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ABSTRACT 

In this thesis, some issues are addressed with respect to signal processing 

at multiple sampling rates, scales or degrees of fineness. 

There is, currently, an emerging realization that a number of natural processes 

possess features of importance at multiple scales. Moreover, many such processes 

seem to exhibit an invariance of statistical properties over a wide range of practical 

scales. Such processes are called self-similar. An important class of self-similar 

processes is that of the so-called "1/f" processes, sometimes called pink noise. 

Pink noise is sometimes useful as an alternative to white noise for the study of 

systems, as, for example, in psychoacoustic studies. Other than this, geographical 

and economic processes and systems often exhibit multiscale and, sometimes, 

self-similar, characteristics. To deal with situations in which the processes and the 

dynamics are multiscale, it seems most appropriate to develop system theoretic 

concepts in a statistical framework which is inherently multiscale. The homogeneous 

tree provides such a framework. 

This thesis begins by motivating and explaining system theoretic concepts in 

this multiscale domain. The Volterra kernel, a generic system model, is formally 

introduced on the homogeneous tree. The problem of Volterra kernel estimation in 

this multiscale framework is then put in a form whereby it can be handled by 

taking a cue from known, results on optimal estimation. 

The notion of model order may be extended to the homogeneous tree. In the 

estimation problem being addressed in this thesis, it is shown that one may treat 



the order sequentially. In other words, one may reformulate the estimation problem 

so that the model order may be increased by one at a time, while minimizing the 

additional computation to be done at each successive step. This approach is called 

order-recursive. The order-recursive approach to Volterra kernel estimation proceeds 

by generating backward innovation processes representing "new" information appearing 

at each successive increase in order by one. Successive generation of the backward 

innovations is done by the development of lattice-like recursions. In this set of 

recursions, an associated set of processes termed the forward innovation processes 

are also involved. The forward and backward innovations are related in a cross-coupled 

fashion. This is reminiscent of the lattice structure in the literature on conventional 

estimation theory. 

These concepts are initially developed for Volterra kernels of nonlinearity degree 

two, and verified through simulation experiments. They are then shown to be 

generalizable to higher degrees of nonlinearity. 

While developing these lattice-like recursions, an assumption of stationarity is 

made. The nature of this stationarity assumption relates to constancy in statistical 

properties as one proceeds in scale. The issue of varying the underlying stationarity 

assumptions is then addressed. Three forms of stationarity are discussed, with the 

stringency of assumptions increasing from the first to the third. As expected, an 

increase in the stringency of stationarity assumptions implies corresponding 

simplifications in the underlying estimation problem. A theorem of partial 

barycentralizability is then developed to make it clear how exactly such simplifications 

occur. Specifically, groups of vectors in the available vector set may be replaced 

by their barycenters. 
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It is also shown that some of the results for multiscale autoregressive processes 

in the literature follow as a particular case of the results presented in this thesis. 

By decomposing the symmetric matrix in the quadratic form into its LDU 

factors, the quadratic kernel may be regarded as a combination of linear systems, 

each followed by a squarer and a weighting coefficient. It is shown that the 

parameters of the so-called LDL structure can be adapted using a variant of the 

least mean squares (LMS) approach. 

Following this, the realization of quadratic kernels on the conventional index 

set, viz. that of the integers, is addressed. Recognizing that the quadratic kernel 

is in the form of a generalized convolution, it may be shown that techniques which 

reduce the computational complexity of linear convolution may be employed with 

suitable modifications in realizing quadratic kernels. This is done, by employing 

multirate architectures which reduce the computational complexity of running FIR 

filtering ("reduced CC multirate architectures"), in the LDL structure. There is a 

threshold length above which it is advantageous to use a • given reduced CC 

architecture, which is greater when additive complexity (AC) is the consideration, 

as compared to the situation when multiplicative complexity (MC) is being considered. 

There would therefore be a range of filter lengths over which MC considerations 

recommend the use of a certain realization, whereas AC considerations do not. 

However, when a set of filters is being realized, it is sometimes possible to use 

such a realization for some of the filters whose length falls short of the AC threshold, 

thus gaining more in terms of MC, without losing in terms of AC. A mean-length 

lemma is developed to explain this. When reduced CC multirate architectures are 

used in realizing IIR filters, coefficient perturbations due to finite word length effects 
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lead to the possibility of instability. An approach to studying the stability of such 

realizations is also developed. 

Finally, the extension of multirate concepts to the multi-input, multi-output 

(MIMO) domain is taken up. The channels in reduced CC multirate architectures 

are, themselves FIR filters. It is possible to realize them with reduced MC architectures 

too, resulting in nested or iterated architectures. In iterated architectures, it becomes 

necessary to decide the sequence of architectures to be used at different levels 

of the iteration. Some figures of merit are developed for making this decision with 

a provision for "absorbing" the delay that is inherent to the architecture. 

An iterated architecture is an example of a situation where multirate concepts 

are being employed in a MIMO framework. Adopting a broader perspective, a 

general MIMO multirate system is considered, and the conditions for alias cancellation 

and perfect reconstruction in such a system are derived. It is then shown that 

double complementarity has a MIMO analogue, in the form of doubly complementary 

matrices. Using doubly complementary matrices, a MIMO perfect reconstruction 

structure is exhibited. 

The thesis is concluded with an overview of the results presented, a discussion 

of the research issues that can be further investigated, and directions that can be 

taken up in future work. 
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