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SYNOPSIS 

The theory of queues deals with the investigation of 

stochastic behaviour of situations arising in connection with mass 

servicing involving random fluctuations. A queue is formed when 

demand for service is greater than the servicing capacity. These 

demands may emanate from finite or infinite sources. Generally a 

queueing system is studied under two states such as transient and 

steady state, and can be broadly classified into two categories 

namely Markovian and Non-Markovian. Mostly the researchers have 

investigated the classical queueing problems using a 

one-dimensional state model which has certain limitations. However 

recently a two-dimensional state model has been introduced to 

study the M/M/l/co queue which gives a better insight into the 

arrival and departure of units in the system. A part of this 

thesis (Chapters II, III & IV) is devoted to 	study certain 

Markovian queues using this model. 

Another aspect of queueing system discussed in this thesis 

relates to the concept of 'two queues in parallel'. This system 

has received a lot of attention in the literature because it 

models many real life situations such as vehicles going through 

toll booths, jobs scheduled on a multiprocessor system etc. 

Inspite of its practical applications there has yet not been found 

some simple solution even for its equilibrium probabilities. In 

this thesis an attempt is made to obtain the steady state 

probabilities for this model both analytically as well as 



computationally after incorporating a modification which widens 

the scope of its applicability. The model is covered in chapters V 

and VI of the thesis. 

A brief layout of the chapters is as follows: 

Chapter I. 

It contains the survey of the existing literature and 

explains some fundamental concepts of queueing theory emphasizing 

the aspects relevant to the thesis. This chapter also gives the 

basic definitions on which the later results in the thesis are 

developed. 

Chapter 2. 

It is a known fact that the derivation of transient results 

for M/M/l/m is through a complicated procedure. Transient 

solutions for this simple birth and death process reported in the 

literature involve either Bessel functions or integral forms of 

the Bessel functions. However, recently a two-dimensional state 

model for the standard M/M/l/w queue, which is initially empty, 

was introduced and the results obtained are independent of the 

Bessel functions and have been expressed as sum of two terms: one 

pertaining to steady state and other to the transient state. In 

this chapter this model has been used to obtain transient 

probabilities for M/M/l/c3 queue with arbitrary li' initial 

customers present in the system. The probability of n arrivals and 

k departures up to time t has been worked out in a closed form and 
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p(r,t), the probability that there are r units present in the 

system at time t is obtained as 

r  - p (A+g)t r ;  (At)k r+k+i 	,
I 4
.1
"
m-1 

p(r,t) = (1-p)p + e 	E 	(k-m)  °  
k! 	ml 

k=0 	m=0 

+ e-(X+g)t E (fit) 	(µt) (4t)k  [  1  1  
k!(r+k-i)! 	(r+k)!(k-i)! ] 

k=0 

A where p = 0  , whence by taking i=0, the results reduce to those 

obtained by Sharma (1990). 

Chapter 3. 

Saaty (1961) and Parthasaraket al. (1989) have obtained the 

time dependent state probabilities for two server Markovian queue 

in terms of Laplace transform variable or in complicated 

integrals, which are not amenable for further algebraic 

manipulations. In this chapter we use the two-dimensional state 

model developed in the second chapter to study the transient 

behaviour of M/M/2/m queue and obtain the probability of there 

being r units in the system at time t as 

p(r,t) - 
1 - p 

e-(A+2g)t E C(0,m,t), r = 0. 

 

1 + p 	m=0 

1 - p 
= 2p

r  
  - e-(A+2g)t r p E C(r,m,t), r 1. 
1 + p 	m=0 

A  where p -  
2g  , C(0,m,t) and C(r,m,t) are suitably defined. It is 

also shown that p(0,0) = 1. 
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Chapter 4. 

Busy period analysis forms an integral part of any queueing 

system. The literature available reports the busy period 

distribution in the transient state of a Poisson queue with 

infinite waiting space capacity for a single server queue only. 

This chapter analysis the c-channel initial busy period 

distribution for M/M/c/m queue via two-dimensional state model. A 

closed form expression is obtained for the p.d.f. of the duration 

of a busy period initiated by an arbitrary 	initial unit as 

b( t ) - i-c+1 
 e-(A+cg)t 	(At)k (cgt)k+i-c+1 

t 	k=0 (k+i-c+1)! k! 

whence the moments of the length of the c-channel busy period is 

also obtained as follows: 

E( 	) _ 	
(i-c+1) 	p-2  [ (i-c+2)p-1 + 

j 
 E 
1
(-10 

(cg)P  (1-p)2P-1 	
(i-c+2+j)p-1-j 

= 

p-1 
P- lCi a-c+2-p), pi  + (-1) 	

1 
x (i-c+2-p)p-1  pp 

A where, p = cg and (a)
m 

= a(a+1)....(a+m-1). 

Results for particular cases have also been worked out. 

Chapter 5. 

Conolly (1984) discussed the queueing model 'two queues in 

parallel' by taking the system with finite waiting room. In this 

chapter the above 'model is discussed along with the modification. 

Here we assume that when one queue is empty and the other queue 
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has more than one customer waiting in it, then in that case one 

customer is transferred from this queue to the other queue. After 

deriving the difference equations satisfying the equilibrium 

probabilities, a simpler matrix method is proposed to solve them. 

The results are also numerically worked out and a comparison is 

made between this model and Conolly's model for equal and unequal 

service rates. For the case when two servers are similar, working 

backward on the difference equations we obtain all the 

probabilities in terms of PIN • 

Further taking qn  = P(i + j = n), we obtain the probability that 

there are n customers in the system as 

-2 	 i=1,2,....,2N 0 
= 
P00 ' qi  = 2p1  p00, 

A 	1-p  where p =  24  and P0,0 — 	1+p-2p2N+1 

which shows that in this case our model works similar to the 

M/M/2/2N system. Certain other important results have also been 

worked out. 

Chapter 6. 

In this chapter we consider the system with two similar 

servers and the customer on arrival joins the shorter queue. If 

the difference between the longer and the shorter queue reaches 

some prescribed value N, then one customer leaves the longer queue 

and goes to the shorter queue. The first part of this chapter 

deals with an analytic method to calculate the equilibrium 

probabilities and the second part discusses a numerical technique 



to obtain these probabilities. 

Defining the generating function as 

. . . xi'  Q3  = . 	+1 
1=0p1  ' 3  

j= 0,1,....,N -1 

we get a matrix equation for Q  .(x) as 

A(x)Q = b, 

where A(x) is a NxN matrix, b and Q are column vectors and solving 

Q 	
det(A-(x)) 

it we obtain .(x) -  3  
det(A(x)) 

and then differentiating Qi(x) with respect to x we get 

pi,j+i  V i and j. 

Also introducing a power series expansion of p1. 
,3  
. as functions of 

egivenbypi,J =E9
i+j 
 E19

k 
 1
b.. 

13
(k), we obtain a recurrence 

k=0 

relation and then using the fact that the sum of the probabilities 

is one we calculate bi,j(k) V k. It is remarked that the above 

described numerical method is economical in time, as compared to 

the method implemented by Gertsbakh (1984). 
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