
840 TEEE TRSNSACTIONS OX AUTOMATIC CONTROL, DECEMBER 1972

computation time is that required for the canonical transformation.
Hence negligible computation t.ime is needed for repeat.ed calculations
using the same system but different weighting matrices. Similarly,
t.his characteristic of the method can be of advant,age in suboptimal
control problems [2] where numerous Lyapunov equation solutions
are needed.

The suggested algorithm may be derived from the viewpoint of
spectral factorizat.ion, via Newton-Raphson interation. The charac-
teristic polynomial of the 2n X 2n matrix of Fat.h's approach is
factored to obtain the system closed-loop polynomial. Since the
eigenvalues and eigenvectors of this large matrix are not explicit,ly
required in the case of single-input systems, a computationally sim-
ple algorithm can be derived.

In comparison, Fath's algorithm requires the determination of
6he eigenvalues and eigenvectors of the 2n X 2n mat.ix. Howerton
and Hammond [3] suggest t.hat. this is a 130n3 operation. Problems
mit.h repeated eigenvalues and degenerate eigenvect.ors may also be
encountered. In addit.ion, these calculations must be repeated for
any changes in system weighting matrices.

The suggested algorit,hm is found to be quite robust relative to
the accuracy of the transformation step. The ninth-order numerical
example has a controllability matrix condition number of 10l2.
With seven decimal digit arithmetic the feedback elements were
found to an accuracy on the average of better than three figures.
In double precision at least eight-figure accuracy was obt.ained. For
systems producing an even larger condition number, the accuracy of
the solution found by the suggested method may perhaps be im-
proved by applying an algorithm such as that of Davison and Xan
[4] for several final iterat.ions. The controllability matrix is not
required and the overall operation count may still be less than
13h 3 since convergence is quadratic.
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Comments on ‘(Trajectory Optimization for Closed-Loop
Nonlinear Stochastic Systems"

A. K MAHALANABIS

The above paper’ gives an effective suboptimal nonrandomized
control algorithm for nonlinear st.ochast,ic systems. The authors
suggest incremental linearization (based on Taylor's series) for deriv-
ing the suboptimal cont.ro1 and second-order approximation to
compute the mean of the trajectory perturbation. The aim of this
correspondence is to draw attention to the fact that for the quadratic
index [(3) of the above paper] it is not necessary to "arbitrarily re-
quire" relations (7) and (8) since linearization is being employed.
Since E {Sx} = 0 (t.he null vector) and, from (4), E {67~) = 0, sub-
st,itutions r = f + 6x and u = Q + 6u in (3) would yield the per-
turbation 6J in J, also a quadratic in 6s and 6u vith the st,ate and
control weighting matrices Q1 and R,, respectively. The equation for
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Sx being linear, (7) and (8) follow from the well-known results of
linear stochastic control t.heory.

There is also an error in Fig. 2. The nominal trajectory B is st.at~d
in the paper to correspond to t.he solution of the noise-free plant
equation. How, then, does it vary wit.h Qm? Is it. 3 + X(t) that is
being shown?

Finally, it may be worthwhile to point out t.hat the basic idea of
the paper has been discussed by t.his correspondent and his student
[11. We have, however, preferred to use the first- and second-order
statistical approximations. This is because the derivative operat.ions
involved in Taylor's series have a noise accentuating effect. [2], [3].
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Authors' Reply2

ROBERT J. BROWN, JR., AND JAMES R. ROWLAND

The purpose of this reply is to reiterate that (7) and (8) in our
paper’ do not follow directly from linear stochastic theory, to explain
why Fig. 2 is indeed correct as given, and t.0 indicat.e the relat.ionship
between the development in our paper and that reported by Rao and
hlahalanabis in [l].

The key step in our paper related to the questions posed by Mah-
alanabis involves the development of the constraint equation (9)
for E (6x1, which is designated as X@). As stated in our paper, taking
throughout expect.ed values of the second-order Taylor series ex-
pansion for 61 yields (9). In particular, the expectation of second-
order terms in 6k means that terms involving P(t), which represents
E{6s 6xT), appear in t.he equation for M(t). These t,erms guarantee
that the resulting M(t) is not identically zero. Moreover, furt.her
coupling is evident in that t.he coefficients in (9) are funct.ions of f
and Q. Even the first-order Taylor series expansion of 6x results in
coefficient matrices F and G in (6) as functions of f and G and, due to
coupling, indirect,ly of P, Jf, and P,. It is t.his coupling, toget.her with
the coupling resulting in X(t) not being identically zero, t.hat pre-
prevents (7) and (8) in our paper from following directly from linear
stochastic theory and, therefore, permits t.heir arbitrary selection.
Other choices were possible for obtaining a matrix K, for use in (4),
but (7) and (8) were selected because, as stated in our paper, that
choice guarantees t,hat. the regular Riccati solutiou is obtained when
the system is linear, i.e., when F and G are not functions of B and a.

The noise-free plant equation for 2 is obtained by set.ting the input
noise w to zero and 1ett.ing u equal fi. The nominal control ,tZ(t) is
obt.ained simukaneously with f(t) as a part. of the opt.imization
procedure and depends upon the input. noise mat.rix QZ. Therefore,
f(t) is different for different. valus of Qm, and Fig. 2 is correct as
given. This funct,ional dependence of the t.rajectory on the input
noise matrix is the maj or idea of t,he paper.

The results by Rao and Mahalanabis [11 are based on considering
one cost functional for the nominal traject.ory and another cost,
functional for variations about t,hat t.rajectory. Using a single cost
functional, our approach permits one to consider t,hose coupling
effects which are neglected in [l] by performing the simu1t.aneous
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