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Abstract

We report on the computer simulation of the dynamical effects of a collection of gyrating electrons in a magnetoplasma. The
effects being looked into are the detailed microscopic current attractions that lead to synchronization and coherence amongst
the gyrating electrons to give rise to gyro-phase coherence. We use a simplified model that uses the Darwin Hamiltonian and
also the assumption that the inter-el ectron distances are all equal in this version of the simulation.
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1. Introduction

Current attraction in power generators in a multi-
machine system has been shown by us recently to
give rise to self-organization effects [1]. This current
attraction includes the phase-dependent currents also
in addition to time-averaged effects that give rise
to stresses in the machines. The self-organization
effects discussed in this case are similar to a number
of other self-organization effects that arise because
synchronization or coherence effects in a variety of
fields including electrical phase-locking mechanisms,
bio-electrical phase-lockers like the human natural
pacemaker, synchronized pulsations of fireflies etc that
are now forming a new field of, synchronization [2,

3]. We had applied these concepts recently to a
collection of magneto-plasma electrons and found
from the analysis, a possibility of synchronization
analytically [4]. The analysis demands verification by
simulation that is reported in this communication.

2. The model

We consider a plasma immersed in a uniform
magnetic field B in the z direction. The focus will be
on the attraction of the microscopic current elements
constituted by the moving electrons. This attraction
can be written down for the current elements in terms
of the mutual inductance but we prefer to do it using
the single particle picture. In this picture, we need
to introduce the Lagrangian or Hamiltonian for a
large number of electrons. This takes into account
the attraction of the microscopic currents constituted
by the motion of all the electrons. The quasi-MHD



Darwin Hamiltonian in a plasma for interaction of

N electrons in pairs amongst themselves contains a

summation over all the binary interactions [5-7],
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Note that the center of mass system involving only the
reduced coordinates that come in terms of the rela-
tive distance and relative momentum of any two elec-
trons have not been used. In the Darwin approximation
one continues to use the expression for momentum
p = mv. The electron velocity v itself has one com-
ponent v\\ parallel to the external magnetic field and
the transverse component vj_ = vj_o = exp(iωct + δ)
that describes gyration at the cyclotron frequency ωc

with an initial gyrophase δ. The initial gyrophases {δi}
(i = 1,2,3,..., N) of all the electrons are different.
We are interested in the Hamiltonian that is averaged
over this cyclotron motion and also assume that gy-
rating electrons are separated by distances r greater
than the gyroradius rc. Substituting the interaction part
of the quasi-MHD Darwin Hamiltonian, averaging the
Hamiltonian and limiting oneself to the approxima-
tion, rc <^r by neglecting all higher order terms in
r c/r, we obtain the quasi-MHD Darwin Hamiltonian
for the plasma as,
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The first term in the double summation is the usual
current attraction term that also occurs in the MHD
theory as attraction between like currents elements in
the plasma. It is similar to the Ising model [8] for
the attraction of the microscopic currents. Pursuing
the effects of the Ising model naturally in this context
would give us a phase transition model for the plasma.
Our interest is in the second term of the double
summations.

2.1. Extracting the synchronization information

The second term in double summation of Eq. (2)
is the cause for the collective synchronization or
gyrophase coherency. The equation for the rate of
change of angular momentum will now be one of the
Hamiltonian equations,

^ = - < « , < > + Y - 1sin(δi - δj) (3)

where (Nn) is the time averaged torques that the
electron may additionally suffer within the plasma
apart from the one due to external magnetic field.
The synchrotron damping in terms of the damping
coefficient λi = 4e2v2_i/3c3 is introduced by hand
since it cannot be derived from a Hamiltonian theory
and the inertia term for the electron with a small
mass has been neglected in comparison to the damping
term. The most probable (thermal) velocities have
been ascribed to the transverse velocity v± that would
result from velocity space averaging. We are now in a
position to discuss the phase synchronization amongst
many of the gyrating electrons in plasma.

For the sake of simplicity, we make the further
assumption that the average distance between the
electrons is the same, r i j = r so that the over-damped
dynamical equation for the gyro-phase of the N
electrons will be further simplified from Eq. (3) to,
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The assumption in this early version of simulation
of the possibility of the some average distance be-
tween gyrating electrons implies that the phase dif-
ference term sin(δi - δj) between the electrons is the
main driving term for phase coherence, with all elec-
trons being treated equivalently. In later versions of
the simulation, the assumption needs to be relaxed by
proper ensemble averaging. The ensemble averaging
is much more computation time intensive and puts a
severe restriction on the number of electrons being
considered in the simulation. In the present approxi-
mation, the simulation allows us directly to compare
at least in time-asymptotic steady state with the Ku-
ramoto model. This is a phase synchronization equa-
tion. It is convenient to discuss it by introducing the



concept of order parameter. The complex order para-
meter is defined as,

N
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For R = 0, the system described by Eq. (5) is com-
pletely incoherent implying that all the unit vectors
in the summation are randomly oriented; for R = 1,
the system is completely coherent since all unit vec-
tors then have to be aligned in the same direction; and
all the gyrating electrons of the plasma will then be in
perfect synchrony. For intermediate values of R for the
plasma and the overall gyro-phase angle ψ, the gyrat-
ing electrons show partial coherence. The concept of
order parameter defined in this form is a very common
practice in the physics of phase transitions and in the
particular form defined above, it is known as the order
parameter for the x-y model [8].

3. The correspondence to the Kuramoto analytic
model

Specializing to the particularly simple case of
symmetric electrons in a plasma for which, r i j =
r, for all the electrons, i.e., for all i, j = 1,..., N
and the same damping constant λi = λ for all the
gyrating electrons i = 1,..., N, Eq. (4) simplifies to
the form, [5],
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andHere the notation, ωi = (Nu}/k, ωi = &>; -

K/N = % ^ r has been used with the assumption that
X2o is the central frequency that exists. In this form,
the multi-electron gyro-phase equation depicts saddle-
node bifurcation. The saddle node bifurcation occurs
under the condition, K R > | (X2o - ωi) | and because of
the creation of stable fixed point at θi = sin"1 ((J2o -
ωi )/KR) under this condition, each gyrating electron,
has this phase to lock to.

Since all gyrating electrons cannot satisfy the
condition, KR > (£2o -&>;), when a broad range of
the individual frequencies, ωi is present, the complete
set of electrons splits into two groups. One group of
electrons phase-lock with each other while the second
group of electrons drift with respect to this phase

occasionally catching up in phase but then going out
of phase again after some time. It remains to determine
the dependence of R(K) in steady state of achieving
coherence in this symmetric plasma system and is
taken up below.

Although in general, the range of entrainment,
KR > |(X2Q — ωi)| = |ω| , has to be estimated by
computer simulation by calculating R as a function
of the coupling constant, K, there is one instance,
the infinite N limit when some analytical tractability
can be achieved as shown by Kuramoto [9]. When
the number of gyrating electrons is infinitely large so
that the gyrating electrons at all frequencies ω can be
present, the expression for the order parameter takes
the form [10],

(7)

The gyrating electrons of the magneto-plasma system
will be assumed to be randomly distributed in their fre-
quencies because of the randomness in the mechanical
torques suffered by individual electrons. The random-
ness will be modeled by a normal distribution g(ω) in
thermalised plasma for the gyrating electron frequen-
cies in the above integral for R,

1
(8)

that peaks sharply at ω = Qo with a width of the
Gaussian as γ.

We numerically simulate Eq. (7) to obtain the re-
sults depicted in Fig. 1. For any typical curve on this
plot, there is a cut off value of K = Kc, at which
the order parameter is zero and below which there
will not be any meaningful definition of coherence
in the magneto-plasma system. Below K = Kc, the
magneto-plasma system will be asymptotically an in-
coherent system with the order parameter r decaying
to zero. The cut-off value Kc can easily be determined
analytically in the limit of zero R by requiring the
derivative of both sides of the implicit R equation to
be equal for the solution to exist (using differentiation)
under integral sign with variable limits. This threshold
increases linearly with the standard deviation or effec-
tive temperature as Kc = 2γ /*Jn and can also be seen
from the graph in Fig. 1. Hence a very wide spectrum
in the frequency distribution of the gyrating electrons
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Fig. 1. Order parameter variation with perpendicular energy using

steady state Kuramoto model calculated using Eq. (7). There is a

cut-off value Kc below which, the order parameter vanishes for each

value of the Gaussian width parameter γ.

various gyrating electrons becomes greater than a crit-
ical value, the gyrating electrons time asymptotically
fall into synchrony and start oscillating with a com-
mon constant phase difference ψ. The coherence so
achieved, is very similar to that in a second order phase
transition [5] as can be shown at least for small values
of R near threshold. In the range for this choice of the
frequency distribution (and for many other choices of
the frequency distribution also) the trend for the vari-
ation at low R near threshold K «a Kc values can be
worked out from Eq. (7) to be

R = ^-{K-KC)V\
K3

3/2 (9)

The behavior of R close to the phase transition is,
therefore, very similar to what one would obtain from
a formal phenomenological Landau theory for other
second-order phase transitions [8].

makes it more difficult to make the magneto-plasma
system coherent.

This equation tells us that when the coupling con-
stant that represents the strength of coupling between

4. The computer simulation

Computer simulation of a simplified model for N
electrons in a magnetic field described by Eq. (4)

time-

Fig. 2. Results of Computer Simulation of the growth of order parameter with time above the threshold and its decay below the threshold.

y = 0.1 in these simulations.



where all r i j = r was coded. Because of the simpli-
fication of all inter-gyrating electron distances being
equal, N = 8000 electrons were used in the simula-
tion. The ions were assumed to form a stationary back-
ground. A Monte Carlo scheme was used in generat-
ing an electron distribution in the form of a uniform as
well as a Gaussian of Eq. (8) using the Metropolis al-
gorithm. Such algorithms are at present available with
packages like MATLAB which facilitated easy repeti-
tion. A Runge-Kutta scheme was used to advance at
each time-step the N phases of the N electrons as per
Eq. (4). The complex order parameter was calculated
using Eq. (5). A central frequency £2o = 0 implying
that the main torque on the electron is the one that in-
troduces gyration by external magnetic field with addi-
tional torques being only perturbations on it. The ini-
tial phases {δi} of the electrons were randomized uni-
formly in the range 0 to 2πon a circle to represent an
initial incoherent gyrophase distribution towards the
common gyrophase ψ (cf. Eq. (5)) time asymptoti-
cally was kept track of. Bench marking of the simu-
lation in the present approximation is automatic since
time-asymptotically, the magnitude of order parameter
R and common phase ψ needs to saturate as predicted
by Kuramoto model.

Defining the order parameter based on Eq. (5) the
results were obtained for various values of parameter
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where re = is the classical electron radius, and
r is the average inter-electron distance. The results
are depicted in Fig. 2. As expected, it is found that
the order parameter dynamically saturates to unity if
K is greater than threshold value Kc, i.e., at high
enough temperatures for given inter-particle distance
in the plasma. The sample size N needs to be further

increased from N = 8000 for better match with the
N = oo values of the Kuramoto model. Construction
of a simulation model based on taking unequal r i j,
taking all the terms of Hamiltonian, etc., is in the way
and results will be reported later.
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