) for simulating the diffusion 
experiments conducted at I IT Delhi for ground-level 
releases during low wind conditions. 

THE FIELD TRACER DATA 

The diffusion data chosen for the simulation were 
collected during SF6-tracer experiments in low wind 
and unstable conditions at I IT Delhi sports ground. 
During each test run, the tracer was released for an 
hour at a height of about 1 m and the air samples were 
collected during the latter half of the release period, 
at a height of about 0.5 m. Twenty sampler pumps for 
collecting air samples were placed on three circular 

arcs of radii 50, 100, and 150 m with the centre as the 
release point in most of the cases. The air samples thus 
collected were later analyzed in the Air Pollution Lab 
(Dry), CAS, IIT Delhi, using electron-capt.ure gas 
chromatography (Singh et al., 1991). Meteorological 
inputs have been provided by the measurements done 
at 1, 2, 4, 8, 15 and 30 m levels of a 30m micro- 
meterological tower located about 300 m south-east 
of the release point. Table 1 gives the relevant in- 
formation about the diffusion tests and the wind vec- 
tors. In addition, it includes values of w, and z~. The 
data from these 8 unstable test runs have been utilized 
for the following analysis. 

RESULTS AND DISCUSSION 

Solution (9) for a ground-level source is adopted 
here to compute concentration. Its usage requires the 
specification of mean windspeed U, source strength 
Q and the turbulence parameters ~, fl and ":. In convec- 
tive conditions, ~ and fl are nearly the same, as 
a, -~ a~,. This is reflected in equation (15). Therefore, 
solution (9) simplifies to 

C(x,v,z) Q I I +  ' ( ~ 2\q~1'"2~'+" 

(16) 

For the field experiments considered, direct 
measurements of U and Q are available whereas the 
intensities of turbulence to specify ~, fl and 7 could not 
be measured. Thus, in the absence of turbulence inten- 
sity measurements, recourse to empirical relations (l 5) 
seems a plausible alternative. The parameter w, has 
been estimated from the following formula 

/ g  \ 1 3  

W* = ~ov¢'O'zi ) 

where w'0' is the kinematic heat flux, g is the acceler- 
ation due to gravity and Othe mean potential temper- 
ature. The kinematic heat flux has been estimated 
indirectly (Stull, 1988) using two levels (2 and 15 m) 
temperature and wind data obtained during the 
experiment from the micrometeorological tower. An 

Table 1. Relevantexperimentaldetails ofthe convective testrunsconducted a t i lT  Delhisports 
ground in February 1991 

Sampling Wind Wind P G 
Run time speed direction w, z~ stability 
no. (h) (ms l) (deg) (ms 1) (m) class 

1 1200 1230 1.36 343 2.37 1570 A B 
2 1530 1600 0.74 291 2.26 1240 B 
6 1000 1030 1.40 286 2.04 1070 B 
7 1245 1315 1.54 284 2.28 1240 B 
8 16451715 0.89 301 1.09 943 B 

11 1000 1030 1.07 320 1.83 1070 A B 
12 1215 1245 1.55 334 2.32 1325 B 
13 1530 1600 1.08 331 1.72 1070 B 
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iterative procedure was used for this purpose. In the 
absence of onsite sounding data, the mixing heights 
were obtained from sodar measurements done by the 
National Physical Laboratory at a slightly different 
location (only a few kilometers away) in Delhi. All 
these factors could affect the model predictions. The 
concentrations are computed at z = 0.5 m which is 
the sampling height. 

The peak concentrations obtained from solution 
(16) on 50 and 100 m arcs are tabulated along with the 
observations in Tables 2 and 3, respectively. The tables 
reveal that the present model (eq. (16)) gives an under- 
predicting trend on both the arcs. The peak values are 
underpredicted, roughly by a factor of 3 to 10. 

Tables 2 and 3 include the results from slender 
plume approximation (~ ---, 0) which is the same as the 
Gaussian plume formula with ~r's based on the above 
mentioned similarity scaling. The difference in these 
and the results from the present model is seen to be 
very small because of the fact that the maximum is 
predicted along the mean wind. For  z = 0, the two 
would be the same because the slender plume approx- 
imation and solution (9) are identical at y = 0 and 
z = 0. It means alongwind diffusion is not so impor- 
tant for ground-level centreline concentrations, in 
particular, in the case of ground-level emissions. The- 
oretically, the downwind diffusion is important  away 
from the plume centreline (Deardorff, 1984; Sharan el 
aL, 1995b; Arya, 1995a). 

Table 2. Peak values of tracer concentration (ppt) observed 
and predicted by various cases at 50 m downwind of the 

source 

Gaussian 
Run Present 
no. Observed model Similarity Briggs Arya(1995a) 

1 832 123 133 621 68 
2 1068 67 76 1050 48 
6 ll01 90 97 420 51 
7 248 77 81 421 44 
8 1282 333 354 1200 186 

11 616 90 91 749 55 
12 759 125 139 556 69 
13 1060 164 178 911 95 

Table 3. Peak values of tracer concentration (ppt) observed 
and predicted by various cases at 100 m downwind of the 

s o u r c e  

Gaussian 
Run Present 
no. Observed model Similarity Briggs Arya (1995a) 

1 345 38 41 192 22 
2 460 17 19 261 14 
6 176 22 24 105 14 
? 288 19 20 105 12 
8 345 84 88 300 51 

11 162 23 23 188 15 
12 222 31 35 139 19 
13 215 41 44 228 27 

For  the sake of comparison, Tables 2 and 3 include 
the results from the simple Gaussian plume model 
with dispersion parameters estimated from Briggs' 
analytical expressiops for urban terrain (Zannetti, 
1989). The results indicate that the simulated peaks 
from the Gaussian plume model using the Briggs' 
parameterizations for sigmas compare well with the 
observed peaks. These are quite different from those 
obtained with dispersion parameters based on sim- 
ilarity scaling. 

The results from the present model are also com- 
pared with those from a model obtained by numerical 
integration of the Gaussian puff solution using disper- 
sion parameters based on convective similarity scaling 
(Arya, 1995a). Nonlinear variation of the dispersion 
parameters is considered in the numerical integration 
and is valid for small, intermediate and large diffusion 
times (Pasquill and Smith, 1983). The results from 
this approach show further underprediction of peak 
concentration on both 50 and 100 m arcs (Tables 
2 and 3). One of the possible reasons for this could be 
the basis of the two models. Arya's model is based on 
statistical theory of diffusion whereas the present 
model is based on Gradient-transfer theory. Further, 
the parameterization of Lagrangian time scales is as- 
sumed to be the same for both horizontal and vertical 
diffusion. 

The overall results from the present model for con- 
vective cases are shown in Fig, 1. The', figure gives 
a scatter diagram of the predicted and the observed 
concentrations from all the test runs. It may be seen 
that although there is a clear underpredicting trend, 
the number of predictions within a factor of 6 are 
reasonable. A similar trend has been observed for the 
results from Arya's (1995a) model. 

The underpredicting trend shown by the present 
model as well as the other existing models based on 

1 9@9 / / 

F // / 
c / /  ,~ d 

d.~ ~e® " : , . "  ~Y.. 

, /  • . :" " ~.'._ 

1 Q  , • ". ". ,: ' . . . 

i , ~  I I I L ~ I ~ I  I I i l l l l l l  ~ . , ._~ I t l I L I [  [ 

1 @ 1 @@ i @@@ 
Observed Cone, (ppt) 

Fig. 1. Scatter diagram of the model predictions for convec- 
tive cases and the corresponding observations. Solid lines 

indicate a factor of two and dashed a factor of six. 
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convective scaling is attributed to the uncertainties or 
errors associated with 

(1) the input variables, in particular w.,  and 
(2) the empirical constants in equation (15) which are 

probably based on the data excluding low wind 
conditions and thus might be questionable for use 
in light wind convective conditions. 

The impact of the above mentioned uncertainties 
on concentration has been analyzed below. 

Using convective scaling parameterization, formula 
(16) reduces to 

Q nabx 2 

× 1 + x + \ b x /  J 

(17) 

The normalized concentration, essentially, depends 
on a,b and w./U.  The contribution of the third term, 
(az/bx) 2, within the square bracket, to the concentra- 
tion will be negligibly small near the ground. The 
second term (y/x) 2, represents the deviation of the 
receptors from the plume centreline. Its contribution 
to the concentration is zero at the centreline and 
increases away from the centreline. This is consistent 
with the fact that maximum concentration is observed 
along the plume centreline and decreases in the cross- 
wind direction. 

For  peak concentration (at y = 0 and z = 0!, for- 
mula (17) reduces to 

C, = zx2a--- ~ 

Therefore, uncertainties in the constants a and b and 
w. /U  will show up significantly in the ground-level 
centreline concentrations, For  example, a reduction of 
25% in either w. /U  or the constants a and b would 
produce roughly a two times increase in the concen- 
trations. 

Taking a = 0.56, b = 0.4, y = 10m and z = 0.5 m 
in formula (17), Cn is plotted against x for different 
values of w. /U  in Fig. 2. The normalized concentra- 
tion decreases with downwind distance, for a given 
value of w,/U,  rapidly near the source and slowly in 
the far-field. The parameter w, /U  for a given U in- 
dicates the extent of instability of the atmosphere. The 
larger value of w, /U  (i.e. 1.5) which corresponds to 
strongly convective case results in lower concentra- 
tions relative to w . / U  = 0,5 which refers to the weak- 
ly convective case. The impact of the constant a on the 
concentration is similar to that of w . / U .  The influ- 
ence of the constant b on the concentration at any 
point will be of the same nature as it is on the peak 
concentration as discussed above. 

The crosswind and the vertical distributions of nor- 
malized concentration, at 100 m downwind of the 
source, are given in Figs 3 and 4, respectively. In Fig. 
3, each curve represents the ground-level normalized 

0,003 
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" w,/U =1.0 ', 

' w./U ,,0.5 

I 
I 

- - . ° .  
" - ° . o ,  

SO 100 150 200 250 
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Fig. 2. Variation of normalized concentration with downwind distance for various values of w./U. 
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Fig. 3. Variation of normalized ground level concentration at x = 100 m with crosswind distance for 
various values of w,/U. 
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Fig. 4. Variation of normalized centreline concentration at x = 100 m with vertical distance for various 
values of w,/U. 
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concentration for a particular value of w , / U  (stability 
indicator). The concentration is maximum at the 
plume centreline and decreases away from it. Near the 
plume centreline (small values of y), the concentra- 
tions are least for strongly convective conditions 
( w , / U  = 1.5) and increase with increasing stability 
(decreasing w , / U ) .  This is due to enhanced mixing in 
strongly convective conditions. This trend starts re- 
versing at the tail end of the distribution (away from 
the plume centreline) because of mass continuity. 
A similar trend is seen in Fig. 4 which gives the 
vertical concentration distribution at the plume cen- 
treline at x = 100 m. The normalized concentration is 
maximum near the ground and decreases with height. 
The stability dependence of concentration distribu- 
tion in the vertical is similar to that in the crosswind. 

SUMMARY AND CONCLUSIONS 

diffusion problem and can be justified by considering 
a mass balance across an infinitesimal strip at x = 0. 
In the present case, the diffusive flux vanishes at x = 0 
in view of the nature of K-parameterization, resulting 
in boundary condition (6) which involves only the 
advective flux. 

The solution described in this study has a practical 
limitation that it does not give the concentration field 
in the region upstream of the source, although the 
upstream diffusion may be expected near the source 
under low wind convective conditions (Arya, 1995a). 

It may be recalled that the parameterization of eddy 
diffusivities used in this study is valid for non-zero 
windspeeds. For  the case of zero wind, diffusivities can 
be parameterized in terms of standard deviations of 
turbulent velocity fluctuations rather than mean wind 
as suggested by Arya (1995a). A general parameteriz- 
ation is desired for a more realistic dispersion model 
valid for all windspeeds. 

A mathematical model has been proposed for the 
dispersion of a pollutant from a continuously emitting 
point source. An analytical solution has been ob- 
tained for the steady-state form of advection diffu- 
sion equation with linearly varying eddy diffusivities. 
The slender plume approximation which gives con- 
centration close to the plume centreline is shown to be 
analogous to the Gaussian plume solution, implying 
that alongwind diffusion is insignificant in the im- 
mediate vicinity of the centreline. 

The turbulence parameters in the model have been 
identified as squares of intensities of turbulence. They 
have been parameterized in terms of empirical rela- 
tions using similarity theory. 

Using the solution (9) for a ground-level source, 
I IT-SF 6 convective diffusion tests have been 
simulated. The present model simulations are found 
to be low relative to the observations and the Gaus- 
sian plume simulations. However, the simulations are 
close to those based on Arya's model and Gaussian 
approach using parameterization in terms of convec- 
tive velocity. Thus, the results obtained using the 
empirical relations based on convective scaling sug- 
gest the presence of uncertainties in the empirical 
constants appearing in relations (15). The constants 
do not seem to work in low wind conditions and 
therefore, need to be updated with more appropriate 
data. This can be seen by parameterizing the vertical 
turbulence and diffusion in the surface layer using 
local free convection similarity theory. Uncertainties 
may also exist in the estimation of w ,  The diffusion 
data used here, besides being sparse and inadequate, 
possess stochastic uncertainties. 

More validation studies are needed with different 
datasets especially for convective conditions. 

Equation (5) has been solved in the half space by 
taking the condition that the net flux (advective and 
diffusive) equals the source strength at the fictitious 
plane x = 0 (i.e. UC - 2Kx ~C/?x  = Qfi(y)f(z)). This 
has been taken in analogy of the symmetry in a pure- 
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APPENDIX 

Equation (5) is rewritten as 

?~2C OC O2C O2C 
~x ~---~ + (~ - 1 ) T ;  x + 13x-ff /  + 7x T ;  / = o. 

Now, we use Fourier transform in "y" and Cosine transfrom 
in "z", to obtain 

~2C,  
-- (4n22~flx y22x)C, = 0 (A1) atx ~x2 + (co- 1) + 

where C,(x, 22, 23) is the transformed variable and is related 
to C as 

C,(x, 22,,'],3)= ~ f f C(x,Y,Z) 
o Jc 

x e z"iya2 cos(23z) dydz.  

Equation (A1) is an ordinary differential equation of second 
order with the following transformed boundary conditions: 

(i) C,  ~ 0 ;  x ~ o o  (A2) 

(ii) C, = -~ at x = 0. (A3) 

Equation (A1) with the boundary conditions (A2) (A3) can 
be solved to give 

C, Un3/2 sin(,un)F(1 - #)x" 4n2/t~ + ;'.~ 

(A4) 

xK~, x 4n222fl--  + j 

where K~[.] is the modified Bessel function of second kind 
of order/~ = 1/2~. Now, inverting equation (A4) wi, th respect 
to the parameters 22 and 23, we get 

o 

-~ +.<~-1 /cosCZ,,X~y) x K  u x 4nz)t]=t ~/  j 

X COS(23Z) d l  2 d). 3 (A5) 

where 

Q2 u +(3/2) 
A - -  sin(/~n)F(1 - I~)x ~' . 

UT~ 3/2 

Evaluating the double integral in equation (A5) using the 
following transformation (Gradshteyn and Ryzhik, 1980): 

X/~ 2n22 = rcosO; ~ 23 = rsinO 

we get 

/2 aA 
C = . / - - -  2~x-"-2F(p + 1) 

y ?+z2 
x nF /1 + 1,1; 1; x2 (A6) 

where F is a hypergeometric function. Equation (A6) on 
further simplification using basic properties of hypergeomet- 
ric function (Gradshteyn and Ryzhik, 1980, p. 1040) yields 

/5 ~A 
C = _ / - ~ 2 " x  u-2r (p  + 1) 

V ~ 2nx/~y 

y2 ~ + z 2 

x 1 + x------T~ (A7) 

Subsituting the value of A, we finally obtain 

Q 1 . (A8) 


