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Capacity of Rake Reception With Energy
Randomization
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Abstract—We consider a rake receiver for coherent binary or-
thogonal signaling over a frequency selective multipath Rayleigh
fading channel. The receiver uses maximal-ratio combining such
that the weight estimation errors are not independent of the ad-
ditive noise. We find the capacity-achieving energy randomization
scheme with two energy levels for the cases of imperfect and perfect
channel estimates. We observe that the capacity-achieving proba-
bility gets closer to 1/2 with increase in the number of paths. We
also show that the capacity is higher if channel estimates are per-
fect and that the channel estimation errors have more pronounced
effect on the capacity at low signal-to-noise ratios.

Index Terms—Channel capacity, energy randomization, fre-
quency selective fading, imperfect channel estimation, rake
reception.

I. INTRODUCTION

THE PROBLEM of finding the capacity of a multipath
fading channel has been studied in the literature. In [1],

the capacity of a wideband multipath fading channel is studied.
It is shown that the capacity reaches a maximum as the number
of antennas is varied and a closed-form expression is given for
the optimal number of antennas for a specific shape of input
pulse. In [2], the capacity is found when sub-optimal detectors
are used at the receiver. It is shown that suboptimal detection
results in a capacity loss, as expected. In most of these works,
the energy of the signal constellation is fixed while the signal
distribution is varied. It has also been shown that optimal power
allocation schemes offer an improvement over constant power
allocation schemes in additive white Gaussian noise (AWGN)
and fading channels [3]. In this work, instead of focusing on
optimal power allocation, we are considering the effect of
random signal energy on the capacity which is of importance
in practical systems because of imperfections in power control
mechanisms.

In this letter, we determine the capacity of a frequency se-
lective multipath Rayleigh fading channel when the energy of
the signal is varied randomly. Binary coherent orthogonal sig-
naling is employed. We use a rake receiver with maximal-ratio
combining (MRC) as in [4]. In this case, the weight estimation
errors are not independent of the additive noise [4], and any anal-
ysis for capacity should take this into account. We first find the
probability density function (p.d.f.) of the decision variable con-
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ditioned on the signal energy. From this expression, we find the
capacity-achieving distribution of the signal energy. To simplify
the situation, we only consider the case when the signal energy
is varied randomly over two discrete levels.

The letter is organized as follows. In Section II, we present
the signal model. We find the capacity for the case of imperfect
channel estimation in Section III. In Section IV, the capacity is
determined when the channel estimates are perfect. Section V
contains concluding remarks.

II. SIGNAL MODEL

Consider a diversity reception system over a frequency se-
lective fading channel with L paths, which uses a rake receiver.
When symbol i, i = 0, 1, is transmitted, the complex baseband
signal received in a symbol interval of duration Ts can be rep-
resented as

r(t) =
1=1

t-
l - l

n(t), 0<t<T8 (1)

where Si(t) is the complex baseband information-bearing
signal corresponding to symbol i, having support [0,Ts), av-
erage symbol energy 2E3, and large bandwidth W/2 satisfying
w > L/Ts, gi is the random complex gain of the Zthpath, and
n(t), representing the additive noise, is a zero-mean complex
circular white Gaussian random process with two-sided power
spectral density 2N0. The path gains {gi} are independent of
the noise n{t).

The signaling waveforms s\(t) and so(t) are wideband sig-
nals generated by pseudorandom sequences, and satisfy

2ES, if k = l
0, iffc^Z
i = 0, 1 (2a)

Si t -

t ~
w

t -
w

dt=O\/k, I (2b)

as considered in [5, p. 800, eq. (14-5-16) and footnote], where
(•)* denotes the complex conjugate. Thus we assume an exact
orthogonal signaling system.

The rake receiver computes tap weights h,\, ..., hL that are
estimates of the path gains g\, ..., gL, respectively, and uses
these weights to combine the received signal along with its L -1
delayed versions by MRC. The weights are given by

2EK
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W
dt (3)
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and the decision variable D resulting from coherent reception
and predetection MRC can be expressed as

= R e

[tr[ "Jo \ w J
L-l

w

The receiver makes the decision

1

D < 0.
o

Let the random variable Nk, i be defined as

AT A

dt (4)

dt,

= 0. 1, k = 1 L. (5)

It can be shown that Nk, i, i = 0, 1, k = 1, . . . . L are indepen-
dent and identically distributed (i.i.d.) zero-mean complex cir-
cular Gaussian random variables with variance 2N0, implying
E[JVfcii] = 0, E[i\T£ J = 0, and E[|7VM|2] = 2N0, where E[-]
denotes the expectation.

Substituting (1) and (5) in (3) and using property (2), we get

= 9k +
Nk,i+N, fc.O

(6)

Note that if the weight estimation is perfect then the right-hand
side of (6) does not contain the noise term, implying hk = gk
Vfc = 1, 2, ...L.

III. IMPERFECT CHANNEL ESTIMATION

Let D(i) denote the decision variable D when symbol i is
transmitted, i = 0, 1. Combining (4) with (1), (5), and (6), we
have

Nkil + y/2E,gk - |JVfc, o
fc=l

N
k.o M (7)

Thus, the characteristic function (c.f.) of D(i) defined in (7),
conditioned on Es, under the assumption of i.i.d. Rayleigh
fading paths, can be written as

(8)

where the path gains g\, g2, • • • ,9L are i.i.d. zero-mean complex
circular Gaussian random variables with variance T, implying
E[gk] = 0 ,E[^] = 0, andE[|5fe|

2] = T. Assuming 1'sand0's
are equiprobable, the c.f. of the decision variable D will be the
average of ^D(O)\ES (ju) and ®D(O)\ES iju), implying

(9)

This can be rewritten as
i i

- JLO(2EST + 2NO))L(1

1

' + 2^)^(1-^2^
(10)

Using partial fraction expansion followed by Fourier inversion,
the p.d.f of D, conditioned on E8, is given by

fe=l

L-k2L-k- 1\ (ab)
L-k J (a + b)2L~k

\x\ oxp ar^cxpf-Jfl

(k-iy.
(11)

where a = 2EST + 2N0, b = 2N0.
The mutual information between D and E8, which is the same

as the mutual information between the input and output, is given
by

= -E log
JD\E.(D)1

ID{D) J •
(12)

Our objective is to obtain a capacity-achieving distribution of
Es. That is, we need to find a p.d.f PEB (•) which maximizes
I(E8; D). We consider the case when there are two discrete
energy levels ESl and ES2, where ESl < ES2, with probabilities
p and 1 - p, respectively, which implies that

fE.(x) = P6(x - ES1) + (1 - p)6(x - E32),
where fi(-) is the Dirac delta function. Using the fact that
ID\E, 0*0 is an e v e n function of x, upon expansion, we get

I(Es;D)=2p\ ' ' J"|jS'l(a:)

(13)

where fD(x) = pfD\Esi O'O + (1 - P).fo\ES2 (x)- We need to
find the maximum of I(ES; D). Differentiating I(ES; D) with
respect to p, putting the derivative to 0, and using the fact that
/o°° fo\Es. (x)dx = 1 / 2 , i = 1,2, we have

dxfD\E.,2

f°° r i
- / fD\E,, (*) ~ fu\E,2 (*) log(/D(a;))da; = 0 (14)

Jo L J

for the capacity-achieving distribution. It can be easily seen that
the second derivative of I(ES; D) is less than 0 for all p. It is
also clear that mutual information for the extremes p = 0 and
p = 1 is 0, and there exists an optimal p = p, 0 < p < 1,
which maximizes I(ES; D). Putting p = p in (13) and (14), the
capacity is given by

.
PfD\Esl(x) + (1 - p)fD\ES2(x)

(15)

In (14) only the last term is dependent upon the p.d.f. of Es.
But, it is not possible to obtain a closed-form expression for p.
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[a) L = 1, imperfect channel estimates (b) L = 1, perfect channel estimates (a) L = 4, imperfect channel estimates (b) L = 4, perfect channel estimates
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Fig. 1. Plots of mutual information versus p for different values of ESJES1 F i g 2. Plots of mutual information versus p for different values of ES,/ES1

and SNB.! with 1 = 1. (a) Imperferct. (b) Perfect. a n d S N R l w i t h L _ 4 ( a ) Imperferct. (b) Perfect.

Therefore we compute the mutual information numerically to
get p.

Let SNRi denote the average signal-to-noise ratio (SNR) per
path when Es = ESl, i.e., SNR4 = (ESir)/N0. The plots in
Figs. 1(a) and 2(a) show how I(E3;D) varies with p for dif-
ferent values of the ratios E3,2 /ESL of the two levels and SNRi
forthe number of paths, L = 1 and L = 4, respectively. We find
that the capacity-achieving probability p is greater than 1/2. An
interesting phenomenon, which is observed by comparing plots
forvarious values of L, all of which are not shown, is thatp gets
closer to 1/2 with increase in L. It is also seen that I{E8; D)
increases with increase in ES2/E3l as well as with increase in
SNR 1. In addition, I(E3; D) increases with increase in L, as
expected.

IV. PERFECT CHANNEL ESTIMATION

For the case of perfect channel estimation (hk = gk), the
analysis can be carried out in the same way as in the case of
imperfect channel estimation. In this case,

D(0) = (16)
fc=i

The c.f. of D(i), conditioned on Es, can be written as

(1-2^(1+^0)1^
^D(1)\ES (~JW). (17)

The rest of the analysis is similar to that for the case of imperfect
channel estimation. For perfect channel estimation also, the ex-
pression for the p.d.f. of D, conditioned on Es, is given by (11),
except that a, b = EST{^/1 + (2N0)/(E8T) ± 1}. Note that
in the asymptotic case of infinite SNR, i.e., N0/(Esr) —*• 0,
we get a = 2EST + No, b = No, while for imperfect channel
estimation a = 2EST + 2N0, b = 2N0 for all values of SNR.

Figs. 1(b) and 2(b) show the variation of I(ES; D) withp in
the case of perfect channel estimates. The nature of the variation
is the same as that for the case of imperfect channel estimates.

It can be seen from Figs. 1 and 2 that for same value of the
ratio E3,JESl and SNRi, the capacity for perfect channel es-
timates is (as expected) higher than that for imperfect channel
estimates. Further, for the same value of E82/ESl, the differ-
ence in capacity due to difference in SNR 1 is lower for perfect
channel estimates and the difference increases with increase in
L. This is because errors in channel estimation have stronger ef-
fect at low SNRs.

V. CONCLUSION

We have studied the capacity of a rake receiver for co-
herent binary orthogonal signaling using MRC and energy
randomization for the cases of imperfect and perfect channel
estimates. Since the expression for the capacity is not analyti-
cally tractable, we have used numerical methods. We observe
that the capacity-achieving probability gets closer to 1/2 with
increase in the number of paths. We have also shown that at low
SNRs, the loss in capacity due to error in channel estimation is
higher than that at high SNRs.
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