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Abstract

A comparison of the beam propagation method (BPM) in two transverse dimensions and for a cylindrically symmetric
laser beam with a direct FFT based method is presented for self-focusing of laser beam in a plasma with saturating type
(ponderomotive) nonlinearity and cubic nonlinearity.
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1. Introduction

Cylindrical laser beam propagation is best mod-
elled for fast computation using spectral or pseudo-
spectral methods. The former are sometimes known
as direct FFT-based methods while the latter as beam
propagation methods (BPM). We simulate the propa-
gation of a laser beam in a plasma in which the non-
linearity may saturate or could remain cubic using all
these methods for comparison of computational ease
and accuracy. We also go ahead to use parallelisable
computational schemes on the CDAC (India) mul-
tiprocessor supercomputer, PARAM 10000 for this
problem of self-focusing in plasma.

2. Setting of the problem

The partial differential equation for steady-state
self-focusing that is being considered is the gen-
eralised Nonlinear Schrödinger Equation (NLS) for
saturating nonlinearities that can be put into the
form [1]

dE
— =iVlE+2if{\E\2)E. (1)

Here f(|E|2) depends on the type of nonlinearity
chosen. We choose the ponderomotive nonlinearity
of the plasma [4] that saturates with the intensity
factor

f{\E\2) = (1 - e x p ( - | £ | 2 ) ) « 2 / 4 ( l _ o?p),

where ω2

p = ωp2/ω2, with the plasma frequency given

by ωp2 = 4πn0e2/m in a plasma of ambient number
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density n0; m and e are the mass and charge of the
electron and ω is the angular frequency of the incident
laser beam. The intensity factor |E|2 has been normal-
ized by a factor E0

02 = 8mω2kBT/e2 where kB is the
Boltzmann constant and T is the absolute temperature
of the plasma. The actual electric field of the laser will
then be E = EE00. When |E|2 <^l, one may approx-
imate

f(\E\2) = \E\2co2

p/4(l-co2

p)

in which case we call it the cubic nonlinearity. The
space variables in Eq. (1) have also been normalized
as z = k1 Z where Z is the actual distance along laser
beam axis and k1 = k^^Je® where k0 = ω/c, c being

the speed of light in vacuum and ε0 = (1 — ωp2/ω2)
the dielectric constant of the plasma. Similarly x =
X\flk\ and y = Y\flk\ where X and Y are actual
distances measured in the directions transverse to the
laser beam propagation direction.

3. The pseudo-spectral method

The pseudo-spectral or beam propagation method
(BPM) algorithm takes advantage of the fact that after
moving into the Fourier space, the nonlinear term
f ( | E | 2 ) may be approximated by its local value and
also makes use of the group-theoretical manipulation
of Eq. (1) to put it into a convenient algorithmic
form. The details may be found in Ref. [1] where
the various algorithms are worked out. Our interest is
only in situations where the transverse operator V^
is either in the Cartesian form in two dimensions or
in a cylindrically symmetric form. The laser beam
can be described in these two geometries and the
necessary beam propagation algorithm can be worked
out in either of the cases. In the former case, the
FFT will be 2-dimensional while in the latter case
it will be involving Hankel transformation. Hankel
transformation itself is accomplished using Siegman's
Fast Hankel Transform (FHT) method [2] including
end correction [3].

3.1. BPM with 2-transverse dimensions of the laser
beam

In this case, the algorithm can be put into the
following form for the case when the transverse

operator is two-dimensional Cartesian [1]

E(z + Az,x, y)

= FFTD-l{e-iK2AZ/2FFTD{e2if(\E(z,x,y)\2)Az

{Q-iK2Az/2FFTD{E(z,x,y)}}}}.

(2)

Here FFTD is a two-dimensional Fourier transfor-
mation operator while FFTD'1 is the inverse (two-
dimensional) Fourier transformation operator. The
nonlinear term in the exponent is approximated by its
local value during every iteration using this algorithm
after the field form is locally obtained from its previ-
ous value at each grid point. The algorithm involves
N x N grid points in the x and y directions as well
as in the corresponding Fourier space where, K2 =
Kx2 + Ky2. The grid sizes in the configuration space
(Ax, Ay) and the Fourier transform space (Akx, Aky)
are related by: Akx = 2n/NAx and Aky = 2n/NAy.
Various initial profiles like a Gaussian where the field
initially decays to zero for large transverse distances
can initiate the algorithm.

Fig. 1(b) shows the variation of axial amplitude
of the beam with propagation distance for intensity
values 3.0 and 4.0 for cubic Kerr type nonlinearity.
Fig. 1(c) shows similar variation for ponderomotive
nonlinearity for intensity value 4.0. Fig. 2(a) compares
the beam axial profile with Laguerre-Gaussian profile
for TE00 mode at z = 0.1. The computer time con-
sumed by this algorithm is grid-point intensive and
slows down the algorithm as the computational dis-
tance is increased (see Table 1). The accuracy can be
reasonable and the simplicity of using the FFTD algo-
rithms is the advantage.

3.2. BPM for cylindrically symmetric laser beam

Taking advantage of the cylindrical symmetry of
the laser beam, the transverse operator can be taken as
cylindrically symmetric and the following algorithm
can be worked out in this case

E(r, Az)=

x FHT'1 {e~iKlAz/2FHT{E(r, 0)}}}.

(3)

The simplicity of having lesser number of grid
points in this case compared to the two-dimensional
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Table 1

Comparison of CPU time for various algorithms in the paper implemented on a Pentium IV, 256 MB RAM machine

Intensity = 3.0

Total recorded time:

Number of built-in functions
(total function calls):

Number of MATLAB M-functions

(with child functions) used:

Number of MATLAB M-subfunctions
(of our code) used:

Clock precision:

Direct FFT
method

33s68.98 s

42

13

4

0.010 s

BPM (2-transverse
directions)

68.98 s

37

15

2

0.010 s

BPM (cylindrically
symmetric beam)

2.52 s

71

29

9

0.010 s

Grid size N = 64; Propagation distance z = 0 to 3.0; Number of iterations for each algorithm = 10 000.

general case involving FFTD in Section 3.1 is a def-
inite advantage here except that the algorithmic com-
plexity of evaluating a Fast Hankel Transformation is
added on. The Siegman FHT algorithm is in terms of
the normal FFTs for which very fast algorithms for
evaluation are available,

FHT{E(r, Z)} = <P(kj_, Z)

= ^-FFT{FFT-l{k{y)}FFT{e{x)}}. (4)

Here,

j0(x) = Jo(rok±oe
ax)arok±oe

ax

involves the Bessel function of zeroth order that is
representative of the cylindrical symmetry and the new
variables,

e(x) = rE(r), r = r0e
αx and k±=k±oe

ay

have been utilised. The nature of these transforma-
tions that changes the radial coordinates to linear ones
through the exponential function leaves a small gap
near r = 0 that can be taken care of by using an end
correction. See Figs. 2(b) and 2(c) showing compar-
ison of initial and final beam profiles for a Gaussian
beam with and without end corrections. As long as
asymmetric beam distortions do not arise, as in this
case involving no vector field calculations (in which
case higher order Bessel functions get involved), the
FHT-based scheme is much faster. A MATLAB movie
simulation of the interesting process of self-focusing
is available with the authors. The MATLAB and C++
codes of the simulations can also be obtained from au-
thors.

4. Direct FFT method for laser beam propagation

We take into consideration in this computational
scheme the full spectral methods that do not ap-
proximate the field nonlinearity by local values. This
is again a computationally costlier concept but may
be better in taking care of the beam radiation ef-
fects for long distance propagation. The laser beam
self-organization may also be better captured by this
scheme. Denoting by a subscript E(kx,ky,z) = Ek,
the Fourier transformed variable of the field E(x,y,z)
and by {Ek} the corresponding 2N values of the FFT
variable, one can write:

d{Ek}/dz=-i(k2

x+k2

y){Ek}

where the last term is the FFT of the whole compound
variable [(f|E|2)E]. This last term is evaluated at
each grid point with the knowledge of the field
E(x, y, z) at each grid point. This knowledge is easy to
gain because FFTD{E} -> {Ek} and FFTD~l{Ek} ->
{E}.

This leaves a set of first order differential equations
as above in {Ek} which can be solved by the Runge-
Kutta method. We do this and at each step use the
FFTD'1 function to gain the value of E(x,y,z)
unlike the beam propagation method of the previous
section where only a local value of E (x, y, z) was used
without recourse to any Fourier transformation of the
nonlinear term. The broad features of the method have
also been tried out by others [5] apart from us.
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Fig. 1. Variation of axial intensity along beam direction using
(a) direct FFT method of Section 4 for cubic nonlinearity; (b) using
BPM with 2-D FFT in transverse profile of Section 3, again for
cubic nonlinearity; (c) using BPM of Section 3.1 using saturable
ponderomotive nonlinearity.
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Fig. 2. Transverse profile of the laser beam that was originally
Gaussian at z = 0 using (a) BPM after a dimensionless distance
Z = 0.1 (Section 3.1) being compared with a Gaussian profile
propagated by same distance using variational/moments/paraxial
method Ref. [6]; (b) BPM for a cylindrically symmetric beam
(Section 3.2) with end correction and (c) same as (b) without end
correction with grid size 2 .
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5. Conclusions

The direct FFT method is supposed to bring in the
self-organization features of the laser beam more ex-
plicitly being the most accurate of the three methods.
It is however more computer time intensive compared
to the BPM methods (see Table 1). The method should
take care of the beam distortions including possible
radiation fields in more detail. Fig. 1(a) shows beam
development by this method for intensity values 3.0
and 4.0.

For the reasons given above the direct FFT scheme
needs to be implemented on a multi-processor system
based on parallelisation techniques. It then allows for
computer time saving at the same time being more
accurate. This procedure is desirable in the long run
as more and more complications like asymmetries are
built into the system. For this reason the algorithm has
been implemented using the PARAM 10 000 system
of CD AC (India) at IIT Delhi. The system is a 4-node
system with 34 CPUs. About 10% speeding up has
been achieved till now but further optimisation is in
progress.

Fast algorithm requirement is also crucial when
dealing with the self-focusing singularity and its

nearby region where the computational time require-
ments expand enormously. This happens when the
nonlinearity term is approximated by the cubic nonlin-
earity by f(\E\2)^ a|E|2. Our effort towards explor-
ing this singularity development using the parallelisa-
tion techniques is still in progress. The field singular-
ity vanishes when saturation effects in the plasma non-
linearity are considered. Typical plasma nonlinearities
of relativistic and ponderomotive types are being im-
plemented. Beam distortions accounting for the self-
reorganization of the laser beam are always observ-
able and the self-similar Gaussian beam propagation
is never observed.
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