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Abstract--A study of the collapse behaviour of square or rectangular tubes subjected to transverse 
loading by narrow width indenters, placed in orthogonal and non-orthogonal positions is presented. 
Experiments were conducted on as-received aluminium tubes, wherein the tubes were compressed in 
an unsymmetrical and a symmetric arrangement. Typical load-compression curves and histories of 
the deforming specimens are presented. Based on experimental observations, an analysis which 
considers the energy absorbed in stationary and rolling plastic hinges is developed for typical cases 
of the two modes of tube collapse. Computed results of the hinge locations, deforming tube geometry 
and load-compression curves are presented in each case. These results show good agreement with 
the experimental observations. 
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NOTATION 

area traversed by a rolling hinge 
depth at which the first horizontal hinge is formed under the indenter 
distance of the left vertical hinge from the center of the tube 
distance of the right vertical hinge from the center of the tube 
energy absorbed in the stationary hinges 
energy absorbed by the hinges in the folding mechanism under the indenter 
energy absorbed in the rolling hinges 
total energy absorbed in all hinges 
height, width and thickness of the tube 
height and width of the indenter(s) 
length of the tube specimen 
equivalent length for computing the collapse load 
length of the first horizontal hinge under the indenter 
length of a rotating stationary hinge 
length for all hinges to form within the specimen with undeformed ends 
radius of the rolling hinge 
relative vertical displacement of the indenter(s) (compression) 
6 at which the ends of the tube touch upper platen 
3 at which the first horizontal hinge gets compressed 

at which the inclined hinges on the left side begin to roll 
,~ at which the inclined hinges on the right side begin to roll 
angle between the normal to tube axis and the indenter axis 
angle of rotation of a stationery hinge 
limiting 0 up to which the mechanism is formed within the tube length 

1. INTRODUCTION 

Studies in energy dissipation behaviour of laterally compressed round, square or rectangu- 
lar tubes and their cross-layered combinations are important as these find application in the 
design of systems for kinetic energy absorption. Several studies [1-3] have investigated in 
detail the behaviour of round tubes and their combinations when subjected to lateral 
loading. 

In the case of square and rectangular tubes, their bending collapse has been discussed by 
Kecman [4]. Sinha and Chitkara [5] and Gupta and Khullar [6] presented an analysis for 
their symmetrical collapse when the tubes are laterally crushed between two platens. Gupta 
and Sinha [7-9]  have presented an analysis of the post-collapse behaviour of square tubes 
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and their orthogonal arrangements, in lateral compression. The assumptions provided 
simplification to the analysis, and this gave a monotonic load-compression curve in the 
post-collapse region. 

The experiments, however, reveal that an actual load-compression curve is not mono- 
tonic. Further, it is important to obtain the analysis for a general non-orthogonal system in 
the case of square or rectangular tubes. 

In this paper, we consider the lateral collapse of a square or rectangular tube (i) in 
unsymmetrical mode, when the tube is resting on a rigid platen and compressed laterally by 
a short width indenter placed non-orthogonally; henceforth called ITP (indenter tube 
platen) mode, or (ii) in symmetrical mode, when the tube is compressed between two 
symmetrically placed short width indenters; henceforth called ITI (indenter tube indenter) 
mode. 

Several experiments were performed to study the collapse mechanisms of the tubes and 
the corresponding load-compression characteristics. The geometry of the localized mech- 
anisms formed under the indenter, at all compressions, have been studied and are related to 
the tube and indenter dimensions. 

The analyses presented consider the energy absorbed in the rolling and stationary plastic 
hinges. The results obtained of the deforming tube geometry and load-compression curves 
are presented. These compare well with the actual experiments. 

2. EXPERIMENTS 

Aluminium tubes of square and rectangular cross-sections were laterally compressed, in 
both ITP and ITI arrangements, shown in Fig. l(a) and (b) respectively, in an Instron 
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Fig. 1. Loading arrangements; (a) ITP (indenter tube platen) (b) ITI (indenter tube indenter). 
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machine of 5 T capacity. The speed of crosshead movement was kept at 2.5 mm min-  1 in all 
the tests. The clockwise measured angle '0', see Fig. 1, between the normal to the 
longitudinal axis of the tube and the longitudinal axis of the indenter was varied from 0 ° (in 
the orthogonal position) to 90 ° (in the parallel position), in steps of 15 °. The load- 
compression curves were recorded on the machine chart recorder and the deformed shapes 
at different stages of the tests were obtained by repeating the experiments or interrupting 
these at different stages of compression. 

Stress strain curves were obtained for each tube material by conducting tension tests on 
the Instron machine, and the curves obtained were idealized as perfectly plastic [see inset in 
Fig. 14 (a)]. 

Three sets of tube geometries, two rectangular and one square, were compressed by 
indenters of two different widths. Table 1 gives the geometry of the tubes, their yield stress 
values and the dimensions of the indenters in different tests. The tube length in all tests was 
150 mm. 

Typical load-compression curves of the tubes of set 1 are shown in Figs 2(a) and (b) for 
ITP and ITI modes respectively. Different stages of the collapse are marked on these figures. 
The first peak in the figures corresponds to the elastic collapse. 

2.1. Collapse in ITP mode 
The load, Fig. 2(a), after the first peak is reached, begins to show a fall until the left 

bottom edge of the indenter touches the outward deformed vertical face of the tube (see 
Fig. 3 and inset in Fig. 9) on its left side; this corresponds to a compression value 6i [-see 
Fig. 6 (b)]. The load-compression curve begins to show a rise at a stage when the right 
bottom edge of the indenter also touches the tube, corresponding to compression value 62. 
A second peak in the load-compression curve occurs when the compression value is 6F, 
corresponding to the complete folding of the horizontal hinge (number VI in Fig. 4) which is 
seen to form under the indenter at the elastic collapse. Right after the start of compression, 
both ends of the tube begin to rise. At some stage [at 6c, Fig. 2(a)] these ends begin to touch 
the upper platen, (Figs 1 and 8), and the load thereafter shows a steep rise. Some typical 
photographs of deformed tubes of set 1 are shown in Fig. 3(a-d) for different values of 0. 

2.2. Collapse in ITI mode 
The dropping portion of the load-compression curve, after the first peak, is associated 

with the collapse of the tube, which occurs with the folding of the stationary plastic hinges 
[-Fig. 2(b)]. The second rise in the load-compression curve occurs as two inclined hinges on 
the left side begin to roll (Fig. 11). Figure 3 (e-g) shows photographs of the compressed 
tubes, wherein the symmetry in the deformed shape of the tubes is clearly seen. 

3. A N A L Y S I S  

3.1. Unsymmetrical ITP mode 

3.1.1. Description of the hinge mechanism. It is assumed that the collapse of a tube occurs 
when the load-compression curve having reached its first peak begins to drop with 

Table 1. Dimensions of tubes and indenters and yield stress of tube material. 

Tube specimen 150 mm Long 

1 23.0 23.0 0.5 147.2 22.5 22.5 
2 23.0 23.0 0.5 147.2 42.5 42.5 
3 24.3 36.9 0.7 117.7 22.5 22.5 
4 24.3 36.9 0.7 117.7 42.5 42.5 
5 36.9 24.3 0.7 117.7 22.5 45.0 
6 36.9 24.3 0.7 117.7 42.5 42.5 

Indenter Indenter 
Height Width Thickness Yield width height 

Set H W t stress W~ H i 
No. (mm) (mm) (mm) N m m -  2 (mm) (mm) 
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Fig. 2. Experimental load-compression curve illustrating different stages of the tube collapse; 
(a) ITP mode, 0 = 15 ° (Set 1) (b) ITI mode, 0 = 30 ° (set 1). 

increasing compression. Based on the experimental observations, it is assumed that four sets 
of plastic hinges are formed on the tube, as shown in Fig. 4, wherein hinges are marked in 
Roman numbers and the node numbers have been encircled. 
These four sets of hinges are: 

(1) a horizontal hinge, number VI (with slight downward convexity), which is formed under 
the indenter at a depth Dx from the top of the tube [Fig. 5(b)], 

(2) two vertical hinges (with slight outward convexity), numbered I and XIII, which are 
formed at a certain distance from the edges of the indenter, 

(3) four inclined hinges, numbered III, IV, XI and XII, which are formed between the ends 
of the horizontal hinge VI and both ends of the vertical hinges I and XIII, and 

(4) hinges which are also formed on the top and the bottom surfaces of the tube, as shown in 
Fig. 4 and numbered II, V, X, XIV, XV, XVII, VII, XVI and XVIII. 

The undeformed tube lengths, on either side of the deformed tube region under the 
indenter, behave as rigid bodies. 

Thus, it is seen that collapse of the tube occurs when four connected panels on the four 
faces of the tube become isolated from each other and from the undeformed end portions by 
the formation of plastic hinges (XV, XIII, XVIII, etc.) at their edges, see Fig. 4. Plastic hinges 
(III, IV, VI, XIV, etc.) are also formed within these panels. This reduces the problem to the 
collapse of plate elements under a combination of edge deformations and loading. 

For small values of 0, less than a value of say 0 L [see equation (2) below], the collapse 
mechanism is restricted to within a certain length of the specimen on either side of the 
indenter, see Fig. 4. 0 L is the maximum angle for which the whole hinge mechanism 
develops within the tube length. The experiments show that for the collapse mechanism to 



Lateral crushing of square and rectangular tubes 35 

Fig. 3. Deformed shapes of tubes of set No. 1 for varying 0; (a) elastic collapse; ITP (b, e) side 
views; ITP, ITI (c, f) end views (d, g) top views. 
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Fig. 4. (a) Showing the hinges at collapse (ITP), Roman numbers indicate hinges and encircled 
numbers indicate the nodes. (b-d) Hinge locations with increasing compression. 

be restricted within the specimen length, the free minimum overhang on either side of the 
indenter must be equal to H + h, where h = H/2 or W/2, whichever is less, see Fig. 5 (a). 
The minimum length of the tube, LL, for a given 0, such that the plastic hinges (collapse 
mechanism) are formed completely within the specimen, is thus given by: 

L L = W i / c o s ( O  ) + Wtan(0) + 2Htan (fl) + (Minimum of H or W) tan (fl) (1) 

W i and W are the indenter and tube widths, and H the tube height. Based on experimental 
observations, the angle fl is taken to be 45 °. The maximum angle 0 L for which the given tube 
length L has sufficient minimum overhang h, such that all hinges are formed within the tube 
length, is written as; 

0 L = tan-  I(LI/W) - sin- 1( W i / (  W 2 .j_ L12)1/2) (2) 

where, 
Li = L -- 2Htan (fl) -- (Minimum of H or W)tan(fl) (3) 

The collapse of the tube proceeds with increasing rotation at all plastic hinges until the, 
bottom face of the indenter comes into contact with the outward deforming portions of the 
vertical face of the tube (see inset in Fig. 9). For its non-orthogonal position the left and 
right edges of the indenter touch the outward deforming tube sides at two different 
compressions 61 and 52 respectively, see Fig. 6(b). The rolling of the two inclined hinges III 
and IV on the left side therefore begins a little earlier than the hinges, XI and XII on the 
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Fig. 6. (a) Showing location of vertical hinges. (b) Geometric model for determining 6, and 62. 

right side. The load-compression curves tend to become horizontal or rise at compression 6~ 
and again show a rise at compression 52, see Fig. 2(a). This happens because the rate of 
energy absorbed in the rolling hinges is higher than in the folding stationary hinges. 

When the stationary horizontal hinge VI under the indenter has fully folded (see 
Fig. 7(a,b)) at 6 = 5v, it begins to unfold with the formation of another stationary 
horizontal hinge under the moving indenter on the now inclined side face of the tube. This 
folding pattern under the indenter was observed in the experiments to continue sequentially, 
see Fig. 7(b, c), with each new hinge forming equidistantly, at a depth of about 6.3 times the 
tube thickness. Thus, two such consecutively formed stationary hinges are separated by 
straight undeformed portions of the tube. The hinges are clearly seen on the flattened faces 
of the tube. 

The rate of rotation of hinges involved in this sequential folding under the indenter is 
highest at the beginning of a fold (beginning of a cycle of rotation of a set of hinges after a 
new hinge has just formed) and lowest at its completion (before another hinge is formed). 
Thus the load compression curve exhibits a rise at compressions corresponding to the 
formation of each new fold (hinge). 

Compression during one complete fold is illustrated in Fig. 7(c). During the compression 
of one such fold, the upper end of the straight portion of the tube between two consecutively 
formed horizontal hinges remains anchored to the lowering bottom surface of the indenter 
(at B) and the other end connected to the moving horizontal hinge (at C), rotates about the 
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Fig. 7. (a) Folding mechanism under indenter, first fold (b) Second fold. (c) Geometry change in 
one complete fold. 

anchored end [Fig. 7(b)]. The rotations of a stiff undeformed arm and of the inclined hinges 
are related, as at the beginning and completion of a fold [see Figs 7(b, c)] the inclined hinges 
are connected to the ends of the only horizontal hinge present, in a similar manner. In the 
present experiments this radius of rotation (of the anchored arm, Fig. 7) has been found to 
be about 6.3t from measurements on the tubes. 

As the indenter moves down, the upper ends (nodes 2 and 9) of the two vertical hinges I 
and XIII, move inward towards the indenter with the bending of hinges XIV and XV on the 
top face, see Fig. 4. This causes the undeformed ends of the tube to rise upward and come 
into contact with the upper platen at a compression be, as shown in Figs 2(a) and 8. The 
value of be, increases with increase in 0. In non-orthogonal compressions this is accom- 
panied by a twist in the tube as can be seen in Fig. 3(c). 

After the tube ends come into contact with the upper platen, the deformations under the 
indenter continue as before, but the rigid body movement of the undeformed end portions 
gets restricted between the two platens (thus reversed), with the load from the upper platen 
now acting at the ends also. This results in the bottom of the twisted and consequently 
uplifted portion of the tube (between the vertical hinges I and XIII), see Fig. 4, coming back 
into contact with the lower platen. The stress (along hinges XVII) now increases due to the 
combined load from the indenter and the upper platen. Thereafter local collapse of the sides 
occurs (near node 8) which causes an increase in the bottom contact length of the tube 
(Fig. 8). When the stress gets distributed over a large enough tube length at the bottom, 
local collapse begins to occur at the top face of the undeformed portions, see Fig. 8. The 
tube length over which these local collapses occur reduces with the increase in 0. 

3.1.2. Geometry relations. It is seen from the results that the first peak load for a tube being 
compressed between an indenter of width W i and a platen is equal to the collapse load of a 
tube compressed between two platens (the details of which have been presented in Ref. [6]), 
but of length L e. The length Le in Fig. 6(a), can be written as: 

L~ = WUcos (0) + 2(0.8Htan (fi)) (4) 

The first horizontal hinge VI is formed at the intersection of diagonals joining the corners of 
the trapezium EFGH under the indenter, see Figs 3(a) and 5(b). The depth D~ at which this 
hinge is formed is given by; 

(H - 20 [Wi/cos(O) + 2ttan(fl)] 
D, = 2[Wi/cos(O) + Htan(#)] + t (5) 

After the portion of the tube above the first horizontal hinge VI has been fully compressed, 
it was observed in the experiments that a subsequent horizontal hinge, C in Fig. 7(b), is 
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formed at a further depth of 6.3 times the tube thickness. This process was observed to 
continue successively until a hinge is formed at or near the mid-height of the tube. This is 
different from rolling of a hinge under the indenter, as was considered in an earlier paper 
[8]. In the rolling of a hinge, dissipation of energy would take place at a nearly constant rate 
(rolling radius) and rolling would be initiated when the structure (after the rotation of 
stationary hinges has reached its limit) would continue to deform with one of the hinges in 
the 'locked' structure beginning to roll. Whereas here it is observed that a new hinge is 
formed at a finite distance, from the initial hinge, and the deformation transfers to the new 
hinge. 

The stationary vertical hinges I and XIII, Fig. 6(a), are formed at the time of initial 
collapse. When the indenter is obliquely placed over the tube, Fig. 4, the loading on the 
front and back faces are not uniform over a cross-section which is not fully under the 
indenter. This is accounted for by considering a rotation of the line between nodes 4 and 7 
(or 3 and 18) about the node 7 (or 3) by an angle ¢, see Fig. 4. This angle was measured in all 
the experiments and it was found to be nearly equal to 0/3 in all cases. 

Based on this [Fig. 6(a)] the distances D E and D r of the left and right vertical hinges, I and 
XIII, from the center of the tube, are given by: 
For 0 ~< 0L, 

DE = Wtan(O)/2 + Wi/(2cos(O)) + 0.8Htan(fl) 

Dr = D L  - -  Wtan(20/3), 

and for 0 > 0L, 

(6) 

(7) 

D L = L/2 (no distinct left vertical hinge) (8) 
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Fig. 9. (a) Tube cross-section under the indenter; typical fold geometry. (b) Indenter-tube contact 
dimensions, in plan. 

For  computing D r, the indenters edge is rotated out by an angle 0/2. This is so even when 
the edge of the indenter intersects the ends of the tube instead of its sides. If (L/2 - Dr) < h 
then D~ = L/2.  

Length Lf, Fig. 5(b), of the first horizontal hinge VI, for DE and D r less than L/2  is; 

Lf = DE + Dr - 2 [0.8Htan(fl)] or W/cos(O) + W [tan(0) - tan(20/3)] (9) 

For  D E = L/2,  
Lf = L / 2  + Dr - 0.8Htan(fl) (10) 

The four inclined hinges, III, IV, XI and XII, extend from the ends of the first horizontal 
hinge VI (at a depth DI) to the top and bottom of the two vertical hinges I and XIII on each 
face, see Figs 3(b) and 4. 

The location of hinges as they first form is thus determined from Eqns (1) - (10). 
To determine the compression values f~, 32 and fv  (as described below) at which different 

modes of collapse operate during collapse of the tube (with a change in position of the 
inclined hinges and formation of new ones under the indenter) and geometry of the 
deforming tube (number of complete folds compressed under the indenter), we need to 
determine fix, f r  and fz, described in Fig. 9. The values of these components are determined 
as: 

fx = f [1 - f / (2H)]  (11) 

fy = - fxtan(O) (12) 

fz = - f (13) 

At the compression values 6~, the two inclined hinges III and IV begin to roll, and at the 
value 32, hinges XI and XII begin to roll. 6~ and b z are computed as follows, by considering 
the geometry of a triangular panel on the undeformed side, see Fig. 6(b). 

Considering the left side, the compression value 6 = f~ is reached when, 

fix = Li cos (0) (14) 

Here, 

L~ = {D L -- Wtan(O)/2 - Wi/[2cos(O)] } tan(0i)sin(n/2 - 0i)/sin(n/2 -- 0 + 0i) (15) 

where, 
0i = tan-1 {D~/[D E - Wtan (0)/2] } (16) 

Considering the right side, the compression value f = f z  is reached when, 

3~ = L i cos (0) (17) 

HS 37:1-0 
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Here, 

L~ = {Dr + Wtan(O)/2 - WJ[2cos(O)]}  tan(0i)sin(n/2 + 0~)/sin(n/2 - 0 - 0i) (18) 

where, 
0 i = t an - '  {D,/[D r + Wtan(O)/2]}  (19) 

Compression by, Fig. 2(a), at which the first horizontal hinge VI gets fully folded, is reached 
when 6x = DI [Figs 7(a, b) and 9]. 

The compression 6c at which the ends of the tube come into contact with the upper platen 
is given by; 

6c = H + Hi  - z (13)  (20) 

where z(13) is the z coordinate of node 13, see Figs 4 and 8, and Hi is the height of the 
indenter, see Fig. 1. 

The coordinates of all the 22 nodes which define the deforming geometry of the tube 
(Fig. 4) are determined as follows: 

(i) Nodes 1, 19, 16 and 11 are stationary points on the bottom face. 
(ii) Coordinates of nodes 5, 6, 3, 4, 7 and 18 are directly determined, as these points are in 

contact with the indenter. 
(iii) The coordinates of the other nodes are determined by solving simultaneous equations 

for distances of each node from three other selected nodes. Selection of these related 
three nodes, is based on the observed deforming geometry of the tube, such that the 
distance of the node from the selected nodes remains constant over the deformation. 
For example coordinates of node 10 are determined by using the known coordinates of 
nodes 4, 7 and 11. 

Having determined the geometry of the deformed tube for any 6 < 6~, orientation of the 
rigid panels defined by any three nodes can be determined. The change in angle between the 
normals to any two adjacent panels gives the rotation at the common stationary hinge. The 
work done at a stationary hinge is determined as; 

E a = MpLhO h (21) 

where mp [see inset in Fig. 14(a)] is the plastic moment. Lh and 0h are the length and the 
angle of rotation of the hinge at any given compression. 

Knowing initial and final positions of the ends of the rolling plastic hinges (III, IV, XI and 
XII), the area traversed by a rolling hinge is easily determined. The work done by a rolling 
hinge 1-10] is determined from equation (22) as; 

E r = Ar(ZMp/Rr) (22) 

A r is the area traversed by a rolling hinge. Based on measurements of the rolling radius and 
the observations (discussed earlier) relating rolling of hinges to the sequential formation of 
hinges under the indenter, the rolling radius R r is taken to be constant: as 6.3 times the tube 
thickness. 

The mechanism of the successively folding hinges under the indenter has been treated 
separately. Knowing the depths at which each successive hinge is formed under the indenter, 
the number of complete folds that have been formed at any compression 6 is such that the 
summed depth of the successive hinges does not exceed fix, given by equation (11). 

The rotations at the three hinges, at the top (node B), middle (node C) and bottom (node 
D) for a complete fold, shown in Fig. 7(b, c), are; 

a t = n/2 + al 

am = re/2 + a2 

a b  = ~ 2  - -  a l  

where, 

(23) 

(24) 

(25) 

al = sin -1 [R1/(R2 + R3)] (26) 
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ez = sin-1 [(R1 + R2)/R3] (27) 

R1, Rz and R3 are the lengths of the top (horizontal), middle and the bottom arms lAB, BC 
and CD in Fig. 7(c)], which are involved in the folding mechanism. 

The angle changes (at nodes B, C and D) in the current fold, Fig. 7(b), are; 

at = ~i  "~ 0~3 (28) 

~m = ea + ~3 (29) 

~b = ~2 - -  ~1 (30) 

where, 
cq = sin -1 (R,/(R 2 + R3) ) (31) 

c~ 2 = tan-  1 (x/z) (32) 

ea = tan-1 [(x - R 1 ) / ( H -  6 - z)] (33) 

x and z are the outward and vertical coordinates of the moving point C of the bottom arm 
CD, with the origin at D, Fig. 7(a). 

During the first fold, top and bottom hinges [nodes B and D in Fig. 7(a)] are Wi/cos (0) 
long. The length of the middle hinge [node C in Fig. 7(a)] is Lf for 6 less than 6~, and Zf + 
( -- by) for 6 greater than 6~. During the subsequent folds [Fig. 7(b, c), the length of the 
bottom hinge is always Wi/cos (0). In the case of complete folds, the length of both the top 
and middle hinges is Lf + (R 1 + R2)tan(0 ). Here, the values of R~ and R2 are those which 
were at the beginning of the fold. In the case of the incomplete current fold, the middle hinge 
is only Wi/cos(O ) long (see Fig. 4). 

3.1.3. Energy absorbed during deformation. The calculation of the total energy absorbed by 
all the hinges is considered in three stages: (1) 6 < 6i and all hinges are only folding at their 
collapse locations; (2) 6~ < 6 < 82, when the two left inclined hinges, III and IV, begin to 
roll; (3) 82 < 6 < 6c, when all four inclined hinges, III, IV, XI and XII, roll while the other 
hinges continue to fold. 

Total energy, Et, is thus given by, 

E t = Y,E a + EE r + Et (34) 

E a and E r are given by equations (21) and (22). Ef is the energy absorbed in the folding 
mechanism under the indenter. For any 8, its Value is arrived at by summing the energy 
dissipated in the folding hinges for the completely compressed folds and the current fold, as 
shown in Fig. 7. 

The load at any 6 is given by the slope of the cumulative energy-compression curve, at 
compression 8. 

3.2. Symmetric 17"1 mode 
From the experimental observations of the deformation geometry, the typical pattern of 

hinges assumed to have formed on all faces of the tube is shown in Fig. 10. 
At collapse, see Fig. 2(b), four sets of plastic hinges are formed on the tube, see Figs 3(e-g) 

and 10. They are: 

(1) a horizontal hinge, number III, under the indenter at mid-height of the tube, 
(2) two vertical hinges (slightly convex outward) numbered I and V, at a certain distance 

from the edges of the indenters on both the vertical faces, 
(3) four inclined hinges between the two ends of the horizontal hinge at the mid-height of 

the tube and top and bottom of the two vertical hinges. The two inclined hinges (II and 
IV) in the upper half of the tube are curved and concave upward, and ones in the lower 
half of the tube are concave downward, 

(4) stationary hinges on the top and the bottom surfaces and the corner edges of the tube, 
see Fig. 10. These are numbered as VI, VII, VIII, XI and XII. 

In the beginning, collapse of the tubes progresses with the rotation of all the plastic 
hinges. At compression 6~, the two indenters come into contact with the outward deforming 
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Fig. 10. Showing the hinges at collapse (ITI), Roman numbers indicate hinges and encircled 
numbers indicate the nodes. 

portions of the vertical face, along the inclined hinges on the left side, (II). From this point 
onward the inclined plastic hinges on the left side (II) are forced to roll by the indenters. The 
rolling hinges (II) take up positions, such that the horizontal hinge (III), at the mid-height of 
the tube, becomes longer and the rolling inclined hinges become shorter as shown in Fig. 11. 

As the indenter moves down, the two vertical hinges (I, V) move inward towards the 
indenter accompanied with the rotation of hinges on the top and bottom faces (XI, XII), see 
Figs 3(e-g) and 10. For non-orthogonal positions of the indenter, the undeformed ends of 
the tubes move such that they no longer lie along the tube axis, see Fig. 3(g). 

When they overhang, h > HI2,  see Fig. 5(a), the extent of the collapse mechanism formed 
is within the tube length and the corresponding angle, 0L, for a given L is given as: 

0 L = tan -1 (LI /W)  -- sin -1 ( W i / ( W  2 + LI2) 1/2) (35) 

where 
L1 = L - 3ntan  (fl) (36) 

Correspondingly the minimum length of the tube required, for a given 0, such that h > H / 2  

is; 

L L = W i / c o s ( O  ) -Jr" Wtan (0) + 3Htan (fl) (37) 

For the computation of collapse load in this case, see Fig. 12, we have; 

Le = Wi/cos (0) + 2Htan (fl) (38) 

The depth DI of the horizontal hinge III (Fig. 10) under the indenter from the top is, 

D I = H I 2  (39) 

The length of this hinge is taken to be equal to the tube wall thickness, because the inclined 
hinges are curved and no distinct horizontal portion of the hinges is clearly visible at small 
compressions after the elastic collapse. 

DL and Dr, the distances of the left vertical hinge I and the right vertical hinge V from the 
tube center, are given by: 
for 0 ~< 0L, 

and for 0 > 0L, 

D L = Wtan(O)/2 + Wi/[2cos(O)] + Htan(//) 

D r = D L - Wtan(20/3) ,  

(40) 

(41) 

D e = L / 2  (no distinct vertical hinge) (42) 
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Fig. 11. Position of indenter and location of hinges at; (a) commencement of rolling of left inclined 
hinges. (b) at some compression after rolling has begun. 

For computing Dr, the indenter edge is rotated out by an angle 0/2 about node 10 (or node 
7). For 0 > 0 L, node 10 may lie between nodes 12 and 13, see Fig. 10. 

The coordinates of each of the 15 nodes, see Fig. 10, define the deforming geometry of the 
tube. Computations to locate the coordinates of these nodes are carried out by first 
determining the coordinates of points in contact with the indenters (7-10). The coordinates 
of node 4 are then determined from simple geometric considerations as shown in Fig. 13. 
The z coordinate remains unchanged due to symmetrical loading, and the x and y 
coordinates of the other nodes (5, 11, 12, 13, etc.) are thereafter determined by solving 
simultaneous equations for distances of these nodes from two other nodes, whose co- 
ordinates are already known, such that these distances remain constant during tube 
compression. For example, coordinates of node 5 are determined by using the known 
coordinates of nodes 4 and 8. The distances are taken to remain constant as deformations, if 
any, in the panels bounded by plastic hinges are ignored. 

The compression at which the two inclined hinges on the left begin to roll and the load- 
compression curve begins to rise is 61. It is the compression at which the indenters come into 
contact with the inclined hinges II (and a symmetrical one) on the left side, see Fig. 11. The 
computation of 6~ requires determination of the distance between (the straight lines formed 
by) the left bottom edge of the top indenter and the inclined hinge II. 

The total energy, Et (EEa + EEr), absorbed in all hinges is computed over two stages of 
compression: when 6 < 6i and all hinges are stationary at their initial collapse locations; 
and when 6 > 6~ and the inclined hinge II dissipates energy by rolling. 

4. RESULTS AND DIS C US S IONS  

The experimental values were measured using a strip of graph paper permitting the 
measurements to be made up to fractions of a millimeter, and to overcome the difficulties 
due to the deformed contours of the tested tubes. The averages of the bottom and top 
location of the vertical hinges are given in Tables 2 and 3. 

4.1. Unsymmetrical ITP mode 
First we compare computed values for the location of hinges and compressions at which 

different modes of deformation are operative with the experiments. These are presented in 
Table 2 for the collapse load (Le), depth at which the first hinge is formed (D0, distance 
between the successive horizontal hinges formed under the indenter (Gap2 etc.), distances 
from the respective ends of the tube to the location of the left and right vertical hinges, 
compression, 6~, at which the indenter first touches the deforming side face and the inclined 
hinges III and IV begin to roll, compression 6~ at which the tube ends begin to touch the 
upper platen, and maximum values of the ratio of energy dissipated in rolling hinges to the 
total energy (ZEr/Et). The computed magnitude of LL, the minimum length required for a 
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given 0 such that all hinges are formed within the tube length is also given in Table 2. This 
compares well with the experiments, see Fig. 3(a-d). 

Figures 14(a,b) show typical computed load-compression curves for the two sets of 
experiments conducted. Corresponding experimental load-compression curves are also 
given for comparison. 

It is seen from the above comparisons that the computed results show good agreement 
with the experiments for both orthogonal and non-orthogonal position of the indenter. 
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Fig. 12. Showing location of vertical hinges. 
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Fig. 13. Deformed cross-section of the tube under the indenter. 

Table 2. Experimental and computed collapse load and 
deforming geometry of tubes compressed in the ITP 

arrangement. 

0 00 ° 15 ° 30 ° 45 ° 

Square tube (ITP) Set No. 1. (mm) 

L e 67.1 60.8 63.6 69.5 
59.2 60.0 62.7 68.5 t 

D I 5.8 6.3 6.5 7.5 
6.1 6.2 6.5 7.1 t 

Gap2 3.0 3.0 3.0 3.0 
Gap3 3.0 3.0 

3.0 3.0 3.0 3.0 * 

L/2 - P L 43.7 43.0 34.3 25.3 
45.6 42.7 37.0 30.0 t 

L/2 - Dr 45.1 45.7 47.0 44.3 
45.6 46.7 45.4 43.3 t 

61 4.4 4.! 4.0 4.1 
4.2 4.0 3.7 3.4 t 

5 c 13.2 13.2 13.4 14.1 
13.2 13.1 13.3 13.9 t 

ZEr/E t 0.42 0.40 0.38 0.36 t 
L L 91.4 98.3 108.1 123.7 t 

* Indicates computed values. 
(a) 
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Table 2. (Continued).  

0 00 ° 15 ° 30 ° 45° 

Rectangular tube (ITP) Set No. 3. (mm) 

L~ 57.8 59.6 64.7 72.4 
61.3 62.1 64.8 70.6 * 

D I 7.0 7.2 7.5 8.0 
6.5 6.6 6.9 7.4 * 

Gap2 3.8 3.8 3.9 3.8 
4.2 4.2 4.2 4.2 * 

L / 2  - D L 42.3 35.8 31.2 19.5 
D L 44.4 39.8 32.0 21.7 * 

L / 2  - D r 42.7 45.3 44.2 41.2 
44.4 46.3 45.4 43.0 t 

~t 5.3 5.8 5.5 4.9 
4.6 4.4 4.0 3.7 t 

6c 14.0 14.0 13.9 14.5 
13.7 13.5 13.6 13.8 * 

EERIE t 0.35 0.33 0.31 0.28* 
L L 95.3 105.9 120.0 141.5 * 

* Indicates computed values. 
(b) 

0 00 ° 15 ° 30 ° 

Rect. (ITP) Set No. 5. (mm) 
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L~ 103.9 77.1 93.2 
81.5 82.3 85.0 * 

Dj 8.0 7.5 8.2 
7.8 7.9 8.4 * 

Gap2 4.0 4.0 4.0 
4.2 4.2 4.2 t 

L / 2  - D L 35.0 35.5 30.5 
34.8 31.2 26.5 t 

L / 2  - Dr 37.2 39.7 36.2 
34.8 35.5 35.3 t 

61 4.9 5.1 4.8 
6.2 5.9 5.7 t 

E E r / E  t 0.46 0.44 0.41 t 
L L 120.5 127.8 138.0 * 

* Indicates computed values. 
(c) 

4.2. S y m m e t r i c  I T I  m o d e  

The computed  load-compress ion curves are shown for a typical specimen of set 1 in 
Fig. 15. These are in good agreement  with the experiments.  

The computed  and  observed collapse load (Le), locat ion (D 3 of the hor izontal  hinge under  
the indenter  on  both  the front and  back faces of the tubes (to show the variat ions observed 
in the experiments),  distance from the reSpective tube ends to the vertical hinges on the left 
and  right sides of the tube, the compress ion at which a load-compress ion curve begins to 
rise (60, on commencemen t  of rolling of inclined hinges (II) and  the m a x i m u m  values of the 
rat io of roll ing to total  energy ( ] ~ E r / E t )  are given in Table  3, and  these show good 
agreement  for all values of 0. The computed  values of L L are also given in Table  3, and  it can 
be seen that  the observed hinge patterns,  Fig. 3(e-g), correspond to these values. 



48 N .K .  Gupta and A. Khullar  

5. C O N C L U S I O N S  

The collapse behaviour of square and rectangular as-received aluminium tubes, com- 
pressed between a platen and an indenter and two indenters placed in both orthogonal and 
non-orthogonal positions, has been studied by conducting experiments on a variety of tubes 
and employing different indenter geometries. 

Computed location of the hinges at initial collapse and the deforming geometry of the 
tube, at different compressions, is predicted well by the simple analysis for all cases of tube 
compression. 

The computed load-compression curves are presented and these show good agreement 
with the experimental curves. The analysis predicts the rise in load at different stages of 
compression as is observed experimentally. The sharp rise visible in the computed load- 

Table 3. Experimental and computed collapse load and 
deforming geometry of tubes compressed in the ITI 

arrangement. 

0 00 ° 15 ° 30 ° 45 ° 

Square tube (ITI) Set No. 1. (mm) 

L e 65.1 63.1 70.3 80.4 
68.5 69.3 72.0 77.8 t 

D x 10.5 10.0 12.0 11.0 F 
10.5 10.5 11.0 11.0 B 
11.5 11.5 11.5 11.5 t 

L / 2  - D L 38.3 39.8 32.8 25.3 
41.3 37.5 33.4 25.6 t 

L / 2  - -  D r 37.5 42.3 40.1 36.5 
41.3 41.6 41.7 38.9 t 

~l 16.8 16.8 12.1 10.7 
17.0 13.8 12.4 10.6 t 

~ E r / E  t 0.00 0.13 0.19 0.27 t 

L L 91.5 98.5 108.3 123.8 t 

t Computed, F; front face, B; back side. 
(a) 

0 00 ° 15 ° 30 ° 45 ° 

Rectangular tube (ITI) Set No. 3 (mm) 

Lo 62.8 61.2 70.9 68.7 
71.1 71.9 74.6 80.4 t 

D~ 10.5 10.5 11.5 10.0 F 
10.5 10.0 10.5 8.5 B 
12.2 12.2 12.2 12.2 t 

L / 2  - D L 39.8 35.6 32.0 16.5 
40.2 34.6 27.8 16.9 t 

L / 2  - -  D r 41.4 41.6 42.9 30.3 
40.2 41.1 41.2 38.1 * 

61 17.0 17.0 16.4 6.0 
17.9 14.9 13.3 11.3 t 

~ . E r / E  t 0.00 0.09 0.14 0.17 t 

L L 95.4 106.1 120.2 141.6 t 

t Computed, F; front face, B; back side. 
(b) 
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Table 3. (Con t inued) .  

O O0 ° 15 ° 30 ° 

Rect. (ITI) Set No. 5 (mm) 

L~ 84.9 87.9 90.0 
96.3 97.1 99.8 t 

D I 6.0 8,5 11.0 F 
3.0 5.5 5.5 B 

18.5 18.5 18.5 * 

L / 2  -- D L 35.0 32.5 14.1 
27.6 24.2 18.6 t 

L / 2  - D~ 35.4 35.3 31.6 
27.6 28.5 27.4 t 

51 9.6 16.4 23.3 
30.6 25.1 22.3 t 

E E J  E t 0]00 0.14 0.21 t 

L L 133.2 140.5 150.7 t 

t Computed, F; front face, B; back. 
(c) 
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Fig. 14. Computed and experimental load-compression curves for ITP mode; (a) Set No. 1 for 
different 0. (b) Sets No. 1 and 2 for 0 = 0 °. 
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Fig. 15. Computed and experimental load-compression curves for ITI mode of Set No. 1. 

compression curves however is not present in the experimental curves. This is due to the fact 
that, in tests, a transition from one mode of deformation to the other occurs gradually. 
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