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A BS TRA C T 

Different size tubes of  aluminium and mild steel were subjected to axial 
compression in an Instron machine. The tubes chosen were such that they 
collapsed in aM-symmetric concertina mode. Typical load-compression 
curves and deformed shapes of  the collapsed tubes are presented. These 
reveal that the axi-symmetric folds formed in the deforming specimens 
extend both inside and outside of  the line of  original tube radius, and the 
ratio of  the inside to outside fold lengths depends on the tube dimensions. 

Considering the tube collapse mechanism as observed experimentally, an 
analysis is presented in an attempt to predict the mean collapse load and the 
post collapse load-compression curve. The computed values of  the mean 
collapse load and the load-compression curve during a load oscillation, are 
presented and compared with the experiments, as well as with some existing 
theoretical results. 
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NOTATION 

Half fold length 
Maximum and reduced bending moment capacity per unit 
length 
Axial load and mean collapse load 
Mean radius and thickness of the tube 
Increment of  work due to bending and hoop strain 
Increment of work due to external load 
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6 
6m 
6P 

d~0 

Angular displacements of fold 
Axial compression 
Mean crushing distance 
Total plastic deformation 
Increment of hoop strain 

1 INTRODUCTION 

A short round tube in axial compression may collapse in concertina or 
diamond mode, as well as in a combination of these, depending on the 
diameter, thickness and material 1'2 of the tube. Analysis of such a 
collapse requires an understanding of the mechanism of the tube defor- 
mation and several studies 3-9 have appeared in recent years which have 
analysed the collapse mechanism of both square and round tubes in axial 
loading. 

In the case of round tubes, their axi-symmetric deformations were 
analyzed by Alexander, 3 who considered the formation of plastic hinges 
and gave an analytical expression for finding the mean collapse load of 
such symmetrically deforming tubes. Later this expression was modified 
by Abramowicz and Jones. 4 

Mean crushing load is quite useful for preliminary design and analysis, 
however, the deformation of an axi-symmetrically deforming tube is seen 
in the experiments to be repetitive and its load-compression curve oscil- 
lates. The actual oscillations at times are quite large for certain sizes of the 
tubes, and therefore it is quite important in many situations to consider 
the actual post collapse load-compression curve. 

Grzebieta 8 has given an analytical method to determine the load- 
compression curve during plastic collapse for the symmetrically folding 
steel tubes. In this analysis the tube was taken to fold only outwards, as 
was also assumed in earlier studies by Alexander 3 and Abramowicz and 
Jones. 4 The present experiments, however, show that the folds extend both 
inside and outside the original tube radius. Wierzbicki e t  al. 9 have recently 
reported similar observations. 

In the present work, experiments were carried out wherein tubes of 
various dimensions were tested in simple compression in an Instron 
machine. Their history of deformation and the nature of folding 
mechanism were studied. Based on the experimental observations that 
folding occurred both inside and outside the original tube radius, a 
simple analytical model which considers the formation of stationary 
hinges was developed for computing mean collapse load, as well as 
load-compression curve from a peak to its minimum value in one of its 
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oscillations. It was assumed (see also Refs 3, 4 and 8) that a fold begins 
at the peak load and completes at the minimum load. The computed 
results are presented and these are compared with the experimental 
results. The results of mean collapse load have been compared with 
those of Alexander 3 and Abramowicz and Jones, 4 while the results of 
oscillating load-compression curves are compared with the results 
obtained by Grzebieta. 8 

The results of the mean collapse load, as well as the load-compression 
curve in an oscillation, match the experiments well. However, the maxi- 
mum and minimum loads in a load-compression curve oscillation were 
over and underestimated. The reason for this was investigated by 
conducting some further experiments. Twenty identical specimens each of 
steel and aluminium were cut from the single tubes of each material. These 
were tested up to different stages of deformation, and corresponding to 
different peak and minimum loads in the load~leformation curves. The 
history of deformation of these tubes were studied in detail, which 
revealed that an actual fold begins to form before the peak load and it 
completes long after the minimum load is reached. These observations 
were :included in the analysis and the results obtained showed good 
improvement in matching with experimental results of peak and minimum 
loads. 

2 EXPERIMENTAL 

Round tubes of different diameters of aluminium and mild steel were 
subjected to axial compression in an Instron machine, and their load- 
deformation curves were recorded on the machine chart recorder. The 
rate of crosshead movement in all tests was 2mm/min. The tube D/t 
ratios of aluminium and steel tubes were between 15 and 30 and the 
L/D ratio of all the tubes was 2, see Table 1. To get symmetric folding 
in the aluminium tubes (see Ref. 1), these along with their tensile test 
specimens were annealed at 300°C for about 40min and were cooled in 
the fiarnace. The stress-strain curves for the tube materials were 
obtained by subjecting standard tensile specimens to a tension test in 
the Instron machine. 

From the deformed shapes of the tubes, it was observed that these tubes 
fold both internally and externally. Some of the specimens were also 
sectioned vertically at their middle to study the deformation history of the 
tubes. Typical deformed shapes of an aluminium specimen of D = 44 mm 
and t = 2 . 9 m m ,  and a mild steel specimen of D = 3 8 . 5 m m  and 
t = 1.6mm, are shown in Figs l(a) and (b). 
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TABLE 1 
Tube Dimensions and their Fold Lengths After Crushing (in mm) 

Specimen Din t D / t Internal fold length Outer f oM length Lo/ Lin 

Analy. Expt. Analy. Expt. 

I 76.4 2-9 29.38 3.12 3.38 7.52 8.54 2.53 
2 44-0 2.9 15.17 2.51 1.58 6-14 7.34 4-65 
3 46.51 1.97 23-61 2.12 1.73 5-14 5-01 4.65 
4 34.16 1.82 18.77 1.75 1.28 4.26 4-61 2.90 
5 35.50 1.40 25.54 3.12 3.38 7-52 8-54 2-53 
6 34-66 1 . 7 3  20.04 1.21 1.07 2.95 3-46 3.24 

3 ANALYSIS  

Based on the experimental observations, the axi-symmetric folding of  the 
tubes is considered in the present analysis to be both outward as well as 
inward with respect to the original tube radius. In Fig. 2(b), the profile 
considered for analysis is shown; the profile considered by Grzebieta s is 
shown in Fig. 2(a). It is assumed that  four hinges A, A', B', B are formed 
as shown in Fig. 3(a), and that  the posit ion of  hinge A' is coincident with 
the posit ion of  the mean radius R. Considering the half  fold length AB to 
be of  length L, it is assumed that, the curved lengths AA', A'B', B'B are 
equal, i.e. 

L 
AA' = A'B' = BB' = - 

3 

F rom Fig. 3 the mean radius R of  the tube can be written as, 

R = RA -- Pa (1 --  COS~) 

w h e r e  R A is the internal radius of  the folding tube, Pa is the radius of  
curvature of  AA' and angle ~ is shown in Fig. 3. 

The outer  radius of  the tube RB, see Fig. 3, is written as 

L 
RB = R -t- -~cos Z + Pa(1 - cos~) 

For  a small increment of  dot the amoun t  of  work done in rotat ion of  the 
hinges at A, B and C is given by 

d W b  = 4~ZM'p(RA + R a ) d ~  (1) 

here 
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(a) 

(b) 

Fig. 1. Typical concertina failure mode of  circular tubes under axial compression. 
(a) Aluminium tube (D = 44 mm, t = 2.9 ram). (b) Steel tube (D = 38.5 mm, t = 1.6 mm). 
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Fig. 2. Profiles of the deformed tubes. 
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Fig. 3. Deformation profile for the small increase of d~. 
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2 [ 3 ]  
g p  - -  V'~ Mp 1 - ~ t52 , t5 _ Po (2) 

and Mp = ~o t2/4, where ~0 is the ultimate stress and t is the tube thick- 
I ness. Substituting for Mp from eqn (2) in eqn (1) 

dWb = 8re Mp [1 3 L dZ)] dx --~ -~ P2] [(2R +~cos(z- (3) 

7Z 
from the geometry (Fig. 3) we have Z = ~ - c~ 
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Using this in eqn (3) and neglecting small order terms we get 

d Wb = 8re ~ _ 4 p2 [2R + L/3 sin ~] d~ (4) 

The corresponding work due to the hoop strains for the small increment 
d ~  is 

d Wh = f aod~od V 
(5) 

= faodeo.t.dA 

where: o0 and d~0 are the hoop stress and incremental hoop strain, respec- 
tively. 

F rom Fig. 3, de0 is given by 

d,~0 = {27r[R + L/3 sin (fl + dfl) + L/3 cos (X - dx) - L/3 sin (fl + dfl)] 

- 2rc[R + L/3 sinfl + L/3 cos;( - L/3 sin fl]} 

2re [R + L/3 cos X] 

= L/3 cos ~ da (6) 
R + L/3 sin 

Hence the final expression for energy due to the circumferential strain de0 
is 

L 2 
d 14"h ---- 2n tr0 -~- .t. cos ~ d~ (7) 
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Fit;. 4. L o a d - c o m p r e s s i o n  cu rve  o f  a n  a l u m i n i u m  t u b e  (D/t = 28- i ,  t = 1-8 m m ) .  
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the total strain energy for the small incremental de is, therefore, 

dWT = 8rc -~  1 - ~  /52 [2R + L/3sina]de + 2rcaoLZ/3.t. coseda (8) 

The corresponding work done by the applied load 

d Wp = Pd6 (9) 

again from Fig. 3, 

6 2Lsina Lcose  
-- L (10) 

2 3e 3 

and therefore, 

d 6 = ~  + e s i n a - 2 c o s a  de (11) 

In what follows, the expression for one of the oscillations between a 
maximum and minimum value of the load in a load-compression curve is 
obtained by equating eqns (8) and (9). 

3.1 Expression for load-deformat ion curve 

o- o t 2 
Substituting for M p  ----- -4-- -  and 

P0 
ao = ao [ - P c o s e  + v/4 - 3/52 cos 2 e] where, ao - 

2nRt 

in the incremental total strain energy (eqn (8)), and substituting for d6 
from eqn (11) in eqn (9), the incremental work done, and equating the two 
we obtain the final expression as 

e s i n e - 2 c o s e +  e = ~  1 -4152  [2R+L/3s ine ]  

Z 2 
+ -~- [ - P c o s e  + V / 4 -  3 P2 cos2 e] cose (12) 

For a particular value of 6, e is calculated from eqn (10) and is substituted 
back into eqn (12) to get the load P. 

The values of P and a for different values of 6 have been obtained using 
the Newton-Raphson method. Different sizes of aluminium and steel 
tubes are considered and their load-deflection values between the peak 
and minimum load are obtained. These values are compared with those 
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Fig. 5. Load-compress ion  curve of  a steel tube (D/t = 25.4, t = 1.8 mm).  

obtained from Grzebieta 8 and the experimental results and are reported in 
Fig. 4 for aluminium and in Fig. 5 for steel. 

The minimum load in the oscillating curve corresponds to the value of  
5 p, the maximum plastic deformation, which can be written as (Fig. 2) 

L 
5 p :--- 2L - t - 2pa, where Pa = ~ (13) 

To obtain the corresponding 0t, 5 p is substituted into eqn (10) and the 
resulting equation becomes 

30~t 
L - 2Lsin 0t - Lot cos + - ~ -  = 0 (14) 

0~ obtained from eqn (14) is substituted into (13) to get 5 p. 
The expression for the internal and the outer folding lengths are 

obtained from Fig. 3 and the angle is obtained from eqn (14). 
The internal folding length of  the tube, 5j, is written as, 

51 = Pa(1 -- COS~) 

L (15) 
= 3~ (1 - cos 00 

and the outer  folding length is written as 

L 
50 := RB --  R = ~ c o s 0 c  + p a ( 1  --  COS00 

The computed internal and outer folding lengths, along with their values 
actually measured from tested specimens, are given in Table 1. 
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3.2 Mean collapse load 

The mean collapse load is obtained by dividing the total energy required 
to form the single fold by the mean crushing distance. The total energy is 
calculated by integrating eqn (8) up to the maximum value of ~ obtained 
from eqn (14). The mean crushing distance is given by 

~m = 2L - t - 2Pa (16) 

Equation (8) can be written as, 

Wv = 2 --~ 4Mp 2R + -~ sin ~ + ao -~- t cos ~ d~ (17) 

writing Mp = ao t2/4 and a0 = ao in the above equation (see Alexander 3 
and Abramowicz and Jones4), the total energy and the total work done in 
the formulation of a single fold are 

WT = 2•aot 2R~ + ~  (1 - eos~) + --~- sin ~ (18) 

Wd = Pm6m (19) 
substituting for 5m from. eqn (16), we get 

{ 2L} W d = P  m 2 L - t - - ~  (20) 

(23) as, 

{ } Pm _ t 20.79 2 2+ 11.9 (22) 
Po (4rcRx/~) 

and 

Pm t 

eo (4=Rv ) 
{20"73 (2 R)½+ 6"283 } (23) 

Equating eqns (18) and (20), and replacing 2rcRtao by Po, we get 

Pm 1 {~___~2 t i Z ] /  
- - =  { P o  R 2L-t-2~-~L} s i n c ~ + ~  2 R ~ + ~ ( 1 - c o s ~ )  (21) 

For the computations of Pro, L is taken as 1.347 v ' ~  (see Refs 3, 4 and 8) 
and ~ is computed from eqn (14). 

The expressions given by Abramowicz and Jones 4 and Alexander 3 for 
finding the mean collapse load are given, respectively, in eqns (22) and 
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TABLE 2 
Mean Collapse Load (Pm/Po) for Various Tubes 

Specimen Experiment Present Alexander Jones 

1 0.482 0.522 0.510 0.540 
2 0.455 0.410 0.407 0.430 
3 0-468 0-465 0.457 0.485 
4 0-450 0-400 0.393 0.414 
5 0.467 0.450 0.443 0.468 
6 0.477 0-480 0.470 0.500 
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In all the equations above ((21)-(23)) Po = 2nRtt r°, where tr ° is the ulti- 
mate stress in uniaxial tension. 

The: mean collapse load obtained from the present analysis (eqn (21)), 
Abramowicz and Jones (eqn (22)) and Alexander (eqn (23)), along with 
the experimental results, are given in Table 2. 

4 I-)ISCUSSION OF LOAD-COMPRESSION CURVE RESULTS 

In the analytical model presented above, for the computation of the post 
collapse load-compression curve, the peak load is calculated when the 
tube is perfectly straight with no imperfection and the minimum load is 
calculated when a fold has been formed completely. 

The analytical results are compared with the experimentally obtained 
load--deformation curves of  aluminium and steel tubes of  dimensions 
D/t = 28-1, 25.4 and t - -  1.8mm, 1.8mm, respectively. These analytical 
results; match the experimental results well, except at the peak and the 
minimum values of  the load in a load-compression curve. 

To ]be able to understand this deviation (see Figs 4 and 5), 20 specimens 
each of  steel and aluminium tubes of  the same dimension were tested up to 
different stages marked by the load values corresponding to the first peak, 
first minimum, intermediate peak, intermediate minimum, second peak 
and second minimum in a load-compression curve. The diameter and 
thickness of the aluminium tube were D -- 50.6 mm and t = 1.8 mm and 
those of  steel were D = 45.6mm and t - - 1 . 8 m m .  The deformation 
profiles were drawn for all these stages using the profile projector and 
these are shown in Figs 6 and 7. The four hinge angles ~1, ~2, ~3 and P4 
(Fig. 6.6) were measured at all these stages. 

The experimental observations reveal that the four hinge angles in 
general are different. The value of the first hinge angle //1 was higher 
than 1:hat of the second hinge angle f12 and so on. The four hinge 
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6 5 4 3 2 1 

Fig. 6. D e f o r m a t i o n  profi le  o f  a l u m i n i u m  tube  (D/t = 28.1, t = 1-8 m m )  at d i f ferent  
stages.  

6 5 4 3 2 

Fig. 7. D e f o r m a t i o n  prof i le  o f  steel tube  (D/t = 25.4, t = 1-8 m m )  at  d i f fe rent  stages.  

angles for the first two folds are given in Table 3 for all the stages. 
Further, the actual experiments have shown that as the peak in the 
load-compression curve was reached, the tube was not straight, and 
the formation of a fold had already started. At the minimum load 
value, the first fold was not completed, but the second fold had started 
forming. At stage 1 the angles were measured and their average (Table 
3) for the aluminium tube was about 4-6 ° and for the steel tube it was 
3-8 ° with the vertical axis. After this peak the load-compression curve 
showed a drop until stage 2, when the minimum load value was 
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reached. The first fold was not complete at stage 2 but continued to 
form during further rise in load. At stage 2, the average hinge angle 
was 51-9 ° for the aluminium specimen and 47.4 ° for the steel specimen. 
After  the third stage there was an increase in load up to the inter- 
mediate peak (stage 3) and then there was small drop in load up to the 
intermediate low (stage 4). In this region there was further increase in 
fold angles corresponding to the hinges of  the first fold. At stage 4, the 
first fold was completely formed. After stage 4 the second fold contin- 
ued to form until stage 6 is reached. The angle made by the hinges at 
the second peak and at the second minimum are reported in Table 3. 
As the test was progressed further, stages 2-6 were repeated in each 
load cycle of  the load-compression curve. An analysis of  the axi- 
symmetric fold formation in a tube should in principle consider the 
mechanism of  collapse observed in these experiments, for the prediction 
of  the load-compression curve. 

In t]he analysis given above it is assumed that at the maximum load 
value the tube is perfectly straight with no imperfection and at the lower 
limit tlhe fold is completely formed, when the next fold starts. It is also 
assumed that the rotation angles of  all the four hinges have the same 
magnitude. In what follows, this angle is taken as an average of  the four 
measured hinge angles given in Table 3. 

Employing the analysis developed above, the values of  the peak and 
minimum loads at different stages were computed for the hinge angles 
which are average of  four hinge angles measured experimentally (Table 3) 
at each stage. The computed values of  loads are compared with the 
respective experimental values in Table 3. It is seen that these compare 
very well. 

TABLE 3 
Hinge Angles and the Limit Loads of the Steel and Aluminium Specimens 

Specimen Position Hinge angles (degrees) Average angle Load (P/Po) 
(degrees) 

1 2 3 4 Expt. Analy, 

Aluminium 

Steel 

1 Peak 6.7 4.0 4-4 2.5 4.4 0.801 0-89 
1 Minimum 73.5 59.9 45.0 34.1 51-9 0-210 0.265 
2 Peak 37.1 12.9 3-7 2-9 14-1 0-570 0.69 
2 Minimum 81-9 49.6  27.6 19-7 44-7 0.31 0.305 
1 Peak 5.6 4.9 2.3 1-7 3.6 0.96 0.93 
1 Minimum 74.6 56-3 38.1 19.8 47.4 0-22 0.301 
2 Peak 36.9 15-9 3.4 1.6 14.4 0.73 0.694 
2 Minimum 73.6 41-0 40.3  24.7 44.9 0.42 0.350 
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5 CONCLUSIONS 

Experiments reveal that symmetrical folds in short tubes form both inter- 
nal and external to the original tube radius. The extent of the internal and 
external folds depends on the diameter and thickness of the tube. 

The inside and outside folding lengths were computed and the values 
obtained compare well with the experimental measurements. 

Considering the internal folding, a simple analysis has been developed 
for the computation of mean collapse load, as well as oscillation in the 
load-compression curve. The results thus obtained have been compared 
with the experiments, as well as other theoretical formulations. The results 
match the experiments well excepting the peak and minimum load values. 

The actual four hinge angles corresponding to the peak and minimum 
loads in the load oscillation curves are different and the load correspond- 
ing to the average value of these hinge angles are compared with the 
computed values. 

The assumption that a fold starts at the peak load and completes at the 
minimum is not validated by the experiments. The peak and the minimum 
load values are computed considering the actual hinge angles; they match 
the experimental load values very well. 
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