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Abstract: The usual procedure for synthesising the Nth order digital FIR transfer function AN(z)
in which the constant term is unity and the coefficient of z-N is —aN(N) by a lattice structure fails
if aN(N) = f 1. The author is concerned with a solution to this problem. It is known that under this
condition. AN(z) must be linear phase to be realisable by a lattice structure. A synthesis procedure
is given for such an AN(z). For a general nonlinear phase AN(z) with u,(N) = f 1, an alternative
synthesis procedure is also given in terms of parallel lattice structures.

I Introduction

The lattice is one of the most important structures for the
synthesis of FIR as well as IIR digital transfer functions,
and has many applications in signal modelling, spectrum
estimation and adaptive filtering. This paper concerns the
lattice synthesis of an FIR transfer function of the form

A,(z) is an intermediate transfer function and satisfies the
recurrence relation

where

ki =

(4)

(5)

AN(z) = 1 - (1)
m=1

with a,(N) = f 1. In this case the usual procedure, as
given in [I] and other standard text books [2, 31, fails.
This problem does not appear to have been adequately
addressed to in the literature. It is known [4] that if
aN(N) = f 1, then &(z) must be a linear phase polynomial
i.e. aN(i) = f aN(N — i) to be realisable by a lattice. A
synthesis procedure is presented for this case in which the
problem is reduced to that of synthesis of another poly-
nomial of approximately half the order. A synthesis proce-
dure is also given for a genera1 AN@) having aN(N) = f 1,
but neither symmetry nor anti-symmetry of the coeffi-
cients, in terms of parallel lattice structure.

2 Review of FIR lattice and consequences of
a , (N) = f 1

First recall, from [I], the essential steps in the lattice
synthesis of eqn. 1, particularly those steps useful in the
development of the procedure. For proofs and other details,
refer to [I]. Fig. 1 shows the lattice structure, the synthesis
of which involves finding the reflection coefficients ki,
i = 1 to N, in terms of aN(m)s of eqn. 1. Let

Z[ei(n)] = E,(z), i = 0 to N

and

AS?) = Ef?)IE0{z) = ESz)/X{z) =l-J2a

(2)

(3)
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From eqn. 4, the recurrence formula for the polynomial
coefficients is obtained as

al(m) = a,-l(m) — m), m = 1 to (i — 1) (6)

The synthesis procedure uses the reverse recursion, using
eqn. 5 and the following:

m = 1 to (d - I)
- k:),

(7)

in decreasing order i.e. i = N, N— 1 , . . . , 1 until all kl s
have been computed as a byproduct of this recursion. From
eqns. 5 and 7, it is clear that if aN(N) = & 1, then kN = f 1
and aN-(m) cannot be computed because the denominator
of eqn. 7 becomes zero. Rewriting eqn. 7 in the form

a,(m) + k,a,(i - m) = (1 - k:)a,-l(m) (8)

and putting i = N and kN = f 1 gives

UN(m) = 'FUN(N - m) (9)

Eqn. 9 is an indication of the fact that even though
CZ~-~(~) may not be computable, a lattice structure may
exist ifAN(z) is a linear phase polynomial. To explore this
point further, appeal to eqn. 4, and substitute

(10)

in it to get

At{z) = 1 - kfi
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Fig. 1 General FIR lattice structure
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In the last term in eqn. 11, if the variable is changed to
r = i — m. it then becomes

Thus

(12)

hence (N— 1)/2 variables can be chosen arbitrarily. The
simplest and the most economic choice would be

-,(N - 1) = a,-,(N - 2) = = . . . -- (^ = 0

(19)

This gives

Now putting i = Nand k, = f 1 in eqn. 13, the coefficients
of — z-~ and —z-(~-~) become, respectively,

-m) (14)

and

uN(N - m) = u,+I(N - m)

From eqns. 14 and 15, eqn. 9 is derived, thus implying that
if a lattice realisation is to exist for AN(z) with k,,, = f 1,
then AN(z) must be a linear phase polynomial with either
symmetrical (k, = —1) or anti-symmetrical (k,,,=+1)
coefficients.

3 Synthesis of linear phase A,&) with

The solution to the problem of synthesising eqn. 1 with
a , ( N ) = f1 lies in eqn. 13. Four different cases arise
depending on whether aN(N) = k, = 1 or — 1, and whether
N is odd or even. Consider each of them separately.

3.1 Case 1: a,(N) = kN = + 1 and N odd
In this case, lattice realisability demands that AN(z) be of
the form

+ aN

aN

'N- I

N- Is

1-0/21/2 + • • • + aN(2)z -

z-(N-I) -rN+ a,,,(l)z

Also from eqn. 13 by putting i=N and kN = + 1 ,

N-1

(16)

(17)

Comparing coefficients in eqns. 16 and 17 gives the
following set of (N— 1)/2 equations

aN_l(l)-aN_l(N-\)=aN{\)

- 1 N-l

(18)

The rest of the (N — 1)/2 equations are repetitions of eqn.
18 and hence are redundant. The quantities on the right-
hand side of eqn. 18 are known from the specifications of
AN(z). The number of variables in eqn. 18 is (N — 1);

( 2 0 )

thus reducing the order approximately by a factor of two.
A\N_ x^^i7) can now be developed into a lattice in the usual
manner, unless a,(&' — 1)/2 is also f 1. In the latter case,
if eqn. 20 is linear phase, the same procedure is to be
repeated; otherwise, the procedure discussed in Section 4
is to be used.

The synthesis procedure is illustrated by the following
example.

Example I: Let

A5(z) = 1 - 0.5z ' + O.~Z -~ - O.~ z"5

(21)

Here k5 = a5(5)= 1 and the next lower degree polynomial
would be, according to eqn. 20,

A~(z) = 1 - 0.5~- Z-~ A A;(z)

For this,

and

k, = 4(2) = -0.3

(22)

(23a)

^ = a;(1) = [a;(l) + kzai(l)]/(l - k;) = 0.3846 (236)

The intermediate k-parameters, viz. k3 and k4 are both zero.
The resulting lattice structure is shown in Fig. 2.

3.2 Case 2: aN(N) = kN= — I and N Odd
The negative signs in eqn. 18 are to be changed to positive
signs, but because of eqn. 19, there is no change in the next
lower order polynomial, i.e. eqn. 20 holds here too.

3.3 Case 3: aN(N) = k,= + I and N even
Here aN(N/2) = 0 if AN(z) is linear phase, because of anti-
symmetry. Proceeding as in case 1 gives the following set
of equations:

U,,,-l(l) - a,-,(N - 1) = UN(])

(24)
a v _ , ( - - 1 I - < J A , _ , | -

x(n) y(n)

\ /o.3846
, /V0.3846
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Fig. 2 Lattice realisation of example I
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Since both sides of the last equation in eqns. 24 are
identically zero, it is clear that U~-~(N/~) can be chosen
arbitrarily. Hence the most economic option would be

(25)

x(n)

The resulting ANPl(z) would be given by

(26)

This can be synthesised by the usual procedure except
when the last coefficient is f 1. The latter situation can be
handled as in case 1.

3.4 Case 4: aN(N) = kN = -1 and N even
The negative signs in the left-hand sides of eqns. 24 will be
replaced by positive signs. Also, a,(N/2) can be nonzero.
Hence the last equation of modified eqns. 24 constrains
aN_}(Af/2) to (1/2)aN(N/2). This gives the most economic
choice of coefficients as

fly_,(JV - 1) = aN_t(N - 2) = • • • = «„_, (j + \\= 0,

(27)

Finally, therefore the reduced-order transfer function is

= Ai(z) (28)

This can now be processed as in the previous cases. An
example follows.

Example 2: Let

A4(z) = 1 - 0.5~-' + 0.3z-* - O.~Z-~ + zP4 (29)

Here k4=a4(4) = — 1 and the next lower degree polyno-
mial would be, according to eqn. 28,

A~(z) = 1 - 0.5~~' + 0.15~-~ = A;(z)

For this,

(30)

(314

and

y(n)

Fig. 4 Parallel lattice realisation of example 3

4 Synthesis of nonlinear phase A&) with

In the case of a general AN(z) of the form

-' -aN(2)z-2

— • • • — u.fj\iv — i )z iz K-'^-)

with neither symmetry nor anti-symmetry of the coeffi-
cients, we decompose A&) as follows:

A (z) = A' (z) + A" (z) (33)

where Ak(z) is a linear phase polynomial of order N,
incorporating the last term of eqn. 32, and AL(z), with
M5N— 1, is not necessarily linear phase. Ah(z) can be
synthesised by the procedure of Section 3. A&(z) can be
synthesised similarly if it is linear phase or by the method
of [I] if not so. If A$

(z) is not linear phase but has its
highest power coefficient equal to f 1 multiplied by its
lower power coefficient further decomposition will be
necessary. The resulting structure will be a parallel connec-
tion of lattices.

The decomposition of eqn. 33 will be most economic in
delays ifA

&(z) is chosen to be of the lowest possible order.
This requires the inclusion in A'(2) of all terms beyond
z-@"~) if Nis even, and z~IN~ W2 if N is odd; accordingly,
A&(z) will be of order N/2 or (N - 1)/2.

The procedure is illustrated by an example.

Example 3: Let

A5(z) = 1 - 0.72-' + O.~Z-~ - 0.3~~~ + OSZ-~ -z-'

(34)

The most economic decomposition here would be with

A;(z) = 1 - 0.5~-' + O.~Z-~ - O.~Z-~ + O.~Z-~ - z-~

(35)

and

(z) = -0.2~~' - O.IZ-~ = -0 0.5z~') (36)

A;(z) has already been synthesised in example 1, while the
lattice synthesis of A$(z) is elementary. The resulting
structure is shown in Fig. 4.

= ~
{ ( l ) = [ai(l) + k24(1)]/(1 - k:) = 0.4348 (3Ib) 5 Concluding comments

The intermediate k-parameter viz. k3 is zero. The resulting
lattice structure is shown in Fig. 3. A procedure has been presented for synthesising an FIR

transfer function

x(n) y(n)

m=l

Fig . 3 Lattice realisation of example 2
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with a,(N) = f 1 by a lattice structure. In such a situation,
the usual procedure does not work. It was shown that a
single lattice structure is possible only in the case of a
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linear phase AN(z]. If this is not the case, parallel connec-
tion of two or more lattices is necessary. In the synthesis
procedure, attention has been paid to minimising the
number of delays.

Vaidyanathan [5] has given a procedure for lattice
synthesis of a general AN@), including linear phase transfer
functions. However, his procedure requires, as a first step,
the construction of a companion transfer function BN(z)
such that

BN(z)BN(z-l) = 1 - (37)

This is essentially a spectral factorisation problem and
requires finding the roots of the right-hand side of eqn.
37 or computation of a complex cepstrum [6]. The proce-
dure given here, in contrast, is direct and much simpler
than that of [5]. Also, the author of [5] was unable to
exploit the symmetry or anti-symmetry of linear phase
coefficients to reduce the number of multipliers. The
procedure given in this paper addresses this problem in
the most efficient manner through reduction of the order of
the succeeding polynomial by a factor of two.

The lattice structure is one of the most favoured struc-
tures in digital filter implementation because of its modu-
larity and robustness with regard to finite wordlength
effects [3]. Also, it is well known that for the same
specifications, an IIR filter is more. efficient than the
corresponding FIR filter in terms of computational

complexity and hardware requirements. However, when
linear phase is a strict requirement, as in speech processing
and data transmission, FIR is the only choice, and hence
the procedure given here for lattice realisation of linear
phase FIR filters should be useful to designers.

In the usual lattice synthesis, a problem arises with
regard to arithmetic accuracy m implementation if aN(N)
is close to, but not exactly f 1. In such a situation, one can
split a,(N) into two parts: ixaN(N) and (1 — cr)aN(N);
assign aaN(N) to the lattice; realise the other part by
tapping the signal at the lower end of the lattice and
multiplying it by (1 — cr)a,(N); and finally combine the
latter with the lattice output. The fraction a can be
conveniently chosen to avoid arithmetic accuracy as well
as possible ill-conditioning problems.
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